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Definition of a real vector space and examples

A real vector space (V/,+, ) is a nonempty set V together with
two operations +, called addition, and -, called multiplication by
a scalar, satisfying the following axioms:

Q@ Vi,ve V,wehave i +VvV eV,

Q@ Vi,ve V,wehave i +V=V+ i

@ Vi, V,w eV, wehave (+V)+w=10+ (V+w),

© There exists an element 0 iQ V,_»called a zero vector, such
that Vi € V, we have 1 +0=0+ 0 = 0;

@ Vi € V, there exists an element — i E_)V, called a negative of
u, such that i+ (—d) = () + i =0;

QO VkeR, VieV,wehave k-t eV,

@ VkeR, Vi, v eV, we have k- (u—{—v)-k u—l—k v

Q Vki, ko € R, Vi€ V, we have (ki + ko) - U cU+ ko - U

Q Vki, ko € R, Vi € V, we have (klkg) u=ky- (k2 u)

@ VieV,wehavel-id=d.



Definition of a real vector space and examples

Elements of V are called vectors.

Examples of real vector spaces for the usual operations:
@ The trivial vector space {0},
@ The set R" of real n—tuples,
@ The set RN of real sequences,
@ The set R[X] of real polynomials,
o

The set of real functions,

The set M o(IR) of matrices of size m x n.

Exercise: Consider the set V = (0, 00) together with the two
operations defined by x x y = xy and k e x = x¥, for all x,y € V
and k € R Show that (V/, x, e) is a real vector space
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Let (V,+,-) be a real vector space. We have
© The zero vector 0 defined in axiom 4 is unique.
@ For each u, the vector —i, negative of u, defined in axiom 5 is

unique.
Q VieV, wehaveO-i=0.
Q@ Vk € R, we have k - 0=0.
@ VieV, wehave (—1)-i=—0and —(—u) =i
Q@ VkeR,VieV, ifk-i=0, then k=0 orii=0. )

Proofs:
Q Assume there exist 01, 0, both satisfying the axiom 4.
For all 4 € V, we have
43: L7+61:61+L7:L73nd 4b: L7+62:62+L7:L7.

—
—

Take 7 = 0y in 4a and & = 0y in 4b to get
01 02 = Oo.

—
01 + 0y
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@ Let ii € V and assume there exist vi, b € V, both satisfying
axiom 5. That is

Sa: U+vi=vi+id=0andbb: G+ vh=1vr+i=0.
We have
V1—V1—|-0—V1+(U+V2)§(V1+l7)+_)2:O-i—_’zf\72.
@ Let 4 € V. We have
0.4 —0-i+0=0-7+(0-i+(-0-1))
§(0 U+0-4)+ (- -ﬁ)§ 0+0)-d+(—0-1d)
=0-d+ (-0 ﬁ)?”.
Q Let kK € R. We have
ki =k 0+0=k 0+ (k-0+(—k-0)
—(k-0+k-0)+(—k 5)?k (0+0) + (—k - 0)
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© Let 4 € V. Using paragraph 3 of this theorem, we have

(—1)-U+ﬁ§)(—1)-E+1-ﬁ§(—1+1)-3:0-:3:6,

(1-1)-4=0-7=0.

=
+
—
|
—_

) Gi=1-T+(-1)-a

8

all

Hence (—1) - 4 satisfies axiom 5 for 4. But we have already
proved that this vector is unique. This gives (—1) -7 = —0.
Using this, we obtain

~(=0) = (- (-1 8) 5 () x (-1) -d =1

Q Let keRand G € V such that k- & = 0. Assume k # 0.
Using paragraph 4 of this theorem, we have

o

ﬁ L (1 L 1 1 - =
u—l-u—<><k> 0= (k-d)=—-0=0.
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Definition (Subspaces)

Let (V,+,-) be a real vector space and W C V. We say that W is
a subspace of V if (W, +,-) is a real vector space.

Some of the axioms in the definition of vector space are properties
of the operations. They are automatiquely inherited to any subset
of the space. These are axioms 2,3,7,8,9,10. Therefore, we only
need to check that the subset satisfies the left axioms 1,4,5,6.
Using the previous theorem, axioms 4 and 5 can be deduced from
axiom 6, by assuming the subset nonempty and taking k in axiom
6 equals 0 and —1, respectively. We deduce the following theorem.

Theorem

Let (V,+,-) be a real vector space and W C V. The subset W is
a subspace of V if and only if

© The subset W is not empty.
@ Foralli,ve W, we havei +v e W.
© ForallkeR and all i€ W, we have k-t e W. )
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Examples of Subspaces

Example 1: Let W = {(2t + 3s, s, t,4t — s)|s, t € R}. Say if W
under the usual operations is a vector space or not?
Solution: Because R* is a vector space and W C R%, it is enough
to check if W is a subspace of R*:
@ Take s =t =0 to see that (0,0,0,0) € W.
@ Let iy, o € W. There exist s1, s, t1, t» € R such that
= (2t1 + 3s1, 51, t1, 4t — 51) and i, =
(2t2 + 3sp, S, tp, 4tp — 52). We have
1+ ity = (2t1 + 351 + 202 + 352, 51 + 2, t1 + b2, 4t1 — 51 + 412 — 52)
= (2(t1+t2)+3(51+52), (51—|-52), (t1+1.'2),4(t1+t2)—(51-‘r-52)) e Ww.
O Let i € W and k € R. There exist s,t € R such that
i=(2t+3s,s,t,4t —s). We have
ku = (2kt + 3ks, ks, kt, 4kt — ks) €¢ W
This shows that, W is a subspace of R* and therefore, a vector
space.
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Examples of Subspaces

Example 2: Let W = {(x,y) € R?|x? + y? — x = 0}. Say if W
under the usual operations is a vector space or not?

Solution: Because R? is a vector space and W C R2 it is enough
to check if W is a subspace of R:

We have (1,0) € W while 2(1,0) = (2,0) ¢ W. Hence W is not a
vector space.

Example 3: Let W = {(2t + 1,t — 1, t)|t € R}. Say if W under
the usual operations is a vector space or not?

Solution: Because R3 is a vector space and W C R3, it is enough
to check if W is a subspace of R3:

Notice that the equation (2t + 1,t — 1,¢t) = (0,0,0) has no
solution, which means that (0,0,0) ¢ W. Hence W is not a vector
space.
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Examples of Subspaces

2s t
—s s+t
the usual operations is a vector space or not?

Solution: Because M»(RR) is a vector space and W C M,(R), it is
enough to check if W is a subspace of M(R):

Example 4: Let W = {( > s, t € ]R}. Say if W under

@ Take s =t = 0 to see that <8 8>6W.

Q@ Let iy, lp € W. There exist s1, s, t1, t» € R such that

th = 251 f1 and th = 2% f2 . We have
—s1 Ss1+t —S S+t
by + O = 2(51 + 52) (tl + tz) cw
—(s1+ ) (s1+ %)+ (t1+ t2) ’

O Let i e W and k € R. There exist s, t € R such that

o [2s t o ([ 2ks kt
u-(_s s+t>.Wehaveku-<_kS ks—l—kt)EW

This shows that, W is a subspace of M,(RR) and therefore, a vector
space.
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Examples of Subspaces

Example 5: Let P, = R,[X] = {P € R[X]|deg P < n}, for n >0,
be the set of real polynomials of degree less or equal to n. Say if
P, under the usual operations is a vector space or not?

Solution: Because the set of polynomials P = R[X] is a vector
space and P, C P, it is enough to check if P, is a subspace of P:

© Because the zero polynomial has degree deg0 = —oco0 < n, we
have 0 € P,,.
Q Let P, P, € P,. Because
deg(P1 + P2) < max{deg P1,deg P} < n, we have
P14+ P> e P,
@ Let P € P, and k € R*. We have deg(kP) = deg P < n and
therefore, kP € P,.
This shows that P, is a subspace of P and therefore, a vector
space.
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Examples of Subspaces

Example 6: Let W = {P € R[X]|deg P < n}, for n > 0, be the
set of real polynomials of degree n. Say if W under the usual
operations is a vector space or not?

Solution: The zero polynomial has degree —oo and therefore,

0 ¢ W. Hence, W is not a vector space.

Example 7: Let W = {P € P3|P(1) = 0}. Say if W under the
usual operations is a vector space or not?
Solution: Because P3 is a vector space and W C Ps, it is enough
to check if W is a subspace of Ps:
@ Because 0(1) =0, we have 0 € W.
@ Let P, P, € W. Because (P1 + P)(1) = P1(1) + P»(1) =0,
we have P1 + P, e W
@ Let P W and k € R. We have (kP)(1) = kP(1) = 0 and
therefore, kP € W.
This shows that W is a subspace of P3 and therefore, a vector
space.
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Examples of Subspaces

Example 8: Recall that in the plane R?, a line is given by
L = {(x,y) € R?|ax + by = c}, where a, b, ¢ are given real
numbers and (a, b) # (0,0). For which values of a, b, ¢, the line £
is a vector space?
Solution: Because R? is a vector space and £ C R?, it is enough
to check if £ is a subspace of R?:
Q To get 0= (0,0) € £, we must have a-0+ b-0=c. This
means that if ¢ # 0, the set £ is not a vector space.
We consider now the case when ¢ = 0.
@ Let (x1,y1); (x2,2) € L. Because
a(xy +x2) + b(y1 + y2) = axy + bys +axo + by =0+ 0 =0,
we deduce that (x1,y1) + (x2,y2) € £
© Let (x,y) € £ and k € R. Because
a(kx) + b(ky) = k(ax + by) = k- 0 = 0, we deduce that
k(x,y) € L.
This shows that £ is a subspace of R? and therefore, a vector
space.
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Examples of Subspaces

Example 9: Recall that in the space R3, a line is given by

L ={(xo + at,yo + Bt, zo + vt)|t € R}, where (xo, y0,20) is a
point on the line and < «, 3,7 > is a vector parallel to the line.
The line L is a vector space if and only if the origin (0,0,0) is on
the line.

As an example, consider £ = {(1+ 2t,2 + 4t,3 + 6t)|t € R}. If
we take t = —1, we will see that (0,0,0) € £. Hence, it is a
vector space.

Example 10: Recall that in the space R3, a plane is given by
N={(x,y,z) € R3|ax + by + cz = d}, where a, b, c, d are given
real numbers and (a, b, c) # (0,0,0). The plane N is a vector
space if and only if the origin (0,0, 0) is on the plane. Therefore, I
is a vector space only when d = 0.
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Intersection of Subspaces

Let Wi and W5 be two vector subspaces of V. The intersection
W1 N W, is a subspace of V.

Proof:

@ We have 0 € Wi and 0¢€ W, as subspaces of V. We deduce
that 0 € Wi N Ws.

Q Let iy, € Wy N Wh. We have iy + th € Wy and
th + tih € Wh, as subspaces of V. We deduce that
i+t € Wi N Ws.

Q letie WiN W, and k € R. We have kii € W; and
ki € Wh, as subspaces of V. We deduce that kil € Wy N W,

This proves that Wy N W, is a subspace of V.
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Intersection of Subspaces

Example 1: Let W = {P € P3|P(1) = P(2) = 0}. Show that W
is a vector space.

Solution: Let Wi = {P € P3|P(1) =0} and

Wr = {P € P3|P(2) =0}. The set W = Wj N W, is a vector
space as intersection of two vector spaces Wi, W», as seen
previously.

Example 2: Consider

L=1{(x,y,z) € R3ax+ by + cz=0and a'x + by + 'z =0}.
This is the intersection of two planes

My = {(x,y,z) € R3|ax + by + cz =0} and

My = {(x,y,z) € R3|a’x + by + ¢’z = 0} in the space which is
either a line or a plane if the two planes are identical. This shows
again that £ is a vector space.
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The null space and the column space of a matrix

Remark: We prove by induction that the intersection
WinNnWan---N W, of nvector subspaces of V is a subspace of V.

Definition

Let A be an m x n matrix.
The null space of A is the set Null A= {X € M,1(R)|AX = 0}.
The column space of A is the set Col A= {AX|X € M, 1(R)}.

112 3
Example: Let A= |2 1 3 1. Show that Null Ais a
1110

subspace of My 1.

Solution: Notice that Null A is the set of solutions of the
x1+x2+2x3+3x4 =0

homogeneous linear system 2x1+x+3x3+x4 =0 . Itisa
X1 + X2 4+ X3 =0
subspace as intersection of three subspaces of My 1.
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The null space and the column space of a matrix

Let A be an m X n matrix.

@ Null A is a vector subspace of My, 1(R).
@ Col A is a vector subspace of Mp, 1(R).

Proof: 1- As seen in the previous example, Null A is a vector
subspace of M, 1(R) as intersection of m vector subspaces of
M, 1(R).
2- To prove that Col A is a vector subspace of Mp, 1(IR), we have:
Q@ 0= A0¢c Col A
@ Let Y1, Y2 € Col A. There exist Xi, Xo € M, 1(R) such that
Y1 = AX7 and Yo = AX5. We have
Y1+ Yy = AX; + AXo = A(Xl + X2) € Col A.
@ Let Y € Col Aand k € R. There exist X € M, 1(R) such
that Y = AX. We have kY = kAX = A(kX) € Col A.
Therefore, Col A is a vector subspace of My, 1(R).
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Sum of subspaces

Remark: Notice that if Wy and W, are two vector subspaces of V
none of them is contained in the other, then Wi U W5 is not a
vector subspace of V. As an example, W; = {(x,0)|x € R} and
W> = {(0,y)|y € R} are vector subspaces of R?, but

Wi U Wa = {(x,y)|xy = 0} is not a vector subspace of R?.

Definition

Let Wi and W5 be two vector subspaces of V. We call the sum of
these two subspaces, the set

Wi + Wy = {idy + ol € Wi,y € Wh}.

Let Wi, W5 and W be vector subspaces of V.

Q@ The sum Wy + W» is also a subspace of V.
Q IfFWiuW, C W, then Wy + W C W.
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Sum of subspaces

Proof:

©Q To prove that Wy + Wh is a subspace of V/, we have

© Because 0 € Wy, W5, we have 0=0+0€ W + W>.

@ Let 17, v e Wiy + W,. There exist L71, h € Wp and ﬁz, h € Wo,
such that 4 = iy + th and V = V4 + V5. We have,
ﬁ+\7:(ﬁl+71)+(32+72) c Wy +W,, since t; + 4 € Wi
and tp + v, € Ws.

@ Let ie Wy + W, and k € R. There exist t; € W4 and
tr € Wh, such that i = Uy + ip. We have
ki = kl_jl + kl_jg e Wi 4+ W, since kl_jl € Wy and kl_j2 e Ws.

@ Assume that Wi U W, C W and let 4 € Wy + W5, There exist
b€ Wy C W and b € Wo C W, such that 4 = iy + ip. But
W is a vector subspace of V. Therefore, i = iy + iip € W.
This proves that Wy + W, C W.
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Linear combinations and linear span of a set of vectors

Definition

Let V be a vector space and iy, U, ... 4, € V. A linear
combinaison of the vectors iy, U, . . . U, is any vector of the form
X101 + Xolo + - -+ + Xplp, Where X1, X0, ...,%Xp € R,

The span of {{y, Ua, ... Uy} is the set of all linear combinaisons of
U, Uo, ... dp. It is denoted Span{i, to, ... Un}.

We have
Span{[il, o, ... H,,} = {Xlﬁl + X0ty + - - -+Xnﬁn|X1,X2, oy Xp € R}.

Examples:
o Consider in R? the vectors iy = (1,2); i, = (2,1). The vector
i=(3,4) = %ﬁl + %l_j2 is a linear combinaison of iy, .
@ The vector d = (7,2) is a linear combinaison of u, t>. To see
this, solve the equation 4 = xiiy + y i, which is equivalent to
x+2y =7
2x+y =2
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Linear combinations and linear span of a set of vectors

Let V' be a vector space and iy, o, . ..U, € V. The set
Span{y, Uz, ... Un} is a vector subspace of V.

Proof:
@ We have 0 = 0y + Ollp + - - - 4 0, € Span{iiy, o, . .. Tip}.
Q If i=xqt1 + xplp + -+ + xplUp € Span{iy, Uy, . ..Uy} and
V=y1l1 + yoto + -+ + yplp € Span{[il, o, ... ﬁn}, then
U+V=_a+y)i1+ (+y2)tia+- -+ (X + yn)in €
Span{iy, Uz, ... Un}.
Q If U =x10h + xola + -+ - + Xpln € Span{iy, U, ... U,} and
A € R, then
AU = )\X1L71 + )\X2L72 + -+ )\an_jn S Span{Ul, UQ, . Un}
This proves that Span{iy, Uy, ... d,} is a vector subspace of V.
Examples: Span{(2,1);(1,2)} = R? and Span{(2,3); (1,1)} = R?
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Linear combinations and linear span of a set of vectors

@ Linear Combination, Subspace Generated/span

@ Theorem: Equality of spans of two families
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Linear dependence and linear independence of a set of
vectors

e Linearly independent, {si,...,s.,} C R".
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Basis and dimension of a vector space
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Coordinates of a vector with respect to a basis
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Change of basis
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Rank and nullity of a matrix
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