
3.5.2 Comparisons Among Treatment Means

When the null hypothesis 𝐻0: 𝜇1 = 𝜇2 = ⋯ = 𝜇𝑎 in the fixed

effects model is rejected, it indicates that there are differences

between the treatment means, but exactly which means differ is

not specified. In this situation, comparisons and analysis among

groups of treatment means may be useful. Comparisons between

treatment means 𝜇1, 𝜇2, … , 𝜇𝑎 are made according to the objective

of comparison. There are tow cases for comparisons as follows:



Many multiple comparison methods use the idea of a contrast. This

method allows us to compare two groups of treatment means. The

steps summarized as follows

▪ The Form of a contrast .

𝛤 = 𝑐1𝜇1 + 𝑐2𝜇2 +⋯𝑐𝑎𝜇𝑎 = σ𝑖=1
𝑎 𝑐𝑖𝜇𝑖 = 0

where the contrast constants 𝑐1, 𝑐2, ⋯ 𝑐𝑎 sum to zero, σ𝑖=1
𝑎 𝑐𝑖 = 0.

▪ The point estimate of Γ :

෠Γ = 𝐶 = σ𝑖=1
𝑎 𝑐𝑖 ത𝑦𝑖 .

where 𝐶 is unbiased estimate to 𝛤

3.5.4 Contrasts



▪ The variance of point estimate 𝐶

𝑉𝑎𝑟 𝐶 =
𝜎2

𝑛
σ𝑖=1
3 𝑐𝑖

2

in the case of balance design, 𝑛1 = 𝑛2 = ⋯ = 𝑛𝑎 = 𝑛
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3 𝑐𝑖
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𝑛𝑖

in case of unbalance design (some value of 𝑛𝑖 ) not equal.

▪ The unbiased estimation to 𝑽𝒂𝒓 𝑪 is

෣𝑉𝑎𝑟 𝐶 =
𝑀𝑆𝐸

𝑛
σ𝑖=1
3 𝑐𝑖

2 balance ,

෣𝑉𝑎𝑟 𝐶 = 𝑀𝑆𝐸 σ𝑖=1
3 𝑐𝑖

2

𝑛𝑖
unbalance



▪ The test steps of the contrast by using t test

o Null hypothesis: 𝐻0: Γ = 0

o Alternative hypothesis: 𝐻1: Γ ≠ 0

o Test statistics: 𝑇0 =
𝒑𝒐𝒊𝒏𝒕 𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆 𝒕𝒐 Γ

𝑺.𝑬𝒑𝒐𝒊𝒏𝒕 𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆
=

𝑪

෣𝑉𝑎𝑟 𝐶

o Critical value: 𝑇𝑐 = 𝑇(1−𝛼
2
,𝑁−𝑎)

o Decision : If 𝑇0 > 𝑇𝑐, The null hypothesis can be rejected



❑ Example 1 (3.22 d page 135 in textbook)

The response time in milliseconds was determined for three different

types of circuits that could be used in an automatic valve shutoff

mechanism. The results from a completely randomized experiment

are shown in the following table.

d) Construct a set of orthogonal contrasts, assuming that at the

outset of the experiment you suspected the response time of circuit

type 2 to be different from the other two.



The Answer of Example 1

The contrast is: 𝜇2 =
𝜇1+𝜇3

2
→ Γ = −𝜇1 + 2𝜇2 − 𝜇3 = 0, 𝑐𝑖 = (−1), (+2), (−1)

o Create ANOVA table

o Hypothesis 𝑯𝟎, 𝑯𝟏

𝐻0: Γ = 0 𝑣𝑠 𝐻1: Γ ≠ 0

o Compute test statistics

𝐶 = σ𝑖=1
3 𝑐𝑖 ത𝑦𝑖 . = −1 ത𝑦1. + 2 ത𝑦2. +(−1)ത𝑦3 = −1)(10.8 + 2 22.2 + (−1) 8.4 = 25.2.

෣𝑉𝑎𝑟 𝐶 =
𝑀𝑆𝐸

𝑛
σ𝑖=1
3 𝑐𝑖

2 =
16.9

5
6 = 20.28

T0 =
point estimate to Γ

S.Epoint estimate
=

𝐶

෣𝑉𝑎𝑟 𝐶

=
25.2

20.28
= 5.596

o Critical value: 𝑇𝑐 = 𝑇
1−

𝛼

2
,𝑁−𝑎

= 𝑇(0.975,12) = 2.179

o Decision : 𝑇0 = 5.596 > 𝑇𝑐 = 2.179, The null hypothesis 𝐻0: Γ = 0 can be rejected, and the

response time of circuit type 2 be different from the other two.

Circuite Type response Time 𝒚𝒊. ഥ𝒚𝒊. 𝑐𝑖
1 9 12 10 8 15 54 10.8 -1

2 20 21 23 17 30 111 22.2 +2

3 6 5 8 16 7 42 8.4 -1

S.O.V SS df MS F F crit P-value

Circuite Type 543.6 2 271.8 16.0828 3.8853 0.0004

Error 202.8 12 16.9

Total 746.4 14



Example 2: From data in exampl1, test the contrast related to

comparing circuit type 1 with circuit type 3

o Hypothesis 𝑯𝟎, 𝑯𝟏

𝐻0: Γ = 𝜇1 − 𝜇3 = 0 𝑣𝑠 𝐻1: Γ = 𝜇1 − 𝜇3 ≠ 0

Contrasts coefficients are 𝑐𝑖 = (+1), (0), (−1)

Compute test statistics

𝐶 = σ𝑖=1
3 𝑐𝑖 ത𝑦𝑖 . = +1 ത𝑦1. + 0 ത𝑦2. +(−1)ത𝑦3 = +1)(10.8 + 0 22.2 + (−1) 8.4 = 2.4

෣𝑉𝑎𝑟 𝐶 =
𝑀𝑆𝐸

𝑛
σ𝑖=1
3 𝑐𝑖

2 =
16.9

5
2 = 6.76 , T0 =

𝐶

෣𝑉𝑎𝑟 𝐶

=
2.4

6.76
= 0.923

Critical value: 𝑇𝑐 = 𝑇
1−

𝛼

2
,𝑁−𝑎

= 𝑇(0.975,12) = 2.179

o Decision : 𝑇0 = 0.923 < 𝑇𝑐 = 2.179, The null hypothesis 𝐻0: Γ = 0 cannot be rejected,

and the response time of circuit type 1 does not different from the circuit type 3.

Circuite Type 𝒚𝒊. ഥ𝒚𝒊. 𝑐𝑖
1 54 10.8 1

2 111 22.2 0

3 42 8.4 -1



3.5.5 Orthogonal Contrasts:

a) The contrasts are named orthogonal contrasts if the following conditions

achieved

1- σ𝑖=1
𝑎 𝑐𝑖 = 0 2- σ𝑖=1

𝑎 𝑐𝑖𝑙𝑐𝑖𝑘 = 0

In example 1 and example 2

b) Sum squares contrast (𝑺𝑺𝒄) is

Balance case: 𝑺𝑺𝑪 =
𝑛𝐶2

σ𝑖=1
𝑎 𝒄𝒊

𝟐 =
𝑛(σ𝑖=1

𝑎 𝑐𝑖 ത𝑦𝑖.)
2

σ𝑖=1
𝑎 𝒄𝒊

𝟐 with 𝑑𝑓 = 1

Unbalance case: 𝑺𝑺𝑪 =
𝐶2

σ𝑖=1
𝑎 𝒄𝒊

𝟐

𝑛𝑖

=
(σ𝑖=1

3 𝑐𝑖 ത𝑦𝑖.)
2

σ𝑖=1
𝑎 𝒄𝒊

𝟐

𝑛𝑖

with 𝑑𝑓 = 1

c) Under null hypothesis 𝐻0: Γ = 0 , the test statistics 𝑭𝒐 =
𝑺𝑺𝑪

𝑴𝑺𝑬
~𝑭(𝟏,𝑵−𝒂)

Circuite Type 𝒄𝒊𝟏 𝒄𝒊𝟐 𝒄𝒊𝟏𝒄𝒊𝟏
1 -1 1 -1

2 2 0 0

3 -1 -1 1

Total 0 0 0



Notes:

d) The number of orthogonal contrasts = (𝒂 − 𝟏) , then analysis of variance table

can be expansion as follows

For example, Analysis of variance

related to Example 1 and example 2

𝑺𝑺𝑐1 =
𝑛𝐶2

σ𝑖=1
𝑎 𝒄𝒊

𝟐 =
5(25.2)2

6
= 529.2

𝑺𝑺𝑐2 =
𝑛𝐶2

σ𝑖=1
𝑎 𝒄𝒊

𝟐 =
5(2.4)2

2
= 14.4

▪ Form null and alternative hypotheses in terms of contrasts:

𝐻0: σ𝑖=1
𝑎 𝑐𝑖𝜇𝑖 = 0 vs 𝐻1:σ𝑖=1

𝑎 𝑐𝑖𝜇𝑖 = 0

S.O.V SS df MS F F crit

Contrast 1 𝑆𝑆𝑐1 1 𝑀𝑆𝑐1 𝐹𝑜𝑐1
Contrast 2 𝑆𝑆2 1 𝑀𝑆2 𝐹𝑜𝑐2

… … … …

Contrast (𝒂
− 𝟏)

𝑆𝑆𝑐(𝑎−1) 1 𝑀𝑆𝑐(𝑎−1) 𝐹𝑜𝑐(𝑎−1)

Error 𝑆𝑆𝐸 𝑁 − 𝑎 M𝑆𝐸

Total 𝑆𝑆𝑇𝑜 𝑁 − 1

S.O.V SS df MS F F crit

Contrast 1 529.2 1 529.2 31.31 4.747

Contrast 2 14.4 1 14.4 0.852 4.474

Error 202.8 12 16.9

Total 746.4 14



R program for two contrasts

# Enter data

y <- c(9, 12, 10, 8, 15, 20, 21, 23, 17, 30, 6, 5, 8, 16, 7)

Type <- factor(rep(c("Type1", "Type2", "Type3"), each = 5))

data1 <- data.frame(y,Type)

install.packages("multcomp")

library(multcomp)

# Run the ANOVA model using aov()

Fit <- aov(y ~ Type, data = data1)

summary(Fit)

#The glht() (generalized linear hypothesis tests) function in the multcomp package

# contrasts: Compare Typ2 vs (Typ1+Type3)/2 and Type1 vs Type3

Cont <- glht(Fit, linfct = mcp(Type = c("-1*Type1 +2* Type2-1*Type3 = 0",

"Type1 - Type3 = 0")))

summary(Cont)



Output R program


