Nonhomogeneous Linear D.Es

Recall that a general N order L.D.E. is on the form

d n-1 y dy

g T tadeota )y =g, D)

h1(X)

where a,,4,,...,d,,9 are continuous functions on some
interval / and a_(x) 0 for all xin I.
The general solution of Eq.(1) is on the form

Y=Y+ Yo
where Y. Is the general solution of the associated Hom.
DE n d n— 1y
a (x) +a_1(x) +...+a,(x) X+a0(x)y:0,

and y, Isa particular solution of Nonhom. E. Eqg.(1).



Undetermined coefficients method

Consider an n™ order L.D.E. with constant coefficients

n n—1
and y+an_ld _¥+...+alﬂ+aoy:g(x), N
dx" dx" dx
where a,,a,,..,a, areconstants.

I’ n

We learned in Section 4.2 how can we determined Y.

which is the general solution of the Hom. L.D. E.

associated with Eq.(1) using the auxiliary equation:
am'"+a m"t+..+am+a, =0.

Now, if 9(X) is one of the following types:

a constant, a polynomial, an exponential function on the
form e cos Bx sin px, or finite sums and products of
these types, then y, has the same form as 9(X) , but with
general unknown coefficients to be determined.



The following table demonstrates the form of y |

depending upon the type of g(x) incase of L.D.Es
with constant coefficients.

g(x) Formof y

3 A

X Ax + B

oXx—9 AX + B

2x° +1 Ax° + Bx+C

X —2X Ax® + Bx* +Cx+ D
7eSx Ae3x

xe > (AX + B)e™

(6x° + x)e> (AX® + Bx + C)e>*
3sin X Acos X + Bsin X

X COS X (AXx + B)cos x + (Cx + D)sin x



g(x) Formof y

(X* — X +3) cos X (AX® + Bx+C)cosx + (Dx* + Ex + F)sin x
4e”™ cOos X Ae” cos X + Be” sin x

xe " sin x (Ax+ B)e " cosx + (Cx + D)e " sin x
3sin X + 4.cos 3x Acos X+ Bsin x+ C cos3x + Dsin 3x

4sin X —9cos X Acos X + Bsin x

Example 1. Solve the following D. equation:
y'-5y'+6y =12. (D
Solution. The associated Hom. E. is y —=95y'+6y =0,
hence the aux. eq. IS
m? -5m+6=0=(m-3)(m-2)=0=m=23,2.
Therefore y_ =c.e™ +c,e™.



For ¥, we have

9(x) =12 hence Y, is on the form ¥, = A, where A
IS a constant to be determined.

But y = A = y'=y"'=0. Using these values in
Eq.(1) we get 6A=12 = A=2=y =2,

hence the general solution Is
Y=Y.+Y,
=c.e”+c,e”" +2.
Example 2. Solve the D. E.

y'-5y'+6y = 4Xx. (D



Solution. The associated Hom. E. IS y"_5y'+6y = 0,
hence from Example 1 we have y_ =c,e® +c,e?.
For ¥» we haved(x) =4X, hence Y, ison the form

Yy, = AX+ B, where A and B are constants to be
determined. Buty, = Ax+B = y'= A y"=0.

Using these values in Eqg.(1) implies
—5A+6(AX+ B) = 2X
— 6 AX+ (6B —5A) = 2X. (2)

Comparing coefficients on both sides of Eq.(2) we

g€t 6A=2, 6B-5A=0=A=1, B=23

= g

hence ¥, = 35X+ 35, and the general solution is
3 2
Y=Y, +Y, =Ce7 +C,e” +3X+ 3.



Example 3. Solve y'"-3y+2y=6e™*, (1)
Solution. The associated Hom. E. is Y —3y+2y =0,
hence the aux. equation and 1t’s roots are

m*-3m+2=0=(M-2)(m-1)=0=>m =2, 1,
therefore Y, =c,e”* +c,e”.

For ¥Y» we have g(x) =6e”

C

X

, hence Y, Is on the form

Yo = A€, where Ais a constants to be
etermined. But y, = Ae™* = y'=—Ae™", y"'= Ae™".

Jsing these values in Eq.(1) we get 6A=6= A=1,

t

nerefore y, =e™", and the general solution is
Y=y, +y, =Ce”+c,e" +e.



Example 4. Solve y"-3y+2y=2—-¢e%*. (1)
Solution. The associated Hom. E. is Yy —3y+2y =0,
hence from Example 3 we have Yy, =ce” +c,e".

For Y,we have 9(X)=9;(x)+g,(X)where
gl(X):Z :>yp1 :A

0,(x)=—e "=y, =Be™,

X

Hence Ypisonthe form y, =Yy, +Yy, =A+Be ",
Which implies y'=—Be™, y"=Be™".
Using these values in Eqg.(1) we get

A+6Be" =2-e7 =A=2,B=3=y =2-5€e".
Therefore the general solution is y=ce™+ce*+2-%e™

X



Example 5. Solve y'"-3y'+2y =2x-3sinx. (1)
Solution. The associated Hom. E. is Y '—=3y+2y =0,
hence from Example 3 we have Yy, =ce” +c,e".

For Y,we have 9(X)=0,(X)+9,(X), where
9,(x)=2x =y, =Ax+B

g,(x) =-3sinx=y, =Ccosx+ Dsinx.

Hence Y, Is on the form
Yo =Yy T Y, =AX+B+Ccosx+Dsinx,

which implies
y',=A-Csinx+Dcosx, y',=-Ccosx—Dsinx.

Using these values in Eqg.(1) we obtain



2AXx+ 2B —-3A+(C —-3D)cosx+ (D +3C)sinx =2x —3sin X,

which implies 2a=2, 2B-3A=0,C-3D =0, D+3C =-3,
hence A=1,B=%,C=2, D=2.

Therefore y, = x+2—3cosx—3sinx, and the
general solution Is

Y, =Y.+ Y, =Ce” +C,e* +x+2—-2cosx—Zsinx.
Example 6. y"-3y+2y =(3x-2)e". (1)
Solution. The associated Hom. E. Is y"-3y'+2y =0,
hence from Example 3 we have Y. = C,e” +Cpe".
For ¥, we have 9(x) =(3x—-2)e™" therefore Y,

IS on the form y, = (Ax+ B)e™, which implies



A Ble ™ —2A A B)e X
Ugllr'ig tﬁ\ese vaﬁuésﬂn - (1¥v§’/e get e’ +(Ax+B)e

6AX-5A+6B=3x-2= A=;,B=3 =Yy, =5X+3,
hence the general solutlon IS

y, = yc+yp—ce "+Ce+HIX+ 3.
Remark.

Assume that the particular solution of a nonhom. L.D.E.
IS on the form

Vip = Vg eee Wi
If there isaterm in Yp dupllcates atermin Y., then this

Yo, must be multlplled by x°, where sis the smallest
positive integer that eliminates the duplication. In fact s
IS the multiplicity of the root of the associated auxiliary
equation which causes the duplication.




Example 7. Solve y"'-2y'+y =x+4e*. (1)
Solution. The associated Hom. E. is Y —2y+y =0,
hence the aux. equation and 1t’s roots are

m° -2m+1=0=(mM-1)(m-1) =0=m =1, 1,
therefore y. =c,e*+c,xe’.

For ¥» we have g(x) = g,(x) + 9,(x), where
g,(x)=2x =y, =AX+B,

g,(x)=4e" =y, =Ce’.

It is clear that the term in Yo, duplicates a termin Y.,

thus ¥, must be multiplied by x* to eliminate this
duplication. Hencey, =y, +x“y, =Ax+B+Cx’e",



Which implies
y', = A+2Cxe* +Cx’e”, y" =2Ce* +4Cxe” + Cx*e”

Using these values in Eq.(1) we get
AX+B—-2A+2Ce” = x+4e”
—=A=1,B-2A=0,2C=4 =B=2,C=2,

therefore ¥, = X+2+2x°e*, and the he general

solution is y =c,e” +c,e* + x+2+2x°e".

Example 8. Find the form of the particular solution

for each of the following differential equations

(1) y® —y"=x+2—3e* +5xcosx.

Solution. The auxiliary equation Is



Which implies
y', = A+2Cxe* +Cx’e”, y" =2Ce* +4Cxe” + Cx*e”
Using these values in Eq.(1) we get
AX+B—-2A+2Ce” = x+4e”
—=A=1,B-2A=0,2C=4 =B=2,C=2,
therefore ¥, = X+2+2x°e*, and the he general
solution is y =c,e” +c,e* + x+2+2x°e".
Example 8. Find the form of the particular solution of
the following differential equation
y®) —y'"'=x+2—-3e* +5xcos X.
Solution. The auxiliary equation Is



m>—-m°’=0= m=0,0,0,1,—1.
Hence y_=c, +c,Xx+¢.X° +c,e*+c.e™.
Now g(x) = 9,(X) + g, (X) + g5(x), where
9,(x)=7x+2 =y, =AX+B,
g,(x)=-3¢" =y, =Ce’,
g,(x) =5xcosx =y, =(Dx+E)cosx+(Fx+G)sinx.

It Is clear that there are terms in Y,, duplicate terms
in Y. therefore ¥»; must be multiplied by x° to
eliminate this duplication. Also, the term in Y,
duplicate atermin Yc, therefore ¥, must be

multiplied by x. Hence Y, Is on the form
y, =X (Ax+ B)+Cxe” + (Dx + E)cosx + (Fx + G)sin x.



Example 8. Find the form of the particular solution of
the following differential equation

y© 4+ 2y® 4 y'=x* —5e% —cos x + 7sin 3x.
Solution. The auxiliary equation Is
m°+2m*+m*=0=m*(m* +1)°* =0 = m=0,0,=%i, i,

hence y. =c, +C,X+C, COSX+C, SiN X + C:XCOS X + C,XSin X.
Now 9(X) = g;(X)+g,(X) + g5(x) + 9,(X) where

9,(x)=x" =y, =Ax"+Bx+C,

g,(x)=-5¢* =y =De™,

g;(X) =—cosx =y, =Ecosx+Fsinx,

d,(x)=7sIn3x = Y, = G cos3x + H sin 3x.



It Is clear that there are terms in ¥, duplicate terms
in ¥c therefore ¥p; must be multiplied by x* to
eliminate this duplication. Also, there are terms in Yo,
duplicate terms in Y., therefore ¥»_ must be
multiplied by x. Hence Y, Is on the form

y, = X*(AX* + Bx+C) + Ce™ + x(E cos x + F sin x) + Gx cos 3x + Hxsin x.



