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Chapter 10

Multiple State Models

10.1 Introduction

10.1.1 The Single Decrement Model

In the ordinary single decrement model, there are two states, alive (0) and dead (1):

(0) alive Lo, dead (1)
Model 1: The Single Decrement Model

The single decrement model is characterized by the force of mortality

_ fa(t) _ 1%y 1 li t+hQe — 19z L . 4Dr— t1nPe . hQuit
ot =g =—=—Ilm ——————=—Iim —— =lim .
Sac (t) tPz tPx h—0 h tPz h—0 h h—0
in other works we can write
. o(h)
hGz = Nty s +0(h) where ;lg% 5 = 0.

So for dt small enough we use the approximation gq, >~ 1., dt.
For this model, the probability for (z) to stay in state 0 (alive) for a period of length ¢ is

t t
Pz = €XP (—/ T du) and ;q, = / Do Mgy AT =1 — pg.
0 0

10.1.2 The Double Decrement Model N

In multiple decrements, what we need are the various forces of decrement. In the double decrement
model, they are 2 modes of decrements, say, accidental death (1) and death due to other causes (2).

! | (1) Accidental |

| \ u;:zt =

o
N o N

2
lu’g:lt

| (2) Other means |
Model 2: The double Decrement Model -«

In this model, we are interested in the joint distribution of:

(0) Alive

~ .
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e the time for the individual to leave state 0,

e the state that the individual would enter after leaving state 0.

The forces of decrement are the instantaneous rates of transition.
Similarly to above
1 2
dtqg(gl) = /’La(qut d¢ and dtqg(f) =~ :u:(BJZt dt.

Remember that ugﬁt = ui}lt + ,ugt.

Occupancy probability (means no change in state) :

t
2 =oxp (- [ ).
0
Transition probabilities:

n t
s = / PO, droand g :/ P dr
0 0

There are two characteristics for multiple decrement models.
e Transition to any state is irreversible.
e There is no need to specify the transition intensity after decrement has happened. Even if we

change the model to a withdrawal model, we would not specify what kind of decrements would
the member follows after withdrawal.

| (1) Withdrawal |

1
“ilt

/!
Y

2
“ilt

(0) Alive

| (2) Dead |
Model 2: The double Decrement Model

Of course the member would still die some time after withdrawal. But we simply do not model
that because we are not interested in it.

10.1.3 The Disability Income Model

A multiple state model models the transition rates between states. Transition to any state can be
reversible or irreversible. Consider the following disability income model:

01
ot

(0) alive (1) Disabled

10
Hap ot

N\ v

Model 3: The Disability Income Model

In this model, the insured can switch between state 0 and state 1. However, transition to state 2 is
irreversible. We can change the above to a permanent disability model by disallowing transition from
state 1 back to state 0.

In this chapter we want to analyze models with structures similar to Model 3. We shall first
discuss a simple version, where state changes can only occurs at the end of each period. Then we shall
discuss the more general case when state changes can only occur any time.
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10.2 Discrete Markov Chain

In this section we discuss discrete-time Markov chain, a model for which transitions can only occur
at the end of each period. Such a model is useful in modeling health status, bonus malus system and
credit rating in group health and non-life insurances. Let the state at time ¢ be Y;. Let the state
space, which is the set of all possible states, be E. For example, in the disability income model above,
we have ' = {0,1,2} and Yy = 0. As time progresses, Y switches between 0 and 1 and finally get
struck in state 2.

10.2.1 Transition Probability Matrix and the Markov Property

For a discrete-time Markov chain, we assume that when the process is in state ¢ at time ¢, the
probability that it would be in state) at time ¢ + 1 is p;/ = P(Y;1 = j | Y; = i). The associated
transition probability matrix take the form

ptlo ptll p%Q e e e . ptln
I
Pt -
t t t t
The sum of the probabilities on each row is 1 that is Z?:o pij =1foralli=1,...,n. Moreover, we

assume for any t > 0 and ¢, j € E.

The Markov Property P (Yt+1 = ’ Yi=4Yi 1 =04_1,Y 0 =149, ) =P (Yt+1 = | Y, = 2)

This above says that the conditional distribution of any future state Y; i, given the past states
{Yy, Yi,...,Y; 1} and the present state Y;, depends only on the present state Y; but not the past

states.
Loosely speaking, ”Markov” means given the present, you can forget about the past!

e If P, is constant with respect to ¢ that is time—independent (P;;; = Py = Po V ¢t > 0) the
Markov chain is said to be homogeneous.

e If P, is time—dependent, the Markov chain is said to be inhomogeneous.
In general we have the following properties
st = PxPx—i-l - Px—i—s—l

sP, is called the s—step transition matrix of the Markov chain and its entries are ;p¥ = P (Y1, = j | Yo = 1).
This lead to the The Chapman—Kolmogorov (CK) Equation

t—l—sP:c = tP;z: st+t~
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Example 10.2.1 For a multiple state model with three states, Healthy (0), Disabled (1), and Dead
(2): (i) For k =0,1, p%%, = 0.70, p2%, = 0.20, pl%, = 0.10, p!2, = 0.25. (ii) There are 100 lves at
the start, all Healthy. Their future states are independent. Calculate the expectation and variance of

the number of the original 100 lives who die within the first two yearsE

Solution: Let 3Dq the r.v. describing the number of lives who die within the first two years. The
possible values of 3Dy are {0, 1,...,100}. The probability that one inﬁual from the population dies
within two years is 9p22. Observe first that » Dy follows a binomial distfibution. So E [,Dg] = 100 ,p%2
and Var (3Dg) = 100 9p%%(1 — 2pY?). To calculate ,p%? we need to calculate the 2-step transition. We
have

0.70 0.20 7 0.70 0.20 0.10
P,=P,,=| 010 ? 025 |={ 010 065 025
277 0o 0 1
0.70 0.20 0.10 \ ° 051 027 022
P, =P,P,.;=P2=| 010 065 025 | =| 0135 04425 0.4225
0o 0 1 0 0

therefore 5p%? = 0.22. In fact we do not need the full matrix P2, we can calculate

0.10
P2 = (070 020 010 ) 025 | =0.7x0.1402x0.25+0.1x1=0.22.
1

Finally E[ 5Dg) = 100 x 0.22 = 22 and Var( 3D,) = 100 x 0.22(1 — 0.22) = 17.16.

10.3 Calculating APV of Cash Flows

There are mainly two kinds of cash flows associated with discrete-time Markov chain:

e Cash flow arising from being in a particular state.

e Cash flow arising from a transition from one state to another.

It is easy to calculate APV of cash flows under a discrete—time Markov chain model. Study the
following example:

Example 10.3.1 Consider a homogenous discrete-time Markov chain with transition matrix
0.4-0.6
P= ( 0.8 0.2 )
The state space is E'= {0,1}. The subject in now in state 0, and i = 5%.

1. Suppose that there is a cash flow of 1000 for being in state 0 now and the beginning of the next
two years. Find the actuarial present value of the cash flow streams.

2. Suppose that there is a cash flow of 2000 if transition from state 1 to state O occurs at the end
of the first, second and the third year. Find the actuarial present value of the cash flow streams.

Solution:
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1. Let Y; denotes the position of the homogeneous Markov chain at time ¢ and « denotes actuarial
present value of the cash flow streams:

1000 1000
— 10004+ ——P (Y, = 0[Yo =0) + —— P (Vs = 0[Y; = 0
@ + 105 (1 =0l )+(1.05)2 (Y2 = 0¥ =0)

00 00

7 21 04  0.64

1000 ( 1 — 1000 ( 1 = 1961.45
( 105" (1.05)2) ( 105 T (Lo

since pY® = p* = 0.4 and

P = p® = (04 06) ( 8';1 ) = 0.4 % 0.4+ 0.6 x 0.8 = 0.64.

2. Let 8 denotes actuarial present value of the cash flow streams:

s —1vi—op=0  PE 1LY —ox =0 +P@—LYS—O\YFO)
1.05 (1.05)2 (1.05)3 ‘

Calculation of the conditional probabilities: Obviously

8= 2000(

P(Yy=1,Y; = 0¥ = 0) =0,

and
Crovi-1v-0v20
P(Y,=1Y,=0|Y,=0) =
(1 s 12 |0 ) P(}/E):O)
P (Y =1,Y=0)
(2 |1 y 40 ) P(Yb:o)
= P(Ya=0[¥i=1)P(Y; =1[Y; = 0)
:E}O Pt =p"0 p" = 0.8 x 0.6 =0.48
similarly
P(Ys=0Y,=1Y,=0
P(,=1Y, =0y =0) = 03 P’(YQ 030 ) Py = 0Ya= )P (Y= 1%y = 0)
O:
= PO = 10 0 = P10 (1— %) = 0.8 (1 —0.64) = 0.288. =]
Finally

0 0.48 0.288
= 2000 = 1368.3188.
P (1.05 T ose T (1.05)3)

Example 10.3.2 You are given the following homogenous Markov chain model with three states,
namely Healthy (0), Disabled (1), and Dead (2). Transition between states occurs at the end of the
year. The probabilities of moving among these various states are summarized by the transition matrix

below:
0.6 0.3 0.1

P = 0 06 04
0 0 1

An insurance company issues a 3—year insurance. A death benefit of $10,000 is payable at the end
of the year of death. Level annual premium s payable for 3 years or until death, whichever occurs
first, except that the premium is waived in the state of disablement. Interest rate is 6% per annum.
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1. Find the level premium for an insured healthy at issue (t = 0) using E.P.

2. Calculate the benefit reserve at t =1 for on the following two cases:

(a) an insured healthy at t = 1, originally healthy at t = 0.
(b) an insured disabled at t = 1, originally healthy at t = 0.

=

Solution:

1. APV of future premiums at time 0 is

Y

00

— = — = 00

1.06 (1.06)2
5| 0.6
buEJO =0.6 and ,p® = (0.6 03 01)[ 0 | =0.6x0.6=0.36. Thus
0
0.6 0.36
APV(FP), =P (1 — 1.8864P.
(FP), < 106 " (1.06)2)

APV of future benefits at time 0 is

106 T (1.06)2

257

)

PV = 2% =0) “P(i£2Y,—2vo—0) P kb 2vs 42 —2% -0

APV (FB), = 10*
(FB)y ( 1.06 (1.06)2

P (Y1 =2Y; =0) = py* = p” = 0.1, and

P(i#2,Y,=2Y3=0)=P(Y; =0,Y; = 2|¥; = 0) + P (¥, = 1, Yo = 2|, = 0)

= P(Ya=2[Yi=0)P (Vs =0Ya=0)+P(Ya=2|¥] =1)P(¥; =1V, = 0)

— 02 %0 4 20— (01 % 0.6+ 0.4 % 0.3 = 0.18

and

P(Yi £2,Y, #2,Y=2¥%,=0) = P(¥i=0,¥ =0,¥; =2|%; =0)
+P (Y =0,Y; = 1Y, = 2, = 0)

P (Vi =1,Ys =1,Y; = 2|V = 0)
P (Y, <1 \\ﬂ':D\ — P (¥ =2]% 20)P (% = 0[%; = )P (¥; = 0[% = 0)
5 PR +P (Y3 =2V, = 1) P (Vs = 1Y, = 0) P (¥; = 0]Y; = 0)
=~ ~ 4PV =2Y, = )P (Y, = 1|Y; = 1)P (Y} = 1]Y, = 0)
F _ p02 pOO pOO +p12 p01 pOO +p12 pll p01
0.1 x06x06 + 04x03x06 + 04x0.6x0.3=0.18.
So

01, 018 018
1.06 ' (1.06)2 ' (1.06)

APV(FB), = 10 ( ) = 4056.70.

Finally P = 40510 — 2150.5007.

(1.06)?

)
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2. a. If the insured is healthy at time 1, then

VO — APV(FB)” — APV(FP)"” c

o (PR=2MED) | PRA2Y—2WE0) L, (, Pa=0i=0)
1.06 (1.06)2 1.06

clearly P (Y2 =2[Y; =0) =p» = 0.1, P (Yo = 0]Y; = 0) = p*® = 0.6. and E

P(Y;#2,Ys=2[Y1=0) = P(Y2=0,Y3=2]Y1=0)+P(Y2=1,Y3=2|Y; =0)
= P(Y3=2[Y,=0)P (Y, =0[Y1 =0)
+P (Yz =2[Ya =1)P (Y, = 1]Y; = 0)
= p2p0 4 p2 " = 0.1 % 0.6+ 0.4 x 0.3=0.18

Consequently 1V © = 10* (% + (1%1;2) — 2150.5007 (1 + &) = —822.38.

Remember that the negative reserve corresponds to a gain of the insurance company.
b. If the insured is disabled at time 1, the premium is waived: that is there is no further premiums
payable, thus APV(FP)gl) = 0, therefore

V0 = APV(FB) — APV(FP){" = 10* (P (a=2Yi=1)  P(Y#2Y =2V = 1))

1.06 (1.06)?
and clearly P (Y, = 2|Y; = 1) = p'? = 0.4 and

PaA2Y,=2vi=1) = Pv=1@=2y =[]
P(Ys=2]Yo =1)P (Yo =1]Y; =
= p?p =04x0.6=024

Finally,
0.4 0.24

1.06  (1.06)2

WV =10 ( ) = 5909.5764.

10.4 Continuous—time Markov Chain

Now we come to the construction of a multiple state model for which state changes can occur any
time. Consider a life aged (z) at time ¢ = 0. For each ¢, the life can be in one (and only one) of the
many states. We let Y,, = i to mean that the individual is in state i at age u. Then {Y,4; : t > 0}
would be a continuous—time stochastic process¢. Let the state space of Y be FE. As time evolves,
Y is constant when there is no change in state and it would jump when there is a change in state.
For the disability income model, suppose that we start with a healthy life aged x at time 0. So, the
process starts with Y, = 0. It then undergoes a series of jumps between 0 and 1.
For a multiple state model, our first goal is to obtain the following probabilities:

e transition probability pi/ =P (Y, s =j | Y. = 1)
e occupancy probability ;pi’ = P (Y., =i for s € [0,t] | Y, = i)

Note that ;p% > tpf, because the events that correspond to ¢p¥ include those that leaves state
7, and then re—enter state ¢ again on or before time t. Only when state ¢ cannot be re-entered again
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once it has been left (just like states 0 and 1 in the permanent disability income model) or when state
i is absorbing would (p" = ;p% hold.
We make the following assumptions for the multiple-state model, which is actually a non-homogeneous
continuous-time Markov chain (CTMC):
Assumptions of continuous—time Markov chain

1. The Markov property:
P Yyt =34 |Yy, forve[0u]) =P Y =7j|Yd)

Loosely speaking, the above means that the value of ;p¥ does not depend on what has happened
before the individual reaches age u. It only depends on the fact that the person is in state ¢ at
age u.

2. The probability for 2 or more transitions within a time period of length h is o(h).

3. p¥ is a differentiable function of ¢.

10.4.1 The Transition Intensity Matrix and Transition Probability Matrix

Similar to multiple decrement models in a CTMC the inputs are transition intensities. Suppose that
there are n + 1 possible states (n > 0) such that the state space F = {0,1,2,...,n}. Fori,j € E and
t>0

Py
. h t
lim e+t

N’ij—i-t = lim be the time-¢ instantaneous rate of transition
%
from state i to state j for i # j;
n
Vi = Z M;k-u be the time—¢ exit rate of state i.

k=0,k#i

The transition rates and exit rates are then put into a transition intensity matrix (Q) :

0 01 02 on
“Vatt Mzt Mogrg o mmn e [
10 1 12 o
M%,S_t —];T_"_t M.ﬁr;—f PP e e g Mg-‘,—t
n
Moy Hoye —Vgay vttty e U
n0 nl n2 n
Hatt Mgl Mgy o e e Ty

The sum of elements in any row of Q,.; is zero. A state that cannot be left once it is entered is
called an absorbing (or cemetery) state and the row that corresponds to it contains only 0.
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The transition probabilities ;p% are entries of a transition probability matrix (P):

00 01 02 on
tpx tpx tp:r “ .. .. .. .. tpx

10 11 12 in
tpx tpx tpx PR .. .. .. tpl‘

20 21 22 2n
tpl‘ tpl' tpx “ . “ .. “ .. .. tpx

tPJ: -

n0 nl n2 nn

tpl tpl tpl LR LR .. e tp:l

The sum of elements in any row of ;P, is 1. For an absorbing state, all elements in the row, except
the one in the main diagonal, are 0. The one in the main diagonal is 1.

Now, let us formulate the three examples given in the introduction as CTMCs and see how their
Q and P matrices look like.

10.4.2 Single Decrement Model

There are only 2 states: State 0 = (x) is alive and State 1 = () is dead (absorbing state), so
poy = iy and g%, = 0, p® = p, and p)' = ygq, hence the transition intensity and probability

matrices are
_ _lu:rth lua:th . tPx  tqx

10.4.3 Double Decrement Model

There are 3 states: State 0 = (z) is alive, State 1 = (x) dies from accident (absorbing state) and

State 2 = (x) dies from other causes (absorbing state). Observe that transitions from state 0 to

1 and from state 0 to 2 are the only possible transitions. Thus so pl%, = u(zllt, 2, = ,u:(igt then

V) = Ngsllt + Ngt = Mgta Hape = Mage = 0, thus v = 0 and p3%, = p3l, = 0, thus v* = 0. And

O = g, % = gt thus p = pi7 also pit = p22 = 1, henee pl0 = pl2 = P2 = PP =0,

the transition intensity and probability matrices are

() ) () (7) (1 2

_:u’:r+t :uert :u:rth tPx tqx tqx
Qoyt = 0 0 0 and 4P, = 0 1 0 E
0 0 0 0 0 1

The primed rates, being unobservable rates, cannot be expressed as functions of ;p¥/. So we need
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to define new symbols for them. The corresponding symbols are given in the following table:

Models Standard | Multiple state
Force of decrement ug@rt ugﬁrt
Total force of decrement ), pr, =v0,
Survival probability tpgcT) tpgo
Transition probability tqg(g) Y

Total transition probability tq;S;T) o
Independent survival probability px(l) D,
Absolute rate of decrement +q I(Z) +qL

Remember that v/, = Z P,
k=0 ki

Example 10.4.1 For a three—state model with states numbered 0, 1, and 2, you are given
(i) The only posszble transitions are 0 to 1 and 0 to 2. (ii) pd, = 0.3 fort >0 and p2%, = 0.4 for
t > 0. Calculate opY, and 2p22 ;.

Solution: Observe first that this multiple state model is equivalent to a double decrement model with

[y +e= =0.3fort > 0 and pu, Jzt = 0.4, according to the above symbols we are asked to compute gqi +)1 ﬁ

2q$+1 Since 2qg(g+1 fo spxll ,u:(,3+1+5 ds, let us first compute sp;(UJZp we have sp;(,ﬂh — s — ¢ :

2, = 1= =1 - e 0T =0.7534 [F]

2 4 4
20\ = / e %750.4 ds = - (1—e 7)) = - (0.7534) = 0.43051.

0

10.4.4 Disability Income Model

Suppose the various rates of transition are labeled as follows:

:“g}&-t
(0) Healthy 110 (1) Disabled

T+t
/‘git \‘ /“z+t
(2) Dead

The state 2 is an absorbing state. The transition intensity and probability matrices are

(M:H-t + Na:+t) Ngit #git tpgo tpgl ng
Quyt = ,Ua:+t - (U:}:OH + Nglc%rt) /Liit and P, = tpglco tpil p:102

0 0 0 0 0 1
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10.4.5 Permanent Disability Model
The diagram for this model is as follows E
01

N iz,
(2) Dead
10

The permanent disability model can be obtained by setting p,5, = 0. The transition intensity and
probability matrices for this model are

(0) Healthy Loty 1 (1) Disabled
)

- (), a2, o
Qutt = 0 —M;lp%rt Mﬁt and P, = 0 tpglgl tpglcQ
0 0 0 0 0 1

Similar to a discrete-time Markov chain, the CK equation holds in CTMC

t1sPe = Py sPyyy forall x, s, ¢ in R,.

10.5 Kolmogorov’s Forward Equations

We first study how the transition intensities govern the local behavior of transition probabilities. Then
we would see how P can be obtained from Q.

d (%) > ik kj ij
Component form i Z 1Dy Mot — D2 Vi

k=0,k#j E
with initial conditions op? = 1 and op? =0 for i # j.

T

d (P e - I :
Matrix form d(Ps) = P, Q,.; with initial condition ¢P, =1I" (the identity matrix)

dt

10.5.1 Applications

Example 10.5.1 Consider the single decrement model. Use KFFE to derive the expression for ;p,
and ¢qy

Solution: Remember that the transition intensity and probability matrices are

_ “Haas Mgy o tPz 4z

Foe from the KFE we can write

i tPz ¢4z _ tPz  t4x “Hpye  Hpgt
dt 0 1 0 1 0 0

which is equivalent to d(;% = — (Pollyys and d({—tq”” = Dallyyy (i-e. therefore f,(t) = papiyys). The
t
solution to the linear equation d(j% = — Dullyy; With opg = 118 given p% = ,p, = e~ Jotaru v and

Qo= 00 = [y sPetlyys ds with pgs = 0.
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Example 10.5.2 Consider a multiple decrement model with n decrements. Use KFE to analyze the

model and derive the expressions for tp;(f and tqmi .

Solution: Similar to a double decrement model, the transition intensity and probability matrices are
() (1)

—ie nlle w e e b
0 0 0 0 0 0
Qa:—‘rt — : and th - .
0 00 0 0 0
KFE says that
N R
0 1 0 0
0 0 1 0
dt
0
0 0 0 0 1
tpg') tqél) tq;2) e .o d oo tqg;n) _l’l/g:lzt Miﬂ)»t M.Eil)*t
0 0 1 0 0 0 .
: 0 :

with initial conditions Opgf) =1 and oqg(f) =0foralli=1,2,...

The component form for the (00)” element is

dtpng) o
T tpg(n )M;(E—Bt
which gives as before
D = e o i d

The component form for the (05)" element (j > 0) is

d” 0 )
T = tp:(p )N:pj+t

which gives by integrating both sides

¢ , '
) = / PO, ds since ogf) =0
0

(2)

tqx

tqa(cn)
0
0
0 .
- 0
0 1
Ni@t
0
0
0
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The Permanent Disability Model
Armed with KFE and the analytic solution to occupancy probability, we can finally tackle the
permanent disability model analytically.

01
Koyt

(0) Healthy (1) Disabled
W02, N Yy
(2) Dead

The permanent disability model can be obtained by setting p.%, = 0. The transition intensity and
probability matrices for this model are

() 2, e,
Qi = o L W) wa = [0 W P
0 0 0 0 0 1
Using again the KFE
S R\ R () A%
o 0 ' ol | = 0 pit 0 — s M
0 0 1 0 0 1 0 0 1
which leads to
PP = e dovhe du o Jo ki) du UL o= fomet, du (10.1)
t
Wy = / Do tgys 1—sPays ds, Y+ ot + P2 =1 and ' + p° =1 (10.2)
0

=

Example 10.5.3 Calculate yopis, 10063, 10009, 1005 and 10p% for the permanent disability model if
(a) 1% = 0.028, u2* = 0.023 and p!? = 0.032.

(b) 10 = 4 x 107" + 3.5 x 10700152 )02 = 12 = 8 x 105", For (b), use Simpson’s rule with 4
subintervals.

Solution: (a) In this example all transition intensities are constant. The matrix Q is

E —0.051 0.028 .0.023
Q= 0 —0.032 0.032

0 0 0
=

By equations (10.1) and (10.2) we have p% = e~ Jo 0.051 du — =005t o, 10P% = e 2?1 = 0.60050

and pl) = e Jo 0032 du — o=0.032 pyg Il — 0032 — (072615 and 1opl2 = 1 — 0.72615 = 0.27385.
Moreover

tpgl — /t 6_0'05180.028 6—0.032(t—s) ds = 0.028 6_0'032t /t 6—0.0193 ds = %6_0'03% (1 o 6—0.01973)
0 0

28
10035 = 1—9@—032 (1—e*") =0.18517.

and
W0PR =1 — 1p% — 10p% =1 —0.60050 — 0.18517 = 0.21433.
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(b) Again ([10.2)) we have
10
s = [ B o 0o
0

and

DY = exp (—/ (4x107*+35x107° °1a“> + 8 x 1077l B0 du)
0

—6,9 ~5,6
4% 1074 — 3.5 T)ig € (2155 — 1) — 8 301 e (e — 1))

= exp (0.51181 — 0.18907¢*">* — 0.32274¢"'* — 0.0004s) .

= exp

VR

As a by product, putting s = 10, we get

3.5 x 107 6¢? 8 x 107 %¢8
mpgg = exp (—4 x 1072 — % (61'5 - 1) - % (e — 1)) = 0.29616.

and

10—s
10*Sp(13[1)+s - eXp <—/ 8 X 10 5 0 1 60+s+u d'u,)
0

8 % 1075 6+0.1s
= exp <— ¢ 1(10-s) —1 >

0.1
= exp (—8 x 107%e8 ( e% 18)) = exp (O 3227415 — 0.87731)

Hence 1opgs = exp (0.32274 — 0.87731) = 0.57432 and 1op2 = 1 — 0.57432 = 0.42568.
By using the two expressions, we want to compute folo f(s) ds where

F(s) = Py Haors 10-5P60; .

3.5 x 107%¢? 8 x 1078
= exp (—4 x107%s — % (@0-155 — 1) _oX o € (60.15 - 1))

E X4 X 10™ F315 X 10=Fe" M8  oxp (—8 x 1078 (e~ "))

at s =0, 2.5, 5, 7.5 and 10 (h =

S sP60 MgéJrs 1Ofspé(1)+s Integrand f(S)
0 | 1.000000 | 0.028761 | 0.574319 0.016518
2.5 | 0.836364 | 0.041665 | 0.629453 0.021934

5 | 0.655367 | 0.060440 | 0.708078 0.028047
7.5 | 0.469162 | 0.087757 | 0.823601 0.033910
10 | 0.296164 | 0.127504 | 0.999988 0.037762

Therefore Simpson’s rule

[ Ha)dn = S U@+ A1) + Fla) 4+ Sl )]+ 2(Fa) + S0+ + F o) + FO)

=

2.5
L0pos =~ 3 (0.016518 + 4 (0.021934 + 0.033910) + 2 x 0.028047 + 0.037762) = 0.278135.

with h = 2.5 gives

and 10p = 1 — 10940 — 100G = 1 — 0.29616 — 0.278135 ~ 0.42571[=]
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10.6 Calculating Actuarial Present Value of Cash Flows

In a multiple state model, cash flows can arise from many different situations. For example, in a
permanent disability insurance plan, some or all of the following may be provided:

e an annuity while the insured is disabled (state 1)
e a lump sum at the moment of becoming disable (transition from state 0 to state 1)
e a lump sum at the moment of death (transition into state 2)

In general, we have the following cash flows in a multiple state model:

10.6.1 Benefits cash flows

(1) Cash flow arising from a specific transition (e.g. transition from state 1 to state 2)
(2) Cash flow arising from leaving a specific state (e.g. every time when Y. leaves state 0)

(3) Cash flows that arise when entering a specific state (e.g. every time when Y. enters state 1)

10.6.2 Premium cash flows

(4) Cash flows that arise when Y. is in a specific state (e.g. when Y. is state 0 in the first year or at
the beginning of every year).

In what follows, assume that the life age (z) is in state i at time 0.

(1) Suppose that b; is payable at time ¢ if a transition from state k to state j happens-at time ¢ for
t < 'm. The probability to get b, in (t,14dt) is the probability that there is a transition from
state k to state j in (¢,¢+4 dt) which is ¢pi* ,ui{rt dt. So the APV [1" b, e~ ,piF uﬂt dt.

(ii) Suppose that b; is payable at time ¢ if Y. leaves state k at time ¢ for ¢ < m, then the APV is

Z / b e tpm /~bz+t dt = / by e tpik Vot dt.
0

J#k

(iii) Suppose that b; is payable at time t if Y. enters the state j at time ¢ for ¢ < m, then the APV is
> / b e yplf gl dt = / bee ™ Y upif ol dt.
ktj 7O 0 ki
If b; = 1 then one can use the following notation
A” / ot Z o :ux-l—t
k#j

For discrete insurance, paying a benefit at the end of the year Y. enters the state j, we shall

denote B
_ S|
YN o (z o p)

(=0 kit j
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(iv) Suppose there is an annuity of 1 per year payable continuously for m years while the life is in
state j. The APV of this annuity is, assuming a constant interest rate, is

m
» st
aﬁm:/ et p dt
0

Similarly, if the annuity is payable at the beginning of each year, we have

—_

m—

i ko ij
Ay = E vt Epy.
k=0

10.6.3 Practice
Example 10.6.1 Consider the permanent disability model with transition intensities
pdt =0.028, p2* =0.023 and pl? =0.032.

Assume that the effective interest rate is 5% per year. For a life age (v) that is healthy, calculate the
actuarial present value of

1. an insurance that pays 1000 at the moment when the insured becomes disabled;

2. an annuity due that pays 10 at the beginning of each month if the insured is healthy, for at most
10 years;

3. an annuity due that pays 100 at the beginning of each month if the insured is disabled, for at
most 3 years starting from the time when the first annuity payment is made.

Solution:
1. The density of the time to transit from state 0 to state 1 is ;p2° p0L, = 0.028¢709  The
actuarial present value of the insurance is

1000 / e~ In(1.05)t (5 )98 0-051t 44 — 98 / ¢~ (In(1.05)+0.051)t g4z = 280.5892374
0 0 In(1.05) + 0.051

2. The actuarial present value of the annuity is

10x12—-1 119 120
10 x 124,75 = 10 2 vz xpy =10 ;:O (ve ™) ¥ = 10———oomo— = 762.4237515.

| — "

=
\ —
3. The maximum number of annuity payment. is 36. us fix a time point ¢ (which is a mul‘gi;)le
of 1—12) For 100 to be payable at ¢, The insured has to be in state 1, but not in state 1 for more

than 3 years.

(i) ¢t < 3. As a result, the probability of a payment at ¢ is, for £=0, 5, 3, ..., £, is
t
P (Yert =1 | Yx = 0) — tpgl — / 6*0-05180'028 6—0.032( dS__
T 0

¢ 28
— 0028 6—0.032t/0 6—0.0195 dS — 1—96_0'032t (1 = 6_0'019t)
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(ii) t > 3, the probability of a payment at t is

PYou=1 Y, 3=0|Y,=0) = P(Yoru 3=0 |V, =0)P(Yory =1] Yoy 3=0)
= t—3p20 3p2£rt_3 = t—3p20 317217

since all transition rates are independent of age. Moreover

¢ ~O0SLE=D) 01 6_0'051(t_3)§—26_0'032><3 (1= 6—0.019><3)
If Kk = APV of the annuity, then
0x12-1 ~
o= 100 > oBR (Vs =11% =0) 41003 oBP (Yoox =1, Yopp oy =0 Yo =
k=0 k=36 o
0x12-1 o {
= 100 ) v gplt 4100 90" Y 0z g gpl
k=0 k=36
35 N 00 . .
= IOOZvﬁ %pgl 4100 3]?21 Z vz ¢ 0-051(3573)
k=0 ~ k=36 -
2 k128 k - k - = 1\ k
= 100 ) il Ten 0 (1= e 0098 ) i (100) 20O g0t S ((1.05600°1) 77 )
k=0 | B k=36
35
_ 251380 (1.05)—‘1—';’6’10.0321—’; (1 _ e—o.om%)
+(100) 0051(3) 28 00323 (1 B 6—0.019><3) i ((1 0560.051)—112)k
19 .
k=36
Therefore
35
2800 .
Ro= g 2((105) x ) (L — e
k=0 .
28 > _LNE
+ (100) £0-051(3) ((1_9) 00323 (1 o 6—0.019><3)> Z ((1.0560.051/) m) E
k=36 s
2800
= o X 0.83652 4 8.644 x 89.51 = 897.022.
where we have used
55 1 0.032 k '
D ((1.05)12 x e 12 ) TH(1L — e 0112) = 0.83652
k=0
and
o0 1 k
> (105" 72 ) " = 89,51.
k=36

Example 10.6.2 Consider a permanent disability model with three states: State 0: Healthy, State 1:
Permanently disabled, and State 2: Dead. Suppose that ;%' = 0.02, 192 = 0.04, pul? = 0.05 for z > 0.
For a person who 1s healthy at age 50,


anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Sticky Note
sum of Gemoatric series

anwar
Highlight

anwar
Highlight

anwar
Highlight

anwar
Pencil

anwar
Pencil

anwar
Pencil


269
1. Calculate the probability that

(a) he is healthy at age 60;

(b) he cannot survive to age 60.
2. In a permanent disability model, ' = 0.05, u2% = 0.02, ul? = 0.03 and 6 = 0.06.

(a) Calculate a°, al' and a®'.

(b) Calculate A2 and A%.

3. A permanent disability insurance pays continuously at the rate of 5000 per year while the insured
15 disabled. The policyholder pays continuous premiums while he is healthy.

(a) Calculate the annual premium rate using the equivalence principle.

(b) Calculate the continuous premium payable annually for an insurance paying a benefit 8000
when the life aged (x) enters the state 2, using the equivalence principle if:

1. The premiums are payable in state 0 only.

1. The premiums are payable in both states 0 and 1.
Solution:
1.

(a) The total rate of exit from state 0 is 10 = p2* + ;% = 0106. We know that p) = =006,
thus 10pYy = e %% = 0.54881.

(b) The probability that a person who is healthy at age 50 cannot survive to age 60 is given by

( R

}— 10P% = 10P%- \ )
So we need to calculate 1op%. Indeed the total rate of exit from state 1 is 0.05. Similarly,
it = e 0% for any x > 0 and ¢ > 0. Now, from the formula sheet we have »

' -
-~

10 10 ) - —
o _ 00 01 11 _ —0.06s ~0.05(10—s
E 10P50 = / sD50 5045 10=sP504s AS = / € 0.02 ¢ ( ) ds
0 ~._ 0

0.02¢=95
e (1
0.01

-

10
= 0.026_0'5/ e~ 001s o — _ 6—0.1) _9e 05 (1 B 6_0.1) ‘
0

So the probability that a person who is healthy at age 50 cannot survive to age 60 is given
by
1— 10p%) — 1% =1 = ¢e706 —2705(1 — ¢701) = 0.33575.

(a) The first annuity is like a single-decrement annuity with a decrement rate of 0.05 + 0.02 =
0.07, so its APV is

~00 —5t 00 —ot =10
= dt = dt = = = 7.6923.
“ /0 ¢ tPa /0 c ,ugl + ,ugz +0 0.13
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Similarly, the second annuity has decrement rate u'? = 0.03 and has APV equal to

> > 12 1 100
all = / —ot pit dt = / eVl dt = ——— —11.1111.
0 0 0034006 9

For the third annuity

t t t
E L / POt ds = 0'05/ 00075 ,—0.03(t=5) g — 0'056—0.0:%/ o—0:04s ¢
0 0 0

0.05 5
_ 0‘046—0.037& (1 _ 6—0.04t) = (6—0.0315 _ e—0.0?t) .
Thus
agl _ /00 —5t tpm df — 5 /Oo o 0.06¢ (6—0.O3t - e—o.on) df — § (/00 o009t s /°° o013t dt>
0 4 0 4 \Jo 0
1 1
= > — — —— | = 4.27350.
4\0.09 0.13

(b) A2 is a standard whole life insurance since there’s only one path from state 1 to state 2.

12
a2 00301
So it is TS = 0031006 — 3 = 0.33333.

For A% there are two paths from state 0 to state 2. The APV of the direct path is

\ —5t 00 02 4 > 8t ="t 02 4 Hoz M02
t — 6_ €_V t = S—
/0 et /0 8 TR

0.02 2
= = — = 0.15385.
0.05+0.02 4 0.06. - 13
For the other path, we use the formula for ;p%' that we developed previously. So the APV

of the path (0 - 1 — 2) is

/ o pOut? dt = 0.03a%t = 0.03 x 4.27350 = 0.12821.
0

Thus A% = 0.15385 + 0.12821 = 0.28206.

(a) By the equivalence principle, Pal’ = 5000a)', hence P = 500022520 = 2777.7778.
(b)
i. For an annuity in state 0, the APV(FP) is Pa% = 7.6923P, and APV(FB) is 8000 A%
so the premium is
800042 0.282051

= 8000————" = 293.3333.
a%o 7.6923

ii. For an annuity payable in state 1 for someone currently in state 0, the APV is 4.2735.
So the APV of an annuity payable whether in state 0 or 1 is the sum of an annuit
payable in state 0 and an annuity payable in state 1, APV(FP)= P(a® + al) anE
APV(FB) is 8000A4%, hence premium for the insurance is

8000.A%2 0.282051

P=——"2_—8000 = 188.5714.
a% + al! 7.6923 + 4.2735
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Example 10.6.3 Consider the disability income model in which the transition rates are constant at
all ages with p® = 0.05, pu®* = 0.03, p'° = 0.01 and p'? = 0.075. Assume that the force of interest is

4% and

5e—0.06t | 4o—0.105¢ 10 ,
P = 9 and py = 9 (e—o.oet — 6_0'105t) for all t>0.

1. Calculate the actuarial present value of a disability benefit of 200 per annum paid continuously
to a life now aged 40 exact and disabled, during this period of disability, payable to a marimum
age of 60.

2. The company issues a.disability income benefit policy, which pays an inflation—adjusted disability
benefit of 2000t immediately every time the policyholder becomes disabled at time t. Calculate
the actuarial present value of the benefit for a healthy life aged 40.

3. The policyholder of the policy in (2) pays a level premium of rate P continuously while he is
healthy, up to age 50. Find P using the equivalence principle.

4. A company also issues a special disability income policy with a benefit of 360 per annum payable
continuously while the insured is disabled, provided that he has been disabled continuously
for at least one year. Benefit payments under this policy cease at age 60.

Calculate the actuarial present value of the benefit for a healthy life aged 40.

Solution:

1. The exit rate for the state of disability is v! = p!0 + u = (0.0140.075 = 0.085. The probability
for payment is the occupancy probability ,Lp40 — ¢ V't = 0085 Qo the APV is

20 20
T 200
200055 = 200 / e ;pip dt = 200 / e 000085 qp = —— (1 — ¢~ 0120%20) = 1468.6640
0 0 0.125
2. The APV is
o) o0 5 —0.06t 4 —0.105¢
/ 0yl Ot dt = / =004 900005t 25 J; ¢ 0.05 dt
0 0
100 [
— T 0 e0.0lt (56—0.06t+46—0.105t) dt
_ @ e~ 005 4t + @ 670.09515 dt
9 Jo 9 Jo
500 1400 1
= ——— 4 ——— =1578.947368

9 0.05 9 0.095

3. The APV of future annuity is

10 —0.06t —0.105¢
0.0t He + 4e

10
0 0 9
_ ?/10 e01t gt 1 4 /10 o—0145¢ 3y
9 Jo 9 Jo
50 4 1
= E (1 — 6_1) + §m (1 — 6_1'45) = 5.8579
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Therefore, by E.P. we get
~ 1578.947368

= 269.5415367.
5.8579

4. For benefit to be payable at time ¢, the insured has to be in state 1 at least 1 year before and
continue to stay until ¢, so the probability is

. 1]72(1) p40+t = 190 <6—0.06(t—1) _ 6—0.105(t—1)) o —0-085

So, the APV is
20 o 20 10
360/ e Pl Doy dt = 36()/ o004 5 (e’O'OG(t’l) — e 0105(-1)) —0.085 g
1 1
= 4000047008 / ? o~ 0-04(t—1) (6—0.06@—1) _ 6—0.105@_1)) dt
1

19
— 40060‘125/ 670.048 (670.068 _ 670.1058) dS — 7223925
0

10.7 Calculating Reserves

When we consider the time—t reserve for-a policy more general than traditional life insurance, it is
clear that different reserves are needed, depending on the state of the insured at time ¢. These reserves
can be calculated using the prospective method.

Example 10.7.1 Consider the disability income model in which the transition rates are constant and
given by p®' = 0.05, u°? =0.03, p'% = 0.01 and p'? = 0.075. Assume that the force of interest is 4%

and

5 —0.06t 4 —0.105¢ 10
Do = ‘ —; ‘ and iy = 9 (6_0‘0& — 6_0‘10&) for all t> 0.

The company issues a disability income benefit policy, which pays an inflation—adjusted disability
benefit of 2000e*%¢ immediately every time the policyholder becomes disabled at time t. Calculate the
time-5 reserve for a life aged 40 that is healthy. The policyholder pays a level premium of rate P
continuously while he is healthy, up to age 50.

Solution:
Observe first that ,pl) = ;p}9 so the APV of future benefits at time 5 is

o) 00 5 —0.06t 4 —0.105¢
/ e by ply p At = / —0.04t 9()(e0-05(5+t) 2 +9 ‘ 0.05 dt
0
_ 1006025/ —0.05t+4€—0.095t) dt
10060 25
= = 2027.4086.
<O 05 0. 095)
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The APV of future annuity is

5
/ ot tp45 dt =
0

5 —0.06¢ —0.105¢
He +4e
o~ 0-04t ; dt

5 4 5
/ eO1t qf & _/ 0145t 3y
0 9 0

(1—e") + i1 (1 —e ") = 3.7666.

90.145

S—

Nl

|8

Therefore, he time—5 reserve is

5V = 2027.4086 — 269.5415367 x 3.7666 = 1012.170.

Similarly to the case of a single decrement model, when the policy is fully continuous, reserves
satisfy a system of ordinary differential equations. This system of Thiele’s differential equations,
together with the corresponding terminal conditions, can be solved numerically.

For multiple state models, we use the following notation:

° Pt(i) stands for annuity—type premium / benefit payable continuously if the life is in state ¢ at
time t.

) bgij ) stands for benefit payable immediately on a transition from state ¢ to state j at time ¢.

V@ denotes the benefit reserve at time t, when the state of the insured is i.

For simplicity we ignore expenses in what follows. They can easily be added to the final equation.

System of Thiele’s Differential Equation under Multiple State Model

d.,v® . ‘ : & ij j ij
o PO (5, 4+ vy ) VO =37 (o7 4+ VO i,
i#i
= P15, VO Y (bfj) + VO - tV(i)> 1 (thanks to Vi, = Z Hilrt)
i 7

If the there is a level continuous annuity (could be a survival or a disability) benefit at a rate S@ the
Thiele’s Differential Equation becomes

n

PO — SO 4 (5, +0i,) VO -3 (bf” + tV(j)> gl (10.3)
i

d, v
dt

n

= PO 50 15,,v® Z (bgij) + VU - tV(i)> Hie (thanks to vy, = Z pire)
i 77

Example 10.7.2 Consider the disability income model and the policy in Example[10.7.1. Write down
the system of Thiele’s differential equations.

Solution: We consider shall discuss two cases.
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i. When the state is 0. The exit rate from 0 is v° = p® + 4% = 5% + 3% = 8%, a premium of rate
P is received continuously in the first 10 years (and no further premiums afterwards), and the

benefits for transition are b"" = 2000e°%5 and b\"> = 0. Therefore the TDE reads

2
= PO+ (6, +v0,) VO-) (bﬁoﬂ) + tvU)) u,

j=1
= P 1y + 00 +02.,) VO — (20009 4, vy p0 — @ 0
= P 1y + (0.0440.08) V@ — (2000e™%" + V1) 0.05 — V@ 0.03
= P lycg +0.12 V@ —100e"% — 0.05 VO —0.03 ,V®

d tv(O)
dt

But the reserve for state 2 is (V(?) = 0 for any ¢, finally the TDE becomes

d Vo
: S = Plu<ioy — 100 +0.12 VO —0.05,v
where 1410y stands for the indicator function that is 1«10y = 1 if £ < 10, and 110y = 0 for

t > 10.

ii. When the state is 1. The exit rate is v* = p!% + 2 = 0.01 + 0.075 = 8.5%, no premium is
payable, and the benefits for transitions are 6% = 0 and b('? = 0. The TDE is given by

d tv(l)
dt

PO+ (6, + i) VO = > (bﬁ“) - tv(j)) 1

§=0,2
= (6 +vi,) VY — VO 10 gyt
= (0.0440.085) , VY —0.01 VO = —0.01 ,V© 4+0.125 , VD,

The system above can written as follows
d (VN _( Plycig, — 100> (012 —005 VO
de \ V) 0 —0.01 0:125 WV

Set
(0) _ 0.05¢ N
V= < 4 ) P, = < Plgici0p — 100e ) sind A — ( 0.12  —0.05 )

VW 0 —0.01 0.125
the above system becomes

d
&tV:Pt—FAtV.

and can be solved explicitly or numerically.
For the sake of completeness the system of Thiele’s differential equations for the gross premium
reserve in a multiple state model is

= GO0 =) =) 4 G+ VO DD (B 4 B VO il
J#

d v
dt

= GO0 — e 45 VO S (bgzj) LB 4y th) o,
JFi
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10.7.1 Solving Thiele’s Differential Equations using Euler’s Method

Since we do not know all the initial values for the reserves, the system of Thiele’s equations usually
cannot be solved by Euler’s method by a recursion that starts from 0. For a term policy, the terminal
values for all reserves are ,V® = 0 for all i. So, it is possible to perform a backward recursion to
calculate reserves using Euler’s method for terminal value problem. When adapted to the system of
Thiele’s equations, the recursion formulas are

d tV(i) fV@ — f_hv(i) (4) (1) d tV(i)
— ’ VO = VO .
dt ]’L < ¢ ;,V tV 1 dt

So for t =n — kh we get

nth VD = VO —h d Vo :
dt |,
for different values of ¢
d,vo
n—(k+1)hv(0) >~ nfkhv(o) - td X h
t t=n—kh
d v
n—(k+1)hv(1) ~ VW - td x h
t t=n—kh
. . d,v®
n—(k+1)hv(l) ~ VO — td x h for all 7.
t t=n—kh

Now, starting with ,V® = 0 for ¢ > 0, we can then calculate
[nfhv(0)7 nfhv(1)7 nth(Q)a o -]; [n72hv(0)7 n72hv(1)7 n72hv(2)7 .- -]7 [n73hv(0)7 n73hV(1)7 n73hv(2)7 .. ]
recursively.

Example 10.7.3 Consider a permanent disability model with three states: State 0: Healthy, State 1:
Permanently disabled, and State 2: Dead. Suppose that p2' = 0.02, u¥? = 0.04, pl? = 0.05 for x > 40.
An insurance company uses the model to calculate premiums for a 6—year term insurance policy issued
to a life aged 40 who is now healthy. The death benefit is 100,000, payable at the moment of death,
with a disability income payable continuously at a rate of 5,000 if the life is permanently disabled.
Premiums are payable continuously provided that the policyholder is healthy.

1. Calculate the level premium rate for this policy on the following basis:
a. Interest: constant 5% force of interest
b. Ezxpenses: nil
c. Survival model: Transition intensities as given above.

2. Let VO and ,V) be the benefit reserve at time t, when the policyholder is in state 0 and state
1, respectively. Calculate sV ©) and sV . Assume that the premium basis and reserve basis are

the same.

3. Write down the system of Thiele’s differential equation that is satisfied by ,V© and V1.

Solution:
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1. APV(F.P.),=Pa? - and APV(F.B.), = 50@01 a0 T 100000A% =. Remember first that

40:6| 6"

—(0.02+0.04)t _ ,—0.06t

00
tPgo = € e

thus

6 6 6 1 — o066
5287 _ / 6t tp40 df — / o005t ,—0.06t g4 _ / o0t gy = 2T C T 43993
0 0 0

0.11
Moreover
t t
tpgé = / sp918 ! t—spzlul)+s ds = 0-02/ 670'06865(#8) ds
0 0
—_ 0‘026—0.0575 /t 6—0.018 dS _ 26—0.05t (1 o e—0.0lt) ’
0
6 6
agéj _ /O —5t tp40 dt — /0 o~ 0-05t o, —0.05¢ (1 . e—o.ou) dt
6
= 2 / e (1 — 1) dt = 0.23925.
0
And

6 6
702 - —8t .00 02
A4oj = / ! Z tp40 M40+t /0 e Py Maoye dt + / o tpx :ux—i-t dt

6
_ / 6_0 .05t —0 06t 0.04 dt _'_/ 6—0.05t (26—0.05t (1 o e—0.0lt)) 0.05 dt
0 0

6 6 6
= 0.04/ 011 dt+0.1/ e 01t dt—O.l/ e 01 Q¢ = 0.187652
0 0 0

Finall
' 5000a01 + 100000 A%2
40:3] a0 _ 5000 x 0.23925 + 18765.2
700 13023 = 4544.6.
Q0. 6] :
2. (b) (i)
1 — 6_0'33
—00
a43:§‘ = T = 25552388,
. 5 6
ALy = 0 e 03 4 — e e~ 3% = (.10586745
2 2
=0 —0.3 —0.33
ahy = gp(1—e ") = gqqp (1 —¢*¥) = 00731580

The reserve is

5,V © = 100000(0:10586745) + 5000(0.0731580) — 4544.699(2.5552388) = —660.256
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(i) @isls;a _ foa e=005t pll 4y — fos o—0.05t,—0.05t 34 _ 1=¢~%3 _ 9 £018178

0.1
A12 ’ 0.0 0.05 0.05 0.3
Afsg = / e 1 0.05e7 dt = —— (1 —e™*?) = 0.129591.

The reserve is
3V(1) = 100000(0.129591) + 5000(2.5901878) = 25910.04

3. Notice that S = 0 and S™ = 5000, hence from the general formula (10.3) we have

d,vo . . . . n N
Ce = PO SO (G rhy) VO = Y (6P 9
j=0,j7#i
d Vo (0) 0 (0) - (07) @Y 0
& = P _0+(5t+yw+t) tV —Z<bt +tvj>,ua:+t
j=1
= PO () WO - (6 V)l - (o4 V) i,
= 4544.699 + (0.05 + 0.06) V¥ — (0 + (V") 0.02 — (100000 + 0) (0.04)
= 544.70+0.11 , V@ —0.02 .V,
and
d v (1) 1 (1) (10) (0)\ ,,10 (12) (2)Y 12
e P —5000 + (8, +v5y,) V= (bt + 4V )Mm— (bt + 4V )Mm

= 0— 5000+ (0.05+0.05) V' — (04 V@) 0— (100000 + 0) 0.05
= —10000 + 0.1,V D,

Notice that we have.used the fact that ;) =0 (since after death the contract is terminated
or settled). Moreover-you can justify the result using the prospective approach.

Example 10.7.4 Consider a permanent disability model with three states: State 0: Healthy, State 1:
Permanently disabled, and State 2: Dead. Suppose that p2' = 0.02; 92 = 0.04, pl? = 0.05 for x > 40.
An insurance company uses the model to calculate premiums for a 6-year term insurance policy issued
to a life aged 40 who is now healthy. The death benefit is 100,000, payable at the moment of death.
Premiums are payable monthly in advance provided that the policyholder is healthy.

1. Calculate the monthly premium for this policy on the following basis:

(a) Interest: constant force of interest of 6% per year
(b) Initial expense: 60% of the gross premium
(c) Renewal expenses: 10% of each of the premium except the first

(d) Survival model: Transition intensities as given above.

2. Calculate the gross premium reserve at time 3 for a policyholder who is permanently disabled by
that time. The reserve basis is the same as the premium basis, with the exception that:
(i) pl? = 0.06 for x > 40;
(ii) the constant force of interest is 5% per year;
(711) the initial expense is 100% of the gross premium.
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Solution:

(a) The transition probabilities have been calculated in the previous question. Let the monthly
premium by G use the notation aig(a) for the APV of a monthly life annuity of 1 and AZ’B 5
for the APV of continuous multiple state term life insurance policies whenever transition occurs from

1 to k. Now, by the equivalence principle, we have

1
.00(12) .00(12) 702
12Gi 12><01G< e 12) +0.6G + 10000043 ¢

that is

12 x 0.9G a2

torg |+ 0-1G = 0.6G = 10000047 5 (10.4)

Now, let us calculate A%T and agg(%m

6
= S O 7 W L

6
— / 6—0.0615 (0.046—0.0675 + 2 (6—0.U5t - e—0.0Gt) 005) dt
0

0 670.0615 (0.1670‘051& - 0.06670.0615) dt

Il
S—

0
0.1

0.06
= — (1 —e7965) — (1 —¢27) =0.1826022
ot L sgqg 1—e™")
and
E 1 12x6—=1
.00(12) L x 0.06% —(0.02+0.04) %
a40:a 12 ng% Ze ’
k=0
71
1 001k 11 _6—0.01><72
S — R — Y [0 11
12 k:Oe 12 1 — ¢-00

substituting n ((10.4) we end up with G = 397.6213.
(b) Since the life is already disabled and Y can never revert back to state 0, there is no future premium.
The gross premium reserve is equal to the sum of the APVs of the death benefit at time 3:

sV = 100000435

where
A1]2 3 = ’ € 0-05¢ 141 12 dt = ’ O'OSt 0-06¢ 0.06 dt = 1— 0-33) = 0.1533143
3. tPao M40+ ; (& ( € ) . .

So, the gross premium reserve is 5V (1) = 100000 x 0.1533143 = 15331.43.
As an easy exercise calculate 5V (%)
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