PLANAR GRAPH

CHAPTER 4

PLANAR GRAPH

When we mention the word “graph” in this chapter, we mean a simple, finite and
symmetric graph.
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Planar Graphs

April 11, 2026

1 Introduction

The three Houses and three utilities Problems.

1. Consider three houses (Hy, H,, Hj) and three utilities outlets (electricity (F), gas (G),
water (IV)). Is it possible to connect each utility with each of three houses without the lines
crossing?

2. Testing

For example it appears, in this procedure, to be no way of connecting the third house (H;)
to the water outlet (W)) without crossing some line.

So, either this procedure is incorrect, or there is no way of connecting the houses and the
utilities without the lines crossing.

2 Definitions and Examples:

N.B Each graph considered is on at least 1 vertex.

Definition 2.1
A planar graph is a graph that can be drawn in the plane in such a way that no two edges
intersect except at a vertex (one end).



Planar Graphs 2 DEFINITIONS AND EXAMPLES:

Remark 2.2
The problem mentioned in the introduction is then: Is Ks3 planar?

Example 2.3

1. Example 1:
Consider the following graph

G=({1,2,3,4,5},{{1,2},{1,3},{1,4},{1,5},{2,3},{2,5},{3,4},{3,5}, {4, 5} }).

2
3
1
4
)
G
Figure (a)

Here G s drawn with intersecting edges.
But G is a planar graph, because G can be drawn as:

(S

G
Figure (b)
2. Example 2:

Consider the cube G = ({1,2,3,4,5,6,7,8},{{1,2},{1,4},
{1,5},{2,3},{2,6}, {3, 4}, {3, 7}, {4, 8}, {5,6}, {5, 8}, {6, 7}, {7, 8}}).
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G

Figure (c)

Here G is drawn with intersecting edges.
G can be drawn as:

Figure (d)

Thus G is a planar graph.

3. Example 3:

let K33 be a non planar graph:

K3

)

For each edge e of K33, we have: K33\ e is planar.
For example: K33\ {1,6} is planar.
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Planar Graphs 3 EULER’S FORMULA

K33\ {1,6}

Remark 2.4

1. A planar graph already drawn in the plane so that no two edges intersect (except at a vertex)
1s referred to as a “plane graph”.
Thus, the graph of the figure (a) is not a plane graph, but the graph of the figure (b) is a
plane graph, the graph of the figure (c) is not a plane graph, but the graph of the figure (d)
1s a plane graph.

2. A graph is planar if and only if all its connected components are planar.

3 Euler’s formula

Definition 3.1

Let G be a plane connected graph and consider the parts of the plane remaining after we
remove the edges and verticies of G. These "connected pieces” of the plane are called "region of
G” (or "faces of G”). The unbounded region (face) is called the "outer face”. The vertices and
edges of G which are incident with a region R make up 7 The boundary of R”.

For example, the plane graph (associated with the cube) has 6 regions.

h e
Ry
d a
Ry Ry Rs Rg
c Ry b
9 f
G

Remark 3.2

1. Fwvery plane connected graph always has exactly one outer face.

2. Let G be a connected plane graph and let e be an edge of G.
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(a) If e is contained in a cycle of G, then e is incident with exactly 2 faces.

(b) If e is not contained in any cycle, then it is a bridge (a cut-edge), and e is incident to
only one face.

3. In a tree, each edge is a bridge, and then a tree has only one face: the outer face.
Example 3.3

1. Consider the following three plane graphs:

(o) Gi = ({1,2,3,4}, {{1,2},{1,3},{1,4},{2,3},{3,4}})

4 1
]
Gy
(b) G2 = ({1,2,3,4,5},{{1,2},{2,3},{3,4},{2,5}})
4 )
1 2
3
G

(C) G3 = ({Ul,UQ,Ug,U4,U5,U6,U7},

{{v17v2}7{U27U3}?{U27U4}7{U27U7}7{U3av4}>{03705}7{04705}7{U47U7}’{v5aU6}7{v5av7}7{vﬁav7}})

U3

2. Fori € {1,2,3}, denote: n; = v(G;) = |V(G;)| the order of G;, e; = |E(G;)| the size of G,
and f; = the number of faces (regions) of Gj.

3. So: fl :3, f2: 1, andf3:6

4. For example, for the face Rg (outer face of Gs), its boundary consists of the wvertices:
V1, Vg, U3, Us, Vg, and vy and the edges vivg, VaV3, U3Us5, Uslg, VU7 and vovy.

5. Vi e {1,2,3}, we have n; + f; — e; = 2.
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Theorem 3.4 (Euler’s formula)
Let G be a connected plane graph with n > 1 vertices, e is the number of edges of G and f is
the number of faces of G. Thenn+ f —e =2

Proof.

We use induction on e.
elfe=0.thenn=1and f=1,s0,n+ f—e=14+1—0=2, and the result is true.
e Let £ > 1 be an integer and assume the result holds for all connected plane graphs with (k — 1)
edges. Consider a connected plane graph G with: e = e(G) = k. Denote: n = |V(G)| and f the
number of faces of G.
We will prove that: n+ f —e = 2.
— If G is a tree, then (k=n—1and f=1),s0: n+ f—e=n+1—(n—1) =2, and the formula
follows.
— Assume that G is not a tree. As G is connected, then G' contains cycles (at least one). Let
a = {u,v} be an edge of G lying on a cycle of G and consider the subgraph: H = G \ «.
The two faces (of G) incident with the edge a produce one face in subgraph H = G\ a. Thus, H
has n vertices, (k — 1) edges and f — 1 faces.
So, by our induction hypothesis, we have: n+ (f — 1) — (k — 1) = 2. Thus, n + f — k = 2; which
is what we wanted prove.

N. B: From Theorem 3.4, we see that all plane graphs associated with a planar graph G have
the same number of faces.

4 Necessary condition and Applications

Theorem 4.1
Let G be a connected planar graph with n > 3 wvertices, e is the number of edges of G. Then
e < (3n—6)

Proof.

e If n =3, then e < 3 and the result is true.

e Assume that n > 4. We draw G as a plane graph and we denote by f the number of faces of
G.
— For each face (region) R of G, let N(R) be the number of edges lying on the boundary of R.
Let N be the sum of the number N(R) over all faces of G.
Note that as n > 4, then e > 3 (because G is connected). As more, the length of each cycle is at
least 3, then for each face R we have: N(R) > 3. It ensues that: N > 3f.
On the other hand, as each edge of G is incident with one or two faces, then: N < 2e (because N
counts every edge of G once or twice). Thus, 3f < N < 2e and then: 3f < 2e (1).
By Theorem 3.4, we have: n =2 — f+e (2). Thus, —f > —2e (by (1)) and then:
n>2-2e+e (by(2).
Finally, n > 2 + £ and then: e < 3n — 6.

Remarks 4.2

1. Intuitively, Theorem 4.1 states that a connected planar graph cannot have too many edges.

2. Theorem 4.1 holds for disconnected planar graphs.

7 MONCEF BOUAZIZ



Planar Graphs 4 NECESSARY CONDITION AND APPLICATIONS

Corollary 4.3
The graph K5 is not planar.

Proof.
Because in K5, we have n = 5 and e = 10, and then: e =10 > 3n — 6 = 9.

The graph
K5 =({1,2,3,4,5}, {{1,2},{1,3},{1,4},{1,5},{2,3},{2,4},{2,5}, {3,4},{3,5}, {4,5}}).
2
3
1
4
5
Ks
Remark 4.4

Here K5 is not planar graph.
But, for all edge e, K5 \ e is a planar graph, up to isomophy, we can drawn it as:

¢
G
Corollary 4.5
If G is a planar graph, 6(G) < 5.
Proof.
If n =v(G) < 3, it is trivial. If n > 3, by Theorem 4.1, nd(G) < Z d(v) = 2e < 6n — 12. So,

veV
6(G) <6 — L. Thus, §(G) < 5.
N. B: For the problem ”Three houses and three utilities”, we conclude by the following propo-
sition for witch, the proof uses an argument similar to the proof of Theorem 4.1.

Proposition 4.6
The graph K33 is not planar.
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Proof.

Assume, by contradiction, that K33 is planar. Then we can draw K33 as a plane graph having
f faces.
Consider as the proof of Theorem 4.1, the sum N of the numbers N(R) over all faces of our plane
graph Kj 3.
As Kj 3, has no triangles (i. e no subgraphs isomorphic to K3), then the length of each cycle of
K33 is at least 4, and we can see that: N > 4f. On the other hand: N < 2e = 18. Thus, 4f < 18
and then f < 3 (1).
However, by Theorem 3.4, n+ f—e=n+f—9 =250, 6+ f —9 = 2. Thus, f = 5; which
contradicts (1).

Remark 4.7
The non planar graphs K5 and Ks3 play a magjor role in the theory of planar graphs (see the
next section).

5 Subdivision and Theorem of Kuratwoski

Definition 5.1

A subdivision of graph G is any graph obtained from G by possibly inserting vertices (of
degree two) into some edges of G.
So, a subdivision of a graph G is any graph obtained from G by replacing 0, 1 or more edges by
paths of length two or more.

* For example, consider the graph: G = ({a, b, ¢, d}, {{a, b}, {a,c},{a,d},{b,c}, {b,d},{c,d}})

G
Then the graphs GG; and G, are two subdivisions of GG, where:

G1 = ({a,b,c,d, v}, {{a,v1},{v1,b},{a,c},{a,d},{b,c},{b,d},{c,d}})

U1

G
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G2 = ({aa b7 C, da U1, U2, V3, U4, Us, U6}7

{{a7 U1}7 {vlv b}7 {a7 U2}7 {'UQ? C}’ {a7 d}a {b’ 1)3}, {v37 U4}7 {U47 U5}? {U57 C}a {C, UG}’ {U6’ d}})

* For the graph: H = ({a,b,¢,d, e}, {{a,b},{b,c}, {c,d},{d,a},{d, e}})

@

H

We consider
Hl = ({CL, b7 C, d7 U1, V2, U3, 6}, {{(I, vl}v {vh b}7 {b7 C}7 {CJ d}7 {d7 CL}, {da U2}7 {U27 U3}7 {U37 6}})

U1

V2
U3

c0—0—0@

H,
The graphs H; is a subdivision of H, while the following graph Hj is not a subdivision of H.

Hy = ({a,b,¢,2,y, 2}, {{a, 0}, {b, ¢}, {¢, a}, {a, 2}, {w,y}, {y, 2}})
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b C
;G/
o
oY
0z
Hy

N.B: Clearly the vertices of degree 2 do not affect the planarity of a graph.

Remark 5.2

As K5 and K33 are non planar, then if a graph G has a subgraph which is a subdivision of Ks
or Ks3, then G is non planar.
Indeed the converse is also true (but proof is too complicated).

Theorem 5.3 (Kuratowski’s Theorem (1930))
A graph is planar if and only if it has no subgraph isomorphic to any subdivision of K5 or Ks 3.

Example 5.4
Show that the Petersen graph is non planar.

Indeed: The Petersen graph is isomorphic to:
G = ({a1, z,b1,4,bs, a0, x,a3,bs, y,t},
{{alv y}’ {y> bQ}: {alv a3}7 {alv b3}’ {b27 Z}’ {bQ’ a3}7 {b2> b3}7 {b27 ZE}, {b27 4}7 {blv b2}’ {b27 aQ}a {tv bl}a
{ta CLQ}? {bb a2}> {a?n Z}v {CL3, b3}> {a?n QZ}, {a3a t}> {a?n bl}v {a?n QQ}’ {b37 Z}v {63’ x}> {b?’v t}a {b37 bl}> {b?’v aQ}})

t

A

“)‘\ |
x G z
This graph has a subgraph isomorphic to:

H = ({a17a27a37 b17b27b37x7y7 Z7t}7

{{ala y}v {ala ZL‘}, {ah bl}v {yv b2}7 {b27 t}v {t7 CL3}7 {a37 Z}’ {l‘, b3}7 {bh a3}’ {bb aQ}? {a27 bQ}? {a27 b3}7 {b3’ Z}})
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But, H is:

H= ({a17a27a37b17b27b37‘r7y7 Zut}7

{{alv bl}’ {ala y}v {yv bQ}’ {ala :L‘}, {‘T’ b3}’ {a27 b1}> {a27 bQ}v {a27 b3}’ {a3’ b1}7 {CL3, t}v {t’ b2}7 {a’3> Z}’ {Zv b3}})

ay a2 as
t
Yy
oz
b1 b bs
H

which is a subdivision of K3 3.
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6 EXERCISES OF PLANAR GRAPHS

Exercise 6.1 Give an ezample of a graph G satisfying one the following condition.
1. G is connected planar graph with e(G) = 3v(G) — 6.
2. G is connected planar graph with e(G) < 3v(G) — 6.
3. G is connected non planar graph with e(G) = 3v(G) — 6.

4. G 1s b-reqular connected planar graph of order 12.
Exercise 6.2

1. Determine all the integers p > 1 for which K, is planar.

2. Determine all the integers p,q > 1 for which K, , is planar.
Exercise 6.3

1. Show that if G is a planar graph with k > 1 connected components and f faces , then
v(G)—e(G)+ f=k+1.

2. Is there any planar graph G with exactly; 36 vertices, 40 edges and 5 faces?
Exercise 6.4 Consider a graph G with v(G) > 1.

1. Show that if v(G) < 6, then G or G is planar.

2. Show that if v(G) > 11, then G or G is non planar.

3. Give an example of a graph H (resp. K) of order 8 such that H and H (resp. K and K)
are planar (resp. non planar).
N.B: [t is proved that if v(G) > 9, then G or G is not planar (This seems to be hard to
proved!!!).

Exercise 6.5
Let G be a planar graph of order n, and denote by d(G) the average degree of G.

1. Show that d(G) < 6.

2. Show that every planar graph G of order at least 4 has at least 4 vertices of degree at most 6.

Exercise 6.6 -
Determine the values n for which C,, is planar.

Exercise 6.7
Is there any 4-reqular planar graph of order 77
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Answer
There is no any 4-regular planar graph of order 7.

Indeed:

First method:
We know this proposition in chapter 2:
Proposition Let G = (V| FE) be a connected graph of order p > 2 such that: Vo € V,d(z) < 2.
Then G is a path P, or a cycle C,,.
In proof of this proposition we remark: " Let G = (V, E) be a connected graph of order p > 2 such
that: Vx € V,d(x) =2. Then G is a cycle C,.”
We deduce: " Let G = (V, E) be a disconnected graph, such that X, ..., Xy the k connected compo-
nents, | X;| > 2, and Vo € V,d(z) = 2. Then G is the union of k cycles Cp,,i € {1,...,k}.

In this exercise, we assume that G = (V, E) is a 4-regular graph of order 7 and V' = {vy, va, v3, v4, v5, v6, V7 },
then G = (V, E) is a (7T — 1 — 4) = 2-regular graph of order 7.

Case 1: G = (V, E) is connected, then G = Cy, it follows G = (7, is contains a subdivision
of K33, hence G is not planar graph.

Case 2: G = (V,E) is disconnected, since G is a 2- regular graph, then G is the union of
cycles with 7 vertices, since a cycle contains at least 3 vertices, it follows G is the union of 2 cycles
C3 and Cj, such that of one is 3-cycle and the other is a 4-cycle, suppose that C3 = G[{vy, v, v3}]
and Cy = G[{v4, vs,vs,v7}]. Then G[{vy,v2,v3,v4, v, v7}] \ {v4,v7} and K33 are isomorphic, hence
GG is not planar graph.

Second method:

Assume that G = (V, E) is a 4-regular graph of order 7 and V' = {vy, v, v3, vy, v5, Vg, v7 }, with-
out loss of generality, we suppose that: Ng(v1) = {v2,v3,v4,v5}. We have the vertices vg and v7
non adjacent with the vertex v;.

Case 1: Vertices vs and v; are not adjacent, since GG is a 4-regular graph, then Ng(vg) =
Ng(v7) = {v2,v3,v4,v5}, hence the induced subgraph G[{vy,vs, vs, v4,v6,v7}] of G and Kj3 are
isomorphic, therefore G is not planar (consider {z} = {vq, v3, v4,v5}\ A, since G is 4-regular graph,
then {z,y} € E,Vy € A).

Case 2: Vertices v and v; are adjacent, since G is a 4-regular graph, then |Ng(vg) N
{va, v3,v4,v5}| = 3 and |Ng(v7) N {ve, vs, v4, v5}| = 3, we have two subcases:

e Subcase 1: |Ng(vg) N Ng(v7)| = 3, and suppose that Ng(vs) N Ng(vr) = A C {vg, v3,v4, 05},
hence the subgraph G[{vy,vs,v7} U A] \ {vs, v7} of G and K33 are isomorphic, therefore G is not
planar.

e Subcase 2: |Ng(vs) N Ng(v7)| = 2, and suppose that Ng(vg) N Ng(v7) = B C {va,v3, v4, 05}, we
suppose that: {ve,vs,v4,v5}\ B = {a, B}, @ € Ng(vs), S € Ng(vr) , the two vertices of B = {a, b}
are not adjacent (because if not and we have G is a 4-regular graph, then Ng(a) = {b, vy, v, v7}
and Ng(b) = {a, vy, vs,v7}, it follows d(a) < 4 contradicts with G is a 4-regular graph). Therefore,
Ne(vg) = {a,v7,a,b} and Ng(v;) = {5, vs,a,b}, hence the two vertices of {«, 5} are adjacent,
therefore, the graph GG contains a subdivision of K33, then G is not planar.

14 MONCEF BOUAZIZ



Planar Graphs 6 EXERCISES OF PLANAR GRAPHS

Remark: The relations between the first method and the second method. We consider the
complement G of G in the second method:
1- We find in case 1, the G of G is the union of 2 cycles Cs and Cj.
2- We find in case 2 and subcase 1 the G of G is the union of 2 cycles C5 and Cy.
3- We find in case 2 and subcase 2 the G of G is the cycle Cr.
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