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آ

∑
n≥0

an(x − x0)n ا . ا اد ا (an)n

.x0 و ى
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آ
ى ا رب ا ص

أ
ى ا ت أ

.∑
n≥0

an(x − x0)n رب ا ل
ى ا ت ، .x = x0 ا ا رب ا

.0 ا

( آ )
نّ ،x0 ̸= 0 ر ∑

n≥0

anxn
0 ى ا إذا

،]− |x0|, |x0|[ ة ا رب ∑
n≥0

anxn ا 1

.[−r, r] ة ا م رب ∑
n≥0

anxn ا ،r < |x0| 2
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anxn
0 ى ا إذا

.|x| > |x0|
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ى ا رب ا ص

: R ∈ [0,+∞] و د ،∑
n≥0

anxn ى ا

(R > 0 ن (إذا ]− R,R[ ة ا ر ∑
n≥0

anxn ا 1

ة ∑
n≥0

anxn ا و ودة (anxn)n ا 2

(R ̸= +∞ ن (إذا .|x| > R ،x ∈ R
ة ا و ى ا رب ا ع أو رب ا R د ا

ى. ا رب ا ل ]− R,R[= {x ∈ R; |x| < R}
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إذاً .R > 0 ر ع ى ∑
n≥0

anxn

و ]− R,R[ ة ا ق f(x) =
+∞∑
n=0

anxn ا ا 1

.f′(x) =
+∞∑
n=1

nanxn−1

.∑
n≥0

nanxn−1 ى ا رب ع R 2
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آ
ى ا رب ا ص

أ
ى ا ت أ

: ا ه ن

n ∈ N إذاً .0 < |h| ≤ r h ∈ R و x ∈ R

|(x + h)n − xn − nhxn−1| ≤ |h|2
r2 (|x|+ r)n (1)

و

n|x|n−1 ≤ 1

r
(
2(|x|+ r)n + |x|n

)
. (2)
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ن ا

∣∣(x + h)n − xn − nhxn−1
∣∣ =

∣∣∣∣∣
n∑

k=0

Ck
nhkxn−k − xn − nhxn−1

∣∣∣∣∣
=

∣∣∣∣∣
n∑

k=2

Ck
nhkxn−k

∣∣∣∣∣
≤ |h|2

n∑
k=2

Ck
n|x|n−k|h|k−2

≤ |h|2
r2

n∑
k=2

Ck
n|x|n−krk

≤ |h|2
r2 (|x|+ r)n.
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آ
ى ا رب ا ص
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،|(x + h)n − xn − nhxn−1| ≥ nr|x|n−1 − |x|n − (|x|+ r)n أنّ
أن (1) د ا ل

nr|x|n−1 ≤ |x|n+(|x|+r)n+|(x+r)n−xn−nrxn−1| ≤ |x|n+2(|x|+r)n.

ى ا ت ل ا د.
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ن

.R′ ≤ R أنّ ا .∑
n≥0

nanxn−1 ى ا رب ا ع R′

: 7 ا ل .|x|+ r < R r > 0

|nanxn−1| ≤ 1

r
(
2|an|(|x|+ r)n + |an||x|n

)
.R = R′ إذاً .]− R,R[ ة ا رب ∑

n≥0

nanxn−1 ا و

ى ا ت ل ا د.



آ
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أ
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أنّ (1) ا ل .x ∈]−R,R[ g(x) =
+∞∑
n=0

nanxn−1

| f(x + h)− f(x)
h − g(x)| ≤ |h|

r

+∞∑
n=0

|an|(|x|+ r)n

.x ∈]− R,R[ ،f′(x) = g(x) أنّ ا و

ى ا ت ل ا د.



آ
ى ا رب ا ص

أ
ى ا ت أ

،]− R,R[ f ا ا ن f(x) =
+∞∑
n=0

anxn إذا

ر ا ه ) .f(x) =
+∞∑
n=0

f(n)(0)
n! xn و an =

f(n)(0)
n!

.0 ا f ا
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آ
ى ا رب ا ص

أ
ى ا ت أ

،]− R,R[ f ا ا ن f(x) =
+∞∑
n=0

anxn إذا

ر ا ه ) .f(x) =
+∞∑
n=0

f(n)(0)
n! xn و an =

f(n)(0)
n!

(Taylor's series of f at 0 .0 f ا

ى ا ت ل ا د.
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ى ا ت أ

ى ا ت أ
∀x ∈ R 1

ex =

+∞∑
n=0

xn

n!
1

cosh x =

+∞∑
n=0

x2n

(2n)!
2

sinh x =

+∞∑
n=0

x2n+1

(2n + 1)!
3

cos x =

+∞∑
n=0

(−1)n x2n

(2n)!
4

sin x =

+∞∑
n=0

(−1)n x2n+1

(2n + 1)!
5

ى ا ت ل ا د.
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ى ا ت أ

،|x| < 1 2

1

1 + x =

+∞∑
n=0

(−1)nxn , 1

1− x =

+∞∑
n=0

xn 1

ln(1 + x) =
+∞∑
n=0

(−1)n xn+1

(n + 1)
2

ln(1− x) = −
+∞∑
n=0

xn+1

(n + 1)
3

tanh−1 x =

+∞∑
n=0

x2n+1

(2n + 1)
4

1

1 + x2 =

+∞∑
n=0

(−1)nx2n 5

tan−1 x =

+∞∑
n=0

(−1)n x2n+1

(2n + 1)
6

ى ا ت ل ا د.



آ
ى ا رب ا ص

أ
ى ا ت أ

;x ∈]− 1, 1[ .α ̸∈ N ، د α f(x) = (1 + x)α 3

: ا ا د ا f .f′(x) = α(1 + x)α−1

(1 + x)y′ − αy = 0, y(0) = 1

. ا د ا ه ن ∑
n≥0

anxn ى ا دا

an =
α(α− 1) . . . (α− n)

2.3 . . . (n + 1)
a0.

,x ∈]− 1, 1[ أنّ و ا د ا أن و

(1− x)α =

+∞∑
n=0

α(α− 1) . . . (α− n)
2.3 . . . (n + 1)

xn

ى ا ت ل ا د.
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1√
1 + x

=

+∞∑
n=0

(−1)nCn
2n

4n xn , 1√
1− x

=

+∞∑
n=0

Cn
2n
4n xn 1

√
1 + x = 1 +

1

2

+∞∑
n=0

(−1)nCn
2n

4n(n + 1)
xn+1 2

1√
1 + x2

=

+∞∑
n=0

(−1)nCn
2n

4n x2n , 1√
1− x2

=

+∞∑
n=0

Cn
2n
4n x2n 3

sin−1 x =

+∞∑
n=0

Cn
2n

4n(2n + 1)
x2n+1 4

cos−1 x =
π

2
−

+∞∑
n=0

Cn
2n

4n(2n + 1)
x2n+1 5

sinh−1 x =

+∞∑
n=0

(−1)nCn
2n

4n(2n + 1)
x2n+1 6

ى ا ت ل ا د.
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