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Ordinary
Differential

Equations Systems of ordinary differential equations arise in problems
Systems With . . . . .
Constant involving several dependent variables, each of which is a
Coefficients . . . . .
function of a single independent variable. We will use the

following notations: D = d/dt,
D? = d?/dt?,...,D" = d"/dt", where t is the independent
variable. We may denote by y, u, v, w, z and so on for the
dependent variables which are functions of t.
For example, the motion of a particle in space is governed by a
system of the three following equations:
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mD?u = fi(t,u,v,w, D'u, D'v, D'w)
mD?v = f(t,u, v,w, D'u, D'v, D'w)
mD?w = f3(t,u, v,w, D*u, D'v, D'w),
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where m is the mass of the particle, u, v, w are its spacial
coordinates and fi, f», f3 are the forces acting on the particle
the u, v and w directions respectively. We will use the method
of elimination to solve linear systems of ordinary differential
equations with constant coefficients. For systems of only two
or three first order equations such method is quite efficient. It
can be applied to nonhomogeneous systems as well as to
homogeneous ones.




Elimination Method

Ordinary

Differential .. .

Equations The method of elimination can also be used to solve systems of
Systems With

Constant higher order equations.
Coefhicents Consider the following system
Mongi BLEL
E/:ilv}inztion { Ll[X] + L2[y] = Fl(t)7 (1)
etho
L3[x] + Laly] = F2(t),

where Ly, Ly, L3, and L4 are linear differential operators with
constant coefficients, and Fy(t) and F,(t) are given functions.
The system (1) is written in its operator form. The operators
L;, i =1,2,3,4 are commutative, that is

LiLo[x] = LaLi[x], L1L3[x] = LsLi[x], LaLa[x] = LaLa[x],

and so on.



Ordinary For example if

i L1[x] = (aD + b)[]

Systems With
Constant a nd

Coefficients

Mongi BLEL LZ[X] = (CD + d)[X],
where a, b, c and d are constants, then we have

Lila[x] = aD((cD+ d)[x])+b((cD+d)[x]) (2)
= (acD?+ (ad + bc)D + bd) [x],

Elimination
Method

and

LyL1[x] = D ((aD + b)[x]) +d((aD + b)[x])  (3)
(caD? + (cb + da)D + db) [x].

It follows from (2) and (3) that
LiLo[x] = LaLy[x].
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Elimination

LiSthed Remark 1 : The property of commutativity is possessed only
by linear operators with constant coefficients and not by
nonlinear ones.
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e Suppose now we want to solve System (1) by using the
sonstant elimination method. To eliminate x we apply L3 to first
Mongi BLEL equation and Lj to the second equation, we have

T LsLi[x] + LsLo[y] = L3[F],
L1L3[X] + L1L4[y] = Ll[FQ].
Then substrate the first from the second to obtain
LiL4ly] — L3Loly] = Li[F2] — L3[F]-

Equation (9) can be solved for y and then x can be found from
either the first or second equation in (1).
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Example

Elimination

Method Find the general solution of the system

2
W g 3G —x+2y =0,
d
X +2F +2x—4y =0.



Ordinary Solution.

Differential

Equations We first write the system (1) in its operator form
Systems With
o { (D?+ D —1)[x] +(D* = 3D +2)[y] =0,
Mongi BLEL (D + 2)[X] + (2D - 4)[)’] =0.
Elimination To eliminate x, we apply the operator D? + D — 1 to the

Method second equation in (11) and D + 2 to the first one and
substrate the first from the second, we get
((D*+D—-1)(2D —4) — (D +2)(D*—=3D +2)) [y] = 0,

” (D*-D*—2D)[y] =0« y" —y"—2y' =0.
The characteristic equation for Eq (11) is

m —m?—2m=0
whose roots are 0, 2, —1. Thus

v+ — ~ L ran2t 1 .ot
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Substitution of this last expression in the second equation of
system (1) gives

X' +2x =4c; + 6cze” .

We now solve the linear Equation (12), to obtain

x(t) = 2¢; + 6cze 4 cpe 2t
To eliminate the constant ¢4 from the solution x(t), we replace
x(t) and y(t) in the first equation in (11) and we find ¢4 = 0.
Consequently

x(t) =2c; + 6cze "
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Elimination

Method Solve the system

X/:x—y—|—t7
y' = x+ 3y — 3t.
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Solution.
The system (9) can be written in the operator form

{ (D-1ixl+y=t,
(D —-3)[y] —x = -3t

To eliminate y, we apply D — 3 to Eq (1) and substrate the
second from the first, we obtain

(D2—4D+4) x| =1 x" —4x' +4x =1.

The characteristic equation for the homogeneous equation in
Eq (14) is
m’—4m+4 = 0,

which has the double root m = 2. Thus the general solution of
the homogeneous equation
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xc(t) = (c1 + oot)e?.
Elimination

Method We then use for example the method of undetermined
coefficients to find that x, = 1/4. thus the general solution of
the nonhomogeneous (14) is given by

x(t) = (c1 + ct)e®t +1/4.
We deduce from the first equation in (2) that

y(t) =t+1/4— (a1 + 2 + cat)e®.
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Elimination

Method Solve the system

x”+y’—3x’+2x—y=0,
X' +y'—2x+y=0.



Ordinary Solutlon.
Differential . . T
Equations We first write the system (3) in its operator form
Systems With

Coctmms { (D? =3D +2)[x] + (D —1)[y] =0,

(D —-2)[x]+ (D +1)[y] =0.
e To eliminate y,we apply (D + 1) to the first equation in (17)
Method and (D — 1) to the second and substract the first from the
second, we get

(D® —3D*+2D) [x] =0« x” —3x" +2x' = 0.
The general solution of Eq (17) is

Mongi BLEL

x(t) = 1 + ce® + cze.
From Eq (2) in (3), we have
Y +y=cae +2a.

We solve the linear equation (17) to obtain

rasy
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S To eliminate the extra constant ¢4, we substitute x(t) and y(t)
Method in the first equation in (3) and find that c; = 0. Hence

y(t) =2c + %et.
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Elimination

Method Solve the initial value problem

x'+5y —2x = —sin2t, x(0)=0
y —x+4+2y=t, y(0)=1,



Ordinary Solution.

Differential

Equations The system (4) has the operator form
Systems With
Codtcents (D —2)[x] + 5y = —sin2t,
Mongi BLEL (D + 2)[y] — X =1
Vinination To eliminate x, we apply (D — 2) to the second equation and

sum both equations, we obtain
(D? —4)[y] +5y =12t —sin2t & y" +y =1—2t —sin2t.

To find the general solution of Eq (20), it is better to use the
method of undetermined coefficients. We find that

Ye =cicost+ csint,

and )
Yp = 1—2t+§sin2t.
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From the second equation in (4), we have
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Method

2 2
x(t) = (2ca—c1)sint+(c2+2¢y ) cos t—5t+§ sin 2t+§ cos 2t.

Initial conditions give ¢; =0, and ¢ = —%.Then we get
—4 2 2 2
x(t) = ?sint— gcost—5t+ gsin2t—|—§c052t,
and

-2 1
y(t):?sint+§sin2t—|—1—2t.



Ordinary
Differential
Equations
Systems With
Constant
Coefficients

Mongi BLEL
Example

Elimination

Method Find the general solution of the system

{ 1 %x’”—y”:cost,
7 !
5X +X+y = —cost.




Ordinary Solutlon.
Differential . .
Equations We write the system (5) in the operator form
Systems With

Cochromes I1D3[x] — D?[y] = cost,

(D% +1)[x] + D[y] = — cost.
To eliminate y, we apply the operator D to the second
equation and then sum both equations

Mongi BLEL
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(D® 4 D)[x] =sint+cost < x"” + x' =sint + cost.

By using the method of undetermined coefficients method, we
find that the general solution of equation (23) is given by

. t .
x(t) =c1+cacost+ czsint — E(cost—i—sm t).

Substitution of the expression (23) in the second equation of
(5) gives
3 ¢ t

3 1 Co t, .
y(t):(5+7—Z)Cost+(—z—7+Z)S|nt_C]_t+C4
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To eliminate the extra constant ca, we substitute for x(t) and
Elimination . . . .
Method y(t) in the second equation in (5) and find that ¢4 = 0. Hence

_ C3 t 1 Co t, .
y(t)—(2+ 5 4)cost—l—( YR +4)smt ct.
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Elimination ..
Method Solve the initial value problem

{Xu_y:etr7 x(O)—O y(o):
y"—x=0, x'(0)=0, y(O)_O




Ordinary Solution. We write the system (6) in its operator form

Differential

SyE?eu;tsi?/r\]/?th D2 [X] -y = et
Contrcemts D?[y] — x = 0.
Hioner BLEE To eliminate y, we operate by D? on the first differential
Elmination equation in (6) and then sum with the second equation, we
etho .

obtain

x®) — x = et
We look for

x(t) = xc(t) + xp(t).
We solve the homogeneous equation

x®) —x =0,
and find that

xc(t) = cre’ + et + c3cost + cysint.
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Then we use the undetermined coefficients method to find that

t
Xp(t) = Zet.

Hence
_ t —t H t
x(t) = cie' + e +C3cost—|—C4smt+Ze .

From the first equation in (26), we get
1
y(t) = cre' + cpe " —c3cost — ¢gsint + Zet - Eet.

We now determine the constants ¢;, i = 1,2,3,4. The above
initial conditions give the algebraic system

a+ao+a=0
a+o—-—c—-—1=0
a—-ata+3;=0
i=0.

C1—C2—C4—4
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' 1 1 -1 1
Elimination a = §7 Q= ga G = T’ Cq = —Z.

Method

Thus the solution of the system (6) is given by

1 1
x(t) = §6t+§e_t—Zcost—fsmt~|-7et,

1 1 1 1 t 1
y(t) = éet-l-ge_t+zsint+1cost+zet—Eet'



Ordinary
Differential
Equations
Systems With
Constant
Coefficients

Mongi BLEL
Example

Elimination

Method Find the general solution of the system

X'—y +x4+y=0
y'"+x' +x—y=0.



Ordinary Solution.

Differential

Equations The system (4) has the operator form
Systems With
Codtcents (D> + Dx]+ (1 -D)y] =0
Mongi BLEL (D + 1)[X] + (D2 — 1)[y] =0.
Elimination To eliminate y, we apply the operator D + 1 to the first

Method
equation in (30) and add the resulted equation to the second

equation, we obtain
(D +1)(D?+1)[x]+(D+1)[x] =0 & x" +x"4+2x' +2x = 0.
The general solution of Eq (30) is given by
x(t) = cre”t + ¢ cos V2t + c3sin V2t
From the first equation in (7), we have the equation

y’ -y = 2cie”t — ¢ cos ﬁt — c3sin \th.
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CEEESN  The differential equation (30) is a linear equation, we solve it
Mongi BLEL and find that

Elimination 2

Method y(t) _ 7Cle_t+% cos \/ét— C2:;/>

2
sin \f2t+% sin \@t+ C3;[ COS

In the same way as before we find ¢4 = 0. Hence

2 2
y(t) = —cle_t—i—% cos V2t — C2?\)[ sin ﬁt—i—% sin /2t + c;;;f Cos
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Elimination

Method Solve the system

y(4) — X” + %y(3) = ]_’
Yy +2x = —t2.



Ordinary
Differential
Equations

Systems With

Constant
Coefficients

Mongi BLEL

Elimination
Method

Solution.
If we write the given system (8) in the operator form, we have

{ (D* + D*/2)[y] - D*[x] =1
Dly] +2x = —t2.

To eliminate x, we multiply the first equation by (2) and
operate by D? on the second equation and sum the two
obtained equations, we obtain

(2D* +2D3)[y] =0 = y® + ) = 0.
Eqg (33) has the general solution
y(t) = c1 + ot + c3t? + cpe "
We infer from the second equation in (33) and (33) that

_ t2
X(t):Tz—Cf;t‘i‘;e t—?.
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Example

Cimination Solve the initial value problem
ethod

x”—y”—i—x’—i—y’—x—y:et
y'—x=0
x(0) =0, y(0) =0, x'(0) =0.



Ordinary Solution.
Differential
Equations The system (9) has the form

Systems With

Coctetens (D2 + D —1)[x] + (~D* + D - 1)[y] = ¢
Mongi BLEL D[y] —x=0.
Vinination To eliminate x, we apply the differential operator D> + D — 1

to the second equation and sum with the second equation, we
obtain
(D*—1)y] =€t & y® —y=¢,
Solving Eq (35), we obtain
y(t) = cre’ + (2 cos V3t + c3sinv/3t)e /2.

The second equation in (9) and (35) give
x(t) = Clet+((\/§C3—%) cos \/§t_(\/§c3+%) sin \/gt))e_t/z,
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Costant Using initial conditions, we solve the algebraic system
o .
Elimination a+V3a—% =
o+ (- Bat (- 3—%3:0,
and find that
o 18+v3  18+43 3+2V3

O =————— 3= ————.
36+6v3°  36+6V3 0 24+43
Hence, the solution of the (/VP) (9) is given by
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364 6v3
Elimination
Method 18 ++/3 18++/3
+ + cos V3t
<(36+6\@ 72+12\/§)

(1B V3 18443 nft>

36 +6v3 72+ 12V/3

_184+V3 18+ V3 _ 3+2f
YD) = 63 +< 36+ 6V3 o a3 2aray3omY
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Method Solve the initial value problem

y —x=ge?* — Lsin2t.
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Solution.
We first write the system (10) in its operator form

D3[x] -y =0
Dly] — x = 8e2t - lsm 2t.
In order to eliminate the unknown x, we apply the operator D3
to the second equation in (39) and sum with the first one, we
get
(D* — 1)[y] = €* + cos2t « y®) — y = &2t 4 cos2t.
Equation (39) has the general solution
y(8) = yp(t) + ye(1),
that is

1 1
)/(f) = Clet + e ty c3cost+ casint + Ee ty Ecos2t

It follows from the second equation in (10) and (39) that
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