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BASIC CONCEPTS IN GRAPH THEORY 1 DEFINITIONS AND EXAMPLES

1 Definitions and Examples

1.1 Definitions

1. Graph : A graphis an ordered pair G = (V(G), E(G)) (or simply G = (V, E)) where, V(G)
is a finite set, and F(G) is a subset of [V]? ([V]? is the set of the pairs {u, v} such that u # v).

2. Let G = (V, E) be a graph

3. Occasionally, it is desirable to denote V(G) the vertex set of a graph G and E(G) its edge
set. This is useful when we have two or more graphs under consideration.

4. Let G = (V, E) be a graph

(a) The order of G denoted by: |G| is the number |V|.
(b) The size of G denoted by: ||G]| is the number |E]|.

5. Let G = (V, E) be a graph. An edge {u, v} is denoted simply uv.

6. It is convenient to represent a graph by a diagram.
In such representation, we indicate the vertices by points (or small circles), and we represent
the edges by line segments (or curves) joining the two appropriate points.

1.2 Examples

1. Let G = ({v1, v2,v3,v4}, {v109, V103, Vo3, V304 }) be a graph

V4

U1 U1

Vg U3 U3

Two representations of the same graph G

Order of G is 4
Size of G is 4

2. Let H = ({v1,v2,v3,v4, U5}, {0102, Va3, U3V3, U304, Ualy, VgVs, VaUs, UaUs }) be a graph
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U1

Vg

Vs

Representation of H, the graph H is not a simple graph

Order of H is

Size of H is 8

We remak that, in this case, the graph H is not simple, because H has a double (multiple)
edges (or because H has a loop).

1.3 Definitions
1. Let G = (V, E) be a graph.

(a) For x # y € V, we say that the vertices z and y are adjacent when {x,y} is an edge. If
not, the vertices x and y are nonadjacent.

(b) If e = {z,y} is an edge, x and y are the ends of e and z (and y) is incident with (to)
the edge e.

(¢) If uv and uw are different edges (i.e: v # w) we say that the edges uv and ww are
adjacent.
Let G = ({u,v,w}, {uv,uw}) be a graph

u

Representation of G with the edges uv and uw are adjacent.
2. Let G = (V, E) be a graph, and let v be a vertex of G.

(a) Two adjacent vertices are neighbours.

(b) The set of neighbours of vertex v, called the neighborhood of v; is denoted by: Ng(v)
(or simply N (v)).
Let S be a subset of V. The neighborhood of S, denoted by N(S), is the set of vertices
in V' that have an adjacent vertex in S. The elements of N(.S) are called the neighbours
of S, noted that: N({v}) = N(v).

(¢) The degree of the vertex v is the number | Ng(v) | denoted by: dg(v) or deg(v) (or
simply d(v)).
A vertex v of the graph G is called vertex even or verter odd according to the parity of
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its degree.
A vertex v of the graph G is called isolated vertex, if dg(v) = 0, and a vertex of degree
1 in G is called a leaf.

(d) The mazimum degree of the vertices of G is denoted: A(G).
(e) The minimum degree of the vertices of G is denoted: §(G).

1
(f) The average degree of the vertices of G denoted by: d(G) such that, d(G) = — E d(v),
n
veV
where n = |V| > 1.

N. B: It is easily to see that: 6(G) < d(G) < A(G).
3. Given a graph G, with the vertex set V = {vy,v,...,v,}, the sequence (d(v1),...,d(v,)) is

called the degree sequence of G.

1.4 Remarks

1. Given a graph G = (V, E), we denote v(G) = |V| and e(G) = |E|.

2. The term "graph” always means 'finite graph’, we call a graph with just one vertex trivial
and all other graphs nontrivial.

3. Much of graph theory is concerned with the study of simple graphs.

4. The graph with no vertices (and then no edges) is the null graph.
Unless otherwise specified, we consider non null graphs (i.e: V(G) # 0).

5. Given a graph of order n, we can enumerate his vertices by: vy, vs, ..., v, such that,
d(vy) < ... < d(vy).

6. The increasing (or decreasing) sequence (d(v1), ...,d(v,)) is the degree sequence of G.

2 Vertex degrees

2.1 Properties of vertex degrees

Proposition 2.1 Let G be a graph, 6(G) < d(G) < A(G).

Theorem 2.2 (Handshake lemma)
For any graph G, the sum of the degrees of the vertices of G equals twice the number of edges
of G. (i.e: Zd(v) = 2|E|, where G = (V, E)).

veV

Proof.
Let G = (V, F) be a graph and consider the sum S = Zd(v). For a # b € V, we count the

veV
edge {a,b} twice if {a,b} € E ( one in d(a) and one in d(b)), and we don’t count the edge {a,b}
if {a,b} ¢ E. So, S =2|E].
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Corollary 2.3
FEvery graph contains an even number of odd vertices.

Proof.
Let G = (V, E) be a graph and consider V(G) = AU B where, A (resp. B) is the set of even
(resp. odd) vertices of G.

We have Y ~d(v) =Y d(v)+ > _d(v) = 2|E|, hence Y d(v) =2|E| - d(v), then Y d(v)

veV veA veEB veEB vEA veEB
is even. It ensues that |B]| is even. ( Note: Z d(v) = 0).

veD

Theorem 2.4 (Pigeonhole Principle)

Let S be a finite set with |S| = n, and let Sy, ..., Sk be a partition of S into k subsets such that:
1 < k < n. Then at least one subset S; contains at least (|“2] + 1) elements ( let y be a real
number, |y| is the greatest integer p, p <y, and |y| is called the floor of y).

Proof.
By contradiction. If not: Vi € {1,...,k}, |S;| < [%2].
-1
So, |V| = Z | S;] §k.nk =n—1<n.

1<i<k
Thus |V| = n < n; contradiction.

Corollary 2.5
Given a graph G = (V, E) on n > 2 vertices, there are x # y € V such that: d(z) = d(y).

Proof.

Given G = (V, E) a graph, the first remark, if there is an isolated vertex x (i.e: d(z) = 0),
then: (Vy € V, d(y) < n—2) and the second remark, if there is a vertex = such that d(z) =n—1
then: (Vy € V, d(y) > 1).

By the first remark and the second remark we deduce (Vv € V,d(v) € {0, ...,n — 2}) or

(Vv eV, dv) e{1,..,n—1}).

Thus, the n values: d(vy),...,d(v,) (where V' = {vy,...,v,}) are all in set A with: |A| =n — 1. So,
we conclude by the Pigeonhole Principle.

Y

Corollary 2.6 (Particular case of Pigeonhole Principle)
If we put n pigeons in k cages such that k < n, then at least one cage contains at least two pigeons.

2.2 Exercises

1. (a) Show that there is no graph with degree sequence: (2,3,3,4,4,5).
(b) Show that there is no graph with degree sequence: (2,3,4,4,4,6,6,6,9).
(¢) Show that there is no graph with degree sequence: (1,3,3,3).
(d) Show that there is no graph with degree sequence: (1,2,4,5,6,6,7,8,9).
(e) Show that there is no graph with degree sequence: (1,2,3,4,4).
(f) Show that there is no graph with degree sequence: (2,3,4,5,5,5).
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2.

3.1

Show that, given a group of n > 2 students, there are at least two students (from this group)
having the same number of friends (in the group).

We have 15 computers. Is it possible to connect each of them to exactly 3 others?

Let p, n two odd integers, such that p < n. We have n computers. Is it possible to connect
each of them to exactly p others?

Subgraph

Definitions
Subgraph: A subgraph of a graph G = (V(G), E(G)) is a graph H = (V(H), E(H)) verify-
ing:
e V(H)
o F(H)

V(G)
E(G)

N 1N

. If H is a subgraph of G, we say that G contains H (or that H is contained in G, and we

write: G O H (or H C G)).
Let G = (V, E) be a graph.

e A spanning subgraph of a graph G is a subgraph H of G such that: V(H) =V.

e For X C V, the subgraph (X, FN[X]?) of G is called the subgraph of G induced by X;
it’s denoted: G[X].

. Let G = (V, E) be a graph.

o If e € E, the subgraph (V, E'\ {e}) of a graph G is denoted: G —e. ( Thus G — e is
obtained, from G, by deleting the edge e).

e If v € V, the subgraph G[V \ {v}] induced by V \ {v} is denoted by: G —v. ( Thus,
G — v is obtained by deleting from G the vertex v together with all the edges incident
with v).

e A copy of a graph H in a graph G, is a subgraph of G which is isomorphic to H. Such
a subgraph is then a H- subgraph of G.
e For example a Kj3-subgraph of GG is a triangle of G.

An embedding of a graph H in a graph G is an isomorphism between H and a subgraph of
G (3IX CV,G[X]| ~ H).

e A supergraph of a graph G is a graph G’ which contains G as a subgraph, that is:
(G' 2 Q).
e Note that each graph G is both a subgraph and supergraph of itself.

e All other subgraphs H and supergraphs G’ are proper; we write: H C G or G' D G,
respectively.
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3.2 Remarks
1. Let G = (V,FE) be a graph,e € E, and v € V.

e (G — e is called an edge-deleted subgraph of G.
e (G — v is called a vertex-deleted subgraph of G.

e Note That any subgraph H of G can be obtained by repeated applications of the basic
operations of edge-deletion and vertex-deletion. (for instance, by first deleting the edges
of G not in H and then deleting the vertices of G not in H).

2. Given a graph G(V, E), if e = {u,v} € [V]?\ E, the supergraph (V, EU {e}) of G is denoted
by: G +e.

3. The following theorem due to Erdds (1964/1965), confirms that every graph has an induced
subgraph whose minimum degree is relatively large.

Theorem 3.1 (Erdds)
Let G be a graph with d(G) > 2k; where k > 1 is an integer. Then, G has an induced subgraph
H with: 6(H) > k+ 1.

Proof.
Let G be a graph with d(G) > 2k; where k > 1 is an integer, and consider an induced subgraph
H = G[X], where X C V such that:

1. H is with the largest possible average degree, that is d(H) is maximum among d(K) where
K is induced subgraph of G, d(K) < d(H), in particular G is an induced subgraph of G.

2. |X|=|V(H)| is minimum among |V (L)| where L is induced subgraph of G

with: d(L) = d(H), we notice that: if |V (K)| < |V(H)|, then d(K) < d(H).
e Note For each graph K = (V(K), E(K)), we denoted: v(K) = |V(K)| and e(K) = |E(K)].
e We will show that: 6(H) > k + 1.

Fact 1: v(H) > 1.
Indeed: If not v(H) = 1, then 0 = 6(H) = d(H). But, d(H) > d(G), because G is an induced
subgraph of G (So by 1. we have d(H) > d(G)), then 0 > d(G) > 2k > 2; contradiction.
Fact 2: Ve € V(H),dg(z) > k + 1.
Indeed: Suppose by contradiction that 3z € V(H) : dy(x) < k.
Consider the subgraph: H' = H — 2 = H[X \ {z}]

e Clearly, H = G[X \ {z}], and then H’ is an induced subgraph of G.

o d(H' Z dg/(v). Then,
veV (H')
2 H’ 2e(H'
d(Hl) — e( ) _ e( )

v(H')  w(H) -1

o But, dy(z) <k, then: e(H') > e(H) — k, so, d(H') = U(Z;I()H_/)l = 2(11€(<I§[))__1k)'

o 2e(H) — d(G) _ 2e(H) — d(H)
But, 2k < d(G), then d(H') 2 = "0 = = o0 = d().

Thus, d(H') > d(H); contradiction (v(H') < v(H)).
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4  Walks-Paths-Cycles

Definition 4.1
Consider a graph G = (V, E).

1. e A path P of G from u to v (where u,v € V') is a sequence of vertices ug = u, ..., up = v
such that: Vi < k,{u;,u;+1} € E(G), and all the u; are distinct vertices.
o The length is [(P) the number of edges it uses. (Here, [(P) = k).
o P is a uv-path of length k.

2. Incidence and Adjacency matrices
o Let G = (V,E) be a graph where: V = {vy,...,v,}. The adjacency matriz of G is the
(n,n) matric Ag = (@ij)1<ij<n, where: a;; =1, if {v;,v;} € E, and a;; = 0, if not.

o Let G = (V,E) be a graph where: V = {vy,...,v,} and E = {ey,...,en}. The incidence
matriz of G is the (n,m) matric Ma = (mij)1<i<ni<j<m , where: m;; = 1, if v; € e;,
and m;; = 0, if not.

3. A cycle C of G 1s a sequence of vertices ug, ..., up forming a ugug-path such that:
{ug, ur} € E(G) (where k > 2). We also denote (uq, ..., ux, uo) this cycle.

4. Consider a graph G = (V, E).

e Paths in G do not contain repeated vertices or edges.

o Let u,v € V be a vertices, walk from u to v in G is any sequences of vertices u =
U,y -, U = v such that: Vi < k,{u;,ui41} € E(G).

A walk in G is any sequences of vertices uy, ..., ug such that: ¥i < k,{u;,u;41} € E(Q).
Thus in a walk, edges and vertices may be repeated.

The length of this walk is the number of its edges (here: k).

The trail 1s a walk w where all its edges are distinct.

Proposition 4.2
Let uw # v be a two vertices of a graph G = (V, E).

If there is a walk (ug = u,...,up = v) from u to v, then we can extract a path from w to v:
Uiy = Uy ooy Uy = V.
Proof.

e Consider a walk P = (a; = u, ..., oy = v) which is extract from the initial walk
(ug = u, ..., ux, = v) and which is with minimum length ( among all extract walks
(61 =u,...,; =v)). Note that the initial walk is extract from itself.

e Fact P is a path.
Indeed: Assume by contradiction that there are 1 <7 < j < p such that ; o; = «;. Thus,
P = (q = u,...,0i1,0 = @j, 041, ..., = v) is an extract walk with: [(P") < [(P).
Contradiction.
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Proposition 4.3
Let A¢ = (aij) be the adjacency matriz of a graph G = (V, E) where V(G) = {v1, ..., v, }.
For any integer k > 1, let A%, = (a y;]) Then for each integer k > 1, we have: Vi,j € {1,...,n};
EJ] is the number of walks of length k from v; to v;.

Proof.
By induction on k.

e For k = 1, [there is a walk of length 1 from v; to v,] if and only if [{v;,v;} € E(G)], which
1]

case [a;

ij = aij =1].

e Assume it’s true whenever 1 <k <t, and consider AS". Leti,j € {1,....,n}.

tH] Zazl = ZNl’ (AG! = AL, Ag), where: N; = the number of walks

(g = vl, ey O = 1, ozt+1 = v;) with length ¢ 4+ 1 and which terminates by the edge {v;,v;}
(it’s deduced from the hypothesis of the induction on ag]).

e Thus, agﬂ} is the number of walks of length (¢ 4+ 1) from v; to v;.

Proposition 4.4
Given a graph G = (V| E), if all vertices of G have degree at least two, then G contains a cycle.

Proof.

Let P = vyvy...v, be a longest path in G. Note that: p > 2 (because, for x € V and y # z €
N(x) = {z,y} we have: yzz is a path in G). As d(v,) > 2, there is v € N(v,) \ {v,-1}.
If v is not in P (that is: if v ¢ {v;;0 <14 < p}), the path vyvy...v,v contradicts the choice of as the
longest path.
So, there is i: 0 <7 < p — 2 such that: v = v;. Thus v;v,41...v,; is a cycle in G.

Example 4.5
Consider the graph G = ({z, y,u, v}, {{u, v}, {v, 2}, {z, 4}, {y, v}})

v

G

The sequence degree of the graph G is (1,2,2,3), where dg(u) =1 < 2, but the graph G has a
cycle C : xyvx.

Remarks 4.6
Let w: vy = z,v1,...,v, =y an xy-walk.

1. We say that w connects x to y.

2. The vertices x and y are called the ends of the walk, x is its initial vertex and y its terminal
vertex.
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3. The vertices vy, ..., vp—1 are its internal vertices.
4. The walk w is closed if x = y.

5. A cycle of a graph G 1is closed trail of length > 3, whose initial and internal vertices are
distinct.

5 Connected graphs

Definition 5.1
Let G = (V, E) be a graph, and let u,v be two vertices in V.

1. Two vertices u and v of G are connected if u = v, or if u # v and a uv-path ezists in G.
2. The graph G is connected if Vx,y € V, x and y are connected.

3. The graph G is not connected, we called G is disconnected.
Note that if |v(G)| < 1, then G is connected.

Proposition 5.2
Given a graph G = (V, E), for z,y € V we denote xCy, if x and y are connected. C is an
equivalence relation on the set V.

Proof.

Clearly, C is reflexive and symmetric.
For the transitivity, consider u,v,w € V, is clear if u = v or v = w,
if not assume that: (u # v, uCv, and v # w, vCw).
Let P : up = u,...,u, = v be a uv-path in G, and P : v9 = v, ..., v, = w be a vw-path in G.
Then W : up = u,...,u, = v = vg, ..., v, = w, obtained by concatenating P; and P, is an uw-walk
in GG. By Proposition 4.2 , we extract a uw-path in G. Thus, uCw.

Remarks 5.3
Let G = (V, E) be a graph, and given C the equivalence relation on the set V.

1. If X is an equivalence class of C on 'V is called connected component, and G[X] is an induced
subgraph of the graph G.

2. The graph G is connected if C has at most one class.

3. Given a disconnected graph G = (V, E), then for all connected components X #Y of G, we
have: ¥(z,y) € X xY; {x,y} ¢ E. So, the connected components: X1, ..., Xy of G satisfy:

o The induced subgraphs: G[X4], ..., G| X}], are connected.
e the graph G decomposed as:

GXi] GXo] G[X3]  GIXY]
XQ XD XO XD

4. A graph G = (V, E) is connected if and only if Vo # y € V, there is an xy-path in G.
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5. In chapter 1, we consider the following definition:
Definition 5.4
e A graph G = (V, E) is disconnected graph if V' can be partitioned into {X,Y '} such that:
(X #0,Y#0,V(x,y) € X xY :{z,y} ¢ E).
o [f a graph G 1is not disconnected, we say that G is connected graph.

e Clearly, a graph G = (V| E) is connected (in this sense) if and only if a graph G = (V, E)
is connected (in the sense of the present chapter).

6. Given a connected component X of graph G = (V, E), we have: G[X] is connected and for
each subsetY of V' such that: X CY, the induced subgraph G[Y] is disconnected.

7. If P = xy,...,x, is a path of G, then {xo, ..., x,} is included in a connected component X of

G.
8. e If X is a connected component of graph G = (V, E), we can say that the subgraph: G[X]
s connected component of G.

e Thus, a connected subgraph H of graph G, is a connected component if and only if H
s not contained in any connected subgraph of G having more vertices or edges than H.

Example 5.5

1. A graph
G =({1,2,3,4,5,6,7,8},{{1,2},{2,3},{3,1},{3,4},{4,5},{5,6},{6,7},{7,4},{4,8}})

Gy is a connected graph

2. A graph Gy = ({1,2,3,4,5,6,7,8,9,10, 11,12},
{{1,2},{2,3},{3,1},{3,4},{5,6},{6,7},{7,8},{8,5},{9,10},{10,11},{11,9}})

G is a disconnected graph; it has exactly 4 connected components:
X1 =11,2,3,4}, X5 =1{5,6,7,8}, X3 ={9,10,11} and X, = {12}.

2 4 3} 8 9
[©)
12
1
3 6 7 10 11

G

Notation 5.6 (Edge Cuts)
Let G = (V, E) be a graph and X,Y be two subsets of V' (not necessarily disjoint).
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1. E[X,Y]; denotes the set of edges of G with one end in X and the other end in'Y .
e(X,Y) denotes: |E[X,Y]|.

If Y = X, the set E[X, X] is denoted E[X] and e(X, X)) denoted e(X).

IfY =V \ X, the set E[X,Y]| = E[X,V \ X] is called the edge cut of G associated with X
(or the coboundary of X ), and it is denoted by: 0(X).
(Note that: 9(X) = E[X,V\ X]=0(V\ X)).

Remarks 5.7
1. If G = (V,E) is a graph, then O(V') = 0.
2. A graph G = (V, E) is bipartite if and only if (X) = E for some subset X of V.

3. (A graph G = (V, E) is connected) if and only if (VX € P(V)\ {0, V},0(X) #0D).

Example 5.8

1. A graph Gy = {x,y, U7U}7 {{u7 U}v {U, JJ}, {ZL’, y}7 {ya U}})

v Y
Gy

O{u, v}) = {{v. 2}, {y, u}}
a({u7 I}) = {{u7 U}7 {U7 y}7 {U7 ZE}, {l‘, y}}
O{u, v, y}) = {{v, 2}, {=,y}}.

2. A graph Gy = {x,y,u, v}, {{u, v}, {v, 2}, {x, y}, {y, v}})

v Yy
x
G
O({u,v}) = {{v, 2}, {y,v}}
O({u, z}) = {{u, v} {v, 2}, {z,y}}
O{u,v,y}) = {{v, 2z}, {z, y}}.
Proposition 5.9
For any graph G = (V, E) and any subset X of V, we have: |0(X)| = Z da(v) — 2e(X
veX
Proof.
Consider s = Z dg(v). In this sum, each pair {z,y} of distinct elements of V| is:

veX

12 MONCEF BOUAZIZ
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e not counted, if {z,y} N X = 0.

e counted once, if [{z,y} N X| =1 (that is: if {z,y} € 9(X)).

e counted twice, if {z,y} C X (that is: if {z,y} € F(X)).
Thus, s = 2|E(X)| + 1.|0(X)].

Theorem 5.10
A graph G = (V, E) is even if and only if |0(X)| is even for every subset X of V.
Recall that G is even if: dg(x) is even for allx € V.

Proof.

e 7 <7 Suppose that: VX C V., |0(X)| is even. So, Vv € V', [0({v})| = dg(v) is even. Thus,
G is even.

e 7 =7 Conversely, if G is even, then, give a subset X of V', we have: Vv € V| dg(v) is even
and then: Z dc(v) is even, and by Proposition 5.9, |0(X)| = Z da(v) —2e(X) is even.

veX veX

Proposition 5.11
Let G = (V, E) be a graph of ordern > 1. G is connected if and only if there is an enumeration:
Ul ..., Uy Of its vertices such that: Yk € {1,...,n}, the induced subgraph G[{uy, ..., u}| is connected.

Proof.

7

e 7 « 7 Immediate.

e 7 =7 Let x € V we will construct uy, ..., uj, by induction on k € {1,...,n}.
Let u; = . For k < n, assume that uq, ..., u;, are defined such that; Vi < k; G[{uq, ..., u;}] is
connected. As X = {uy,...,ux} € P(V)\ {0,V}, and G is connected, then: 9(X) # 0. So,
there is y € V' \ X and there is ¢ € {1,...,k} such that: {u;,y} € E. Thus, we can define
Ug+1 by: ug+1 = y. Note that: G[{uy, ..., ug, ug,1}] is connected, (because {uy, ..., ug, ug1} =
X U{y}, G[X] is connected and y is adjacent to an element of G (at least)).

Remarks 5.12

1. Gwen a graph G = (V, E) and a subset X of V' such that: G[X] is connected, then: Yy €
V\ X, we have: (G[X U{y}] is connected) if and only if (y is adjacent to at least, an element

of X).

2. In the proof of Proposition 5.11, we proved that if G = (V, E) is a connected graph, then:
for each vertex x of G, there is an enumeration: w; = x,...,u, of ilts vertices such that:
Vk € {1,...,n}, the induced subgraph G[{uy, ..., ur}| is connected.

Proposition 5.13
Let G = (V, E) be a connected graph of order p > 2 such that: Yz € V,d(x) < 2. Then G is a
path P, or a cycle C,,.

13 MONCEF BOUAZIZ
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Proof.
Let P = vy, ..., v, a longest path in G (Note that: ¢ > 1, and P exists because G is connected).

1. ItV # {vg, ..., vy} As G is connected then: 9({vo, ...,v,}) # 0. So, there is a € V' \{vy, ..., vy}
and there is 0 < ¢ < ¢ such that: {«o,v;} € E.

o If i =0 (resp. ¢ = ¢q) then: P’ = o, vy, ...,v, is a path; contradiction: (I(P') > I(P)).
(resp. P' = vy, ..., v,, « is a path; contradiction: (I(P') > I(P)). )

o If 0 < i < ¢; then: d(v;) > 3 contradiction.

2. So, V = {wo, ..., v4}.

(o, Q
Vo U1 2) Vi—1 V; Vit1 Vg—1 Uq

As: Vi; 0 < i < q {vi_1,vi11} € Ng(v;) and d(x) < 2 for all z € V, then {v;_1,v;41} =
Ng(l}i).
Thus: there are two cases:

o {vg,v,} € E: then G is a cycle C,.
o {vg,v,} ¢ E: then G is a path P,.

6 Isomorphic Graph

6.1 Definitions

1. e An isomorphism from graph G = (V(G), E(G)) onto a graph H = (V(H),E(H)) is a
bijection f : V(G) — V(H) such that: Va,y € V(G), (zy € E(G) < f(z)f(y) € E(H)).
We say that G is isomorphic to H (or G and H are isomorphic), and we denoted G ~ H
(or G~ H or G = H), if there exists an isomorphism from G onto H.

N
°

An isomorphism from a graph G onto G itself is called: an automorphism of G.

The set of automorphisms of G is denoted: Aut(G).

I
°

The complement of a graph G = (V, E) is the graph G = (V,E) where, E = [V]?\ E
(So, Ve #£yeV, (zye E<zy ¢ E)).

e A graph G is called self-complementary if it is isomorphic to its complement G.

6.2 Examples

1. Let Gy = ({1,2,3,4,5,6}, {{1,4}, {1,5}, {1,6},{2,4},{2,5},{2,6}, {3,4},{3,5},{3,61})
and let Go = ({1,2,3,4,5,6}, {{1,2}, {1,4}, {1,6},{2,3},{2,5}, {3,4}, {3,6}, {4,5}{5,6}})

14 MONCEF BOUAZIZ
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The drawing of Gy can be transformed into the following G5 by first moving vertex 2 to the
bottom of the diagram, and the moving 5 to the top, we obtained the diagram of the graph
(G, as follows:

G

So, [ = (6 i g 5 i’ g) is an isomorphism from G; onto G.

2. Let G3 = ({ZL’, Y, =, u,0, 'ZU}, {WJ, Tz,yz,uv, vw, vw, ru, Yyv, Z’U)})

Diagram of G is the graph of prism.
(33 is not isomorphic to Gy (G3 2 Gs).

3. e Let Hy=({1,2,3,4},{{1,2},{2,3},{3,4}}) be a graph,
H, = ({17 27 37 4}7 {{17 3}7 {17 4}7 {27 4}})
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H, H,
The graph H, is self-complementary graph.

o Let Hy = ({1,2,3,4,5},{{1,2},{1,3},{2,3},{3,4},{4,5}} be a graph,
Hy = ({1,2,3,4,5}, {{1,4},{1,5},{2,4},{2,5}, {3,5}}

1 1
4 3 4 3

H, H,

The graph Hs is not self-complementary graph.

6.3 Remarks

1. The relation ” is isomorphic to” is an equivalence relation on the class of all graphs.

Indeed:

e Let G = (V| E) be a graph, we have idy is an isomorphism from G onto G.

e Let G and G’ be two graphs, if f is an isomorphism from G onto GG’, the inverse mapping
f~1is an isomorphism from G’ onto G.

e The composite mapping, fo o fi, of two isomorphisms is an isomorphism.
2. Given an isomorphism f from G = (V| E) onto G’ = (V', E'), then:

o Vz eV, f(Ng(x)) = N f(x); so der (f(2)) = dg(x).
o |V|=|V'|, |E| =|FE'|, and G and G’ have the same degree sequence.
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3. Let G(V, E) be a graph. (Aut(G),o) is a group (it is a subgroup of (Sy,o) the group of
permutations of V'). The group (Aut(G) is called the automorphism group of G.

Example
Let G = ({1,2,3,4,5},{{1,2},{2,3},{3,4},{4,5}} be a graph.

Qut

1 2 3 4
o © © ©

G

(e © ) o o)
5 4 3 2 1
G

= (éig;?) is an automorphism.

6.4 Properties

Proposition 6.1
If a graph G is self-complementary, then his order n satisfies: n =0 (mod 4) or n =1 (mod 4)
(i. en=4p orn =4p+ 1, where p € N).

Proof.
Let G = (V, F) be a self-complementary graph, then |E| = |[V]?\ E|, hence 2|E| = |[V]?| =

(5) = @, therefore |F| = %, since |E| € N, hence 4 devises n(n — 1), therefore n =
0

(mod 4) or n =1 (mod 4).

7 Particular Graphs

7.1 Complete Graph
e A complete graph is a graph in which any two vertices (different vertices) are adjacent.

e Up to isomorphy, for each integer n > 1, there is a unique complete graph of order n. It is

denoted: K.
Examples:
a a b
(o)
a b d c
Ky K K,
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7.2 Empty Graph
e An empty graph is a graph G = (V, E) with: E = ().

e Up to isomorphy, for each integer n > 1, there is a unique empty graph of order n. It is

denoted: D,,.
Examples:
a a b
e e e
o) e e 0]
a b d C

Diagram of D; Diagram of D, Diagram of D,

7.3 Paths
A path is a graph isomorphic to the graph: P, = ({1,...,n}, {{i,i +1}; 1 <i<n—1}).
Examples:
(0] oU———0 o © © Q
a a b a b (& d
Diagram of P, Diagram of P, Diagram of P,
7.4 Cycles

1. A cycle on n > 3 is a graph isomorphic to the graph:
Co={1,..on}, {{i,i+1}; 1 <i<n-—1}U{{1,n}}).

b
°

The length of a path or a cycle is the number of its edges.

k-path (resp. k-cycle) is a path (resp. cycle) of length k.

A Ek-path (resp. k-cycle) is odd or even according to the parity of length k.

A 3-cycle is often called a triangle.

Remark 7.1
The cycle C,, is obtained from the path P, by adding the edge {1,n}.

Examples:
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7.5 Petersen graph
A Petersen graph is a graph G = (V, E'), up to isomorphy, defined by:

V ="({1,2,3,4,5}) = {{1,2},{1,3},{1,4},{1,5},{2,3},{2,4},{2,5},{3,4},{3,5},{4,5}}
and for i # j € {1,2,3,4,5} and a # € {1,2,3,4,5} where:
({{i, 7} {e, 8} € E) & ({i,j} N {e, 8} = 0)

Diagram of Petersen graph

{1,2}

{2,5} {1,3}

Petersen graph
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7.6 Bipartite graphs

1. e A Bipartite graphis a graph G = (V, E), such that V' can be partitioned into two subsets
X and Y such that every edge has one end in X and one in Y.

e Such a partitioned {X,Y'} is called a partition of the graph G; X and Y are the parts
of V, in this case G is denoted: G[X,Y].
2. e If G[X,Y] is a bipartite graph such that every z € X is joined to every y € Y, then G
is called a Complete bipartite graph.

e Up to isomorphy, we denoted K, , the complete bipartite graph G[.X,Y] with: | X|=p

and Y| =q.
Examples:
1 2 3 1 2 3 4 1 2 3
\V ; a i%gi | ; | g$b g |
K3 Koy K3

) )

7.7 Star graphs

A Staris a complete bipartite graph G[X, Y] with: (|X|=1or |Y|=1).
Examples:

7.8 Regular graphs
e A k-regular graph, where k € N is a graph G = (V, E), such that: Vz € V, d(z) = k.

e A regular graph is a graph which is k-regular graph for some k.

Examples:
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4 3
C5 is a 2-regular graph A Patersen graph is 3-regular graph

In general, C), is a 2-regular graph.

7.9 Disconnected graphs

e A disconnected graph is a graph G = (V, E), where V' can be partitioned into {X,Y} such
that:(X #0, Y #0, V(z,y) € X XY : {x,y} ¢ F).

e If a graph G is not disconnected, we say that G is connected graph.
Examples:
e Given a graph G = ({v1,v2, V3, vy, Us, Vs, U7}, {V1V2, V2U3, U301, Vay, V3Vs, VU7 } ).

e Given a graph H = ({1, 22, x3, 24, 5, Ts, T7, Tg, To },
{x129, o3, X324, X2T s, X2T 5, X3T5, T6T7, T7Tg, TsTg, TeLg } ).

(¥ Vs V3 s X7 I X3 Is
1 /
Vg V4 Vo T9 Z6 X2 T4
G is disconnected graph H is connected graph

8 Degree Sequence

8.1 Definition

Definition 8.1
We say that an increasing sequence D = (dy, ..., d,) is graphic if there is a graph G having D
as the degree sequence (i.e: D = DEG(Q)).
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Remarks 8.2
If an increasing sequence D = (dy, ..., d,) is graphic, then

1. d, <n-—1.
2. D has an even odd terms.

3. Ifdy =0, thend, <n — 2.
Ifd, =n—1, then d; > 1.

4. We remark there are © # j such that d; = d;.

Notation 8.3

1. D= (dy,...,d,) an increasing sequence of integers with:
0<d <..<d, <n, where n > 2.

11

2. D" =(d,....d

Uy q

11

) the sequence obtaining, from D, as follows:

e delete d,, from D and

e Subtract 1 from each of the d, last remaining terms.

/ /1

3. D = (dy,...d,

ascending order.

) the increasing sequence consists of integers {d,,...,d. .} arranged in

d,
8.2 Havel-Hakimi Theorem

Problematic:
A degree sequence can be obtained from graph. But how to get graph from degree sequence?
There can be many graph from a degree sequence or there can not be any graph.
So, how to know if a degree sequence is a graphic sequence?
The solution is the Havel-Hakimi Theorem.

Theorem 8.4 Havel-Hakimi Theorem
The sequence D is graphic if and only if the sequence D' is graphic.

Consequence

1. This theorem reduces the study of D to the study D'

2. Thus, we have an algorithmic test to check whether D is graphic and to generate a graph
whenever one exists.

We remark, this theorem is easily deduced from the following lemma.

Lemma 8.5
Let D = (dy, ...,d,) be a graphic sequence with: d,, > 0 (and thenn > 2). Then there is a graph
G = (V,E) where, V = {xy,...,x,}, such that:

o Viec{l,..,n}, dg(x;) = d;, and
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o No(z,) =A{xn_i; 1 <i<d,}

Proof.
By contradiction.

1. Consider a graph G = ({aq, ..., a, }, E) with:

(a) VZ, dg(Oéi) = dz
(b) The cardinality |Ng(ay,) N {an—i;1 <i < d,}| is maximum
(for all graphs G with: DEG(G) = D).
2. So,

(a) Ji,1 <i<d,,{ani,an} ¢ FE
(b) Jj,d, +1<j<n—-1{ay_j,a,} € E
(¢c) We may assume that: d,—; < d,,—;
(d) Asa, € Ng(on—;)\Ne(an—i), there are 8 # X € Ng(ay—;) \Na(on—;), (with 5 # a,_;).
3. Thus, B, ay—j, o,—; and o, are 4 distinct vertices of G, with: {3, a,—;} € E(G) and
{on—j, o} € E(G); and {8, o, } is an edge or not.

4. We consider the graph G’ such that, 3, a,_;, o,—; and «, are 4 distinct vertices verifies
of G', with {8, a,—;} € E(G’) and {a,,—;, 0y, } € E(G’), the other edges are the same on G,
hence, DEG(G) = DEG(G') = D, is a contradiction by the cardinality
|Ng(an) N{an—i;1 <i < d,}| is maximum.

Qp—j Qp—j
‘\an a,
g B

(7

Op—j

G[{Ba QXn—jy An—i, an}] G/[{Ba Ap—j, Op—i, C“n}]

Algorithm of Havel-Hakimi

1. Step 1
Sort the sequence in increasing sequence D = (dy, ..., d,)

2. Step 2

e Remove the term d,, in a sequence D.

e Subtract 1 from each the d,, last terms in the sequence (dy, ..., d,,—1).

3. Step 3
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e If a negative number in this new sequence, we stopped and the sequence D = (dy, ..., d,,)
is not graphic.

e If all number zeros in this new sequence, we stopped and the sequence D = (dy, ..., d,)
is graphic.

/ /

. . . . . /
e Otherwise, we arranged in ascending order this new sequence, consider D' = (d, ..., d,,_;)

the new increasing sequence obtained, and repeat from step 1.

Example 8.6
Prove that the sequence (1,2,3,5,3,1,2,3) is a graphic sequence and give an example of a graph
G satisfying DEG(G) = D.

Remark 8.7 For the same degree sequence that is graphic, it is possible to find more than one
graph which are not isomorphic.

Example 8.8
Given a graph G = ({v1, va, V3, Vg, Vs, Vg, U7, Ug }, {0102, U301, VaUy, U35, , U4Us, UsU7, Uglz, U708 }),
and a graph H = ({21, 29, T3, T4, Ts, Te, T7, T }, {122, T123, 3Ty, TaTy, TaTe, T3T5, TeT7, T7Tg}).

Ug U7 Us U3 s Z7 Z1 Z3 Z5
(o] Q
1
Ve V4 V2 T6 €2

T4

Graph G Graph H

The two graphs G and H are not isomorphic, and they have the same degree sequence (1,1,2,2,2,2,3,3).

Using the Havel-Hakimi algorithm for the same degree sequence (1,1,2,2,2,2,3,3), we find the

graph K as follows:
Us Vs Citg U3
\] V/Ul
Vg (0 (%)

Graph K

The graphs K and G are not isomorphic, and the graphs K and H are not isomorphic.
Exercise 8.9

1. Is the increasing sequence D = (dy, ...,d,) a graphic sequence?
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(a) D =(1,2,3,4,4,5,6,7)
(b) D=(2,2,3,3,6,6,6,6)
(c) D=(2,2,3,4,4,6,6,7)
(d) D=1(1,1,2,4,6,7,7,8)

2. In the case, where D is graphic, give an example of graph G satisfying DEG(G) = D.

25
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9 Exercises of Graphs

Exercise 9.1
1. How many edges does a graph with a sum of degrees of vertices of 48 have?
2. How many edges does a reqular graph of type 2 with 14 vertices have?
A graph with 47 edges, what is the minimum possible number of vertices?
Does a graph with vertex degrees 3,2,2,2,2 exist?

Is the adjacency relation between vertices in graphs transitive?

S v

Give an example of a connected graph that does not contain cycles and has four vertices.

Exercise 9.2
1. If 6(G) > 2, prove that G contains a cycle
2. Give an example of a graph with five vertices and two components.

3. Give an example of a graph with five vertices, each of degree two.
Exercise 9.3

1. Prove that the number of edges of a regular graph of type v with n vertices is %.
2. How many edges does a complement of bipartite complete graph K,,,, have?

3. Let G = (V,E) be a graph such that |V| = n and |E| > ”72 + 1. Prove that G cannot be
bipartite.

4. If G is a graph that does not contain odd cycles, use mathematical induction on the number
of edges to prove that G is a bipartite graph.

5. What is the minimum number of edges that must be removed from K,, to make it disconnected?

6. Prove that if there is a path between two vertices in a graph, then there is a path of length at
most n — 1 between them.

7. Prove that the graph isomorphism relation is an equivalence relation on the set of all graphs.
Exercise 9.4

1. Show that: a graph is bipartite if and only if it contains no odd cycle.

2. Let G = (V, E) be a graph. Show that if §(G) > 2, then G contains a cycle.
Exercise 9.5

1. (a) Is the increasing sequence D = (dy,...,d,) a graphic sequence?
i. D=(1,2,3,4,4,5,6,7)
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ii. D =(2,2,3,3,6,6,6,6)
iii. D= (2,2,3,4,4,6,6,7)
. D=(1,1,2,4,6,7,7,8)
(b) In the case, where D is graphic, give an example of graph G satisfying DEG(G) = D.
(1,1,3,
6,6,6)

2. Consider the two sequences: D

= 3,3,3,5,6,8,9)
and Dy = (3,3,3,3,3,5,6,6,6,6,6,

(a) Show that: Dy is not graphic.
(b) Show that: D is graphic and give a graph G with DEG(G) = Ds.
(¢) Show that there is no bipartite graph G such that DEG(G) = Ds.

Exercise 9.6

1. A graph G is called a self-complementary graph if G = G. Give an exzample of a self-
complementary graph with four vertices and another with five vertices.

2. If G is a self-complementary graph with n vertices, prove that eithern =0 (mod 4) orn =1

(mod 4).
Exercise 9.7

1. Given a graph G with siz vertices, prove that either G or its complement G contains a
complete subgraph (K3 or a triangle).

2. Giwe an example that shows that the result in Question 1. is not true when the number of
vertices is five.

3. Prove that if there are only two vertices of odd degree in a graph, then they belong to the
same component.

Exercise 9.8
Consider the following graphs G, Gy, Hy, Hs.

(ar)

Graph G
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1. Give the order and size of each graph.
Determine the degree sequence of each graph.
Which graphs are bipartite? Justify.

Which graphs are planar?

Are there isomorphic graphs among these figures?

Exercise 9.9
Find all graph self complementary, up to isomorphy, of order 5 or less.

Exercise 9.10
1. Find the adjacency matriz of the graph Hy given in Fxercise 6.8.
2. Draw the graph G = ({a,b,c,d, f}, E) whose adjacency matriz is:

0 0

— O =

O = O =
_o O =
O o

1
1
1

3. Find the number of paths of length 4 from vertex a to vertex d in the graph G
Exercise 9.11

1. Does a bipartite graph exist such that the sequence (9,8,6,5,3,3,3,3,3,1,1) is a degree se-
quence for it?

2. Does a bipartite graph exist such that the sequence (6,6,6,6,6,5,3,3,3,3,3) is a degree se-
quence for it?

3. In the following, find a realization (drawing) for the given degree set:

(a) D={4,3,21}
(b) D=1{3,4,5,7}
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