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Chapter 2: The Definite Integrals
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m Definite Integrals

m Properties of Definite Integrals

® The Fundamental Theorem of Calculus

® Numerical Integration
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Section 1: Summation Notation

Definition

n
Let {ay, ap, ..., an} be a set of numbers. The symbol 3 aj represents their sum:
k=1

n
Zak =a; +ax+ ... +ap.
k=1
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Section 1: Summation Notation

Definition

n
Let {ay, ap, ..., an} be a set of numbers. The symbol 3 aj represents their sum:
k=1

n
Zak =a; +ax+ ... +ap.
k=1

Evaluate the sum.

N Q »*+1
i=1 j=2
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Section 1: Summation Notation

Definition

n
Let {ay, ap, ..., an} be a set of numbers. The symbol 3 aj represents their sum:
k=1

n
Zak =a; +ax+ ... +ap.
k=1

Evaluate the sum.

N Q »*+1
i=1 j=2

Solution:

3
Q== +23+3¥=14+8+27=36
i=1
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Section 1: Summation Notation

Definition

n
Let {ay, ap, ..., an} be a set of numbers. The symbol 3 aj represents their sum:
k=1

n
Zak =a; +ax+ ... +ap.
k=1

Evaluate the sum.

N Q »*+1
i=1 j=2

Solution:
3 3 3 3 3
Q== +23+3¥=14+8+27=36
i=1

Q 25;(j2+1):(22+1)+(32+1)+(42+1)+(52+1):58
j=2
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Section 1: Summation Notation

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

n-times
n n n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k=1 k=1 k=1
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ims: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k=1 k=1 k=1

| \

Example

4
Evaluate the sum 3> (k* + 2k +3) .
k=1
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ims: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k=1 k=1 k=1

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

Solution:

4 4 3 4
Sk +2k4+3) =S K+23 k+ 33
k=1 k=1 k=1 k=1
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ims: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k=1 k=1 k=1

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

Solution:

42 42 4 4 2 52 92 | g2
S(kc+2k+3)= > k“+2> k+ > 3=(1"+2"4+3"+4°)+2(1+2+3+4)+4x3
k=1 k=1 k=1 k=1
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ims: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k=1 k=1 k=1

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

Solution:

4 2 4 2 4 4 2 2 2 2

SR +2k+3) = K425 k+ 3 3=(12+2243244%) 4+ 2(1+24+3+4)+4Xx3=30+20+12 =62
k=1 k=1 k=1 k=1
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ims: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k= k=1 k=1

Il
|
-
| A\

Example

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

A

Solution:

4 2 4 2 4 4 2 2 2 2

SR +2k+3) = K425 k+ 3 3=(12+2243244%) 4+ 2(1+24+3+4)+4Xx3=30+20+12 =62
k=1 k=1 k=1 k=1

10
Evaluate the sum > 15
k=
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ime: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k= k=1 k=1

Il
| ‘
-
A\

Example

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

A

Solution:

4 2 4 2 4 4 2 2 2 2

SR +2k+3) = K425 k+ 3 3=(12+2243244%) 4+ 2(1+24+3+4)+4Xx3=30+20+12 =62
k=1 k=1 k=1 k=1

10
Evaluate the sum > 15
k=

10 2 10
Solution: > 15 = " 15+ > 15
k=1 k=1 k=3
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ime: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k= k=1 k=1

Il
| ‘
-
A\

Example

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

A

Solution:

4 2 4 2 4 4 2 2 2 2

SR +2k+3) = K425 k+ 3 3=(12+2243244%) 4+ 2(1+24+3+4)+4Xx3=30+20+12 =62
k=1 k=1 k=1 k=1

10
Evaluate the sum > 15
k=

10 2 10 10
Solution: 3 15 = 3> 15+ 515 = 10x 15 =2 x 156+ > 15
k=1 k=1 k=3 k=3
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Section 1: Summation Notation

Theorem

Let {ay,ap,...,an} and {by, by, ..., by} be sets of real numbers. If n is any positive integer, then

n
o > c=c+c+...+c=ncforanyc €R.
k=1 N ——

- tir
n " Ime: n n n
e So(ak £be) = > ax £ > by e > cak=c y, a foranyc e R.
k=1 k=1 k= k=1 k=1

Il
| ‘
-
A\

Example

4
Evaluate the sum 3> (k* + 2k +3) .
k=1

A

Solution:

4 2 4 2 4 4 2 2 2 2

SR +2k+3) = K425 k+ 3 3=(12+2243244%) 4+ 2(1+24+3+4)+4Xx3=30+20+12 =62
k=1 k=1 k=1 k=1

10
Evaluate the sum > 15
k=

10 2 10 10 10
Solution: 3 15= > 15+ >, 15 = 10x 15 =2x 15+ 5> 15 = 5 15 = 150 — 30 = 120
=1 k=1 k=3 k=3 k=3
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Section 1: Summation Notation

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

03
0 -

142343344 = [t
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Section 1: Summation Notation

Theorem
(1) ik:1+2+3+,..+n:w
k=1
(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

n
Q k; B =13 423 4334 . 4 = [Aot)2

Example

|
-
.

Evaluate the sum.

100
k
o kz::1

A\
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Section 1: Summation Notation

Theorem

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

n
Q k; B =13 423 4334 . 4 = [Aot)2

|
-
.

Example

Evaluate the sum.

100 10 5
Q >« Q >«
k=1 k=1
v
Solution:
100
o S k= 100(130+1) — 5050.
k=1
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Section 1: Summation Notation

n
@ > k=1+2+3+..4n="00D
=1

4 +1)(2n+1
() k¥1k2:12+22+32+...+n2:w

n
Q k§1k3 =13423 433 4. 403 = [Aoi))2

Evaluate the sum.

100 10
Q >« Qr~
- . .
Solution:
100 10
@ > k= 1000041 _ g5o50, Q > K= 100Eh _ g5
k=1 k=1
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Section 1: Summation Notation

Theorem

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

O3
0 -

142343344 = [t

| \

Example

Evaluate the sum.

100 10
Q >« Qr~
_ _ w
Solution:
100 10
@ > k= 1000041 _ g5o50, Q > K= 100Eh _ g5
k=1 k=1

100
Evaluate the sum > k.

k=5
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Section 1: Summation Notation

Theorem

n
@ > k=1+2+3+..4n="00D
k=1
(2 2": K2 =12 122432 4 4 2 = nni1)@ot1)
k=1 e
n
Qx«
k=1

Evaluate the sum.

142343344 = [t

100 10
Q >« Q>
k=1 k=1
w
Solution:
100 10
@ > k= 1000041 _ g5o50, Q > K= 100Eh _ g5
k=1 k=1

100
Evaluate the sum > k.
k=5
100 4 100
Solution: > k= > k+ > k
k=1 k=1 k=5
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Section 1: Summation Notation

Theorem

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

O3
0 -

142343344 = [t

| \

Example

Evaluate the sum.

100 10
Q >« Q>
k=1 k=1
w
Solution:
100 10
@ > k= 1000041 _ g5o50, Q > K= 100Eh _ g5
k=1 k=1

100
Evaluate the sum > k.
k=5
100 4 100 100
Solution: >~ k= > k+ > k éw:@+2k
ks L =5
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Section 1: Summation Notation

Theorem

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

O3
0 -

142343344 = [t

| \

Example

Evaluate the sum.

100 10
Q >« Q>
k=1 k=1
w
Solution:
100 10
@ > k= 1000041 _ g5o50, Q > K= 100Eh _ g5
k=1 k=1

100
Evaluate the sum > k.

k=5

100 4 100 100 100
Solution: > k= Y k+ > k = 00U _ AL | S™ 4 - 5050 = 10 + 3 k
k=1 k=1 k=5 k= k=5

= = = =5
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Section 1: Summation Notation

Theorem

n

@ > k=1+2+3+..4n="00D
k=1

(2 2": R—12122432 4 4= n(n+1)6(2n+1)
k=1

(s ol

134234334 . 4 = [nodd))

x
I
-
3
N
)
.

Example

Evaluate the sum.

s« Qe

k=1
v
Solution:
100 10
o > k= 100(130+1) — 5050, e S K= 10(116)(21) — 385
k=1 k=1

100
Evaluate the sum > k.

k=5

Solution: Z k= Skt 2 k= 10000041 _ 434 | 3% k= 5050 = 10 + Z Kk = z; k = 5050 — 10 = 5040
k= k=1 k=5 =5 =5
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Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1
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Section 1: Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1

Solution:

noy 0, n n
S —k=1)=3 k=3 k=31
k=1 k=1 k=1 k=1
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Section 1: Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1

Solution:

L X2
SI(kS—k—=1)= 3 Kk — 2= —n
k=1 k=1

M=

k— éll _ n(n+1)6(2n+1) _ n(n2+1)

k

1
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Section 1: Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1

Solution:

L X2
SI(kS—k—=1)= 3 Kk — ontl) _p=2r 9
k=1 k=1

M=

k— éll _ n(n+1)6(2n+1) _ n(n2+1)

k

1
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Section 1: Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1

Solution: )
l Z 2 ul 1)(2n+1 1 —4
TR —k—1)= k= k-3 1= n(n+)6(n+) B n(n2+) e n(n3 ).
k=1 k=1 k=1 k=1

Choose the correct answer.
4 2
| /fkgl(k +a) = 5-(n > 1), then the value of « is equal to

(@) -3 (b) 3 ©—3 (@)1
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Section 1: Summation Notation

n
Express the sum " (k? — k — 1) in terms of n
k=1

Solution:

02 02
(KR —k—1)= 3 K —
k=1 k=1

M=

P éll _ n(n+1)6(2n+1) _ n(n2+1) Ch= n(n23—4)'

k

1

Choose the correct answer.
n

2
W If 3 (k+ «) = 5-(n > 1), then the value of « is equal to

k=1
(a) -2 ®) 3 (c)—3 (d) 1
Solution:
n n2 n n n2
Sthta)=— =3 k+d a=—
-1 2 =3 k= 2
n(n+1 2
ey o
2
n+1 n
+a= 5 divide all terms byn
n n+1 n—n-—1 1
= o= - — = — = ——
2 2 2 2
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Section 2: Riemann Sum and Area

Definition

A partition P of the closed interval [a, b] is a finite set of points P = {xg, X1, . .., Xn} such that

a=x<x1<x<...<xp—_1<xp=0b.

Axy Ax;  Axg Ax,
[ =i == ~1 ==
a=x5; X X3 X3 Xp-q Xy=Db
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Section 2: Riemann Sum and Area

Definition

A partition P of the closed interval [a, b] is a finite set of points P = {xg, X1, . .., Xn} such that

a=x<x1<x<...<xp—_1<xp=0b.

Axy Ax;  Axg Ax,
| | | | | |
a=x5; X X3 X3 Xp-q Xy=Db
Notes.
o The division of the interval [a, b] by a partition P generates n subintervals: [xg, x1], [x1, x2], [x2, x3], .-+, [Xn—1, Xn].

e The length of the subinterval [x;_1, xx] is Axg = x, — X _1-

e The union of all subintervals gives the whole interval [a, b].

Prof. Mohamad Alghamdi MATH 106 January 1
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Section 2: Riemann Sum and Area

Definition

The norm of a partition P is the largest length among Axy, Axp, Ax3, ..., Axp ie.,

|| P ||= max{Axi, Axp, Ax3, ..., Axp}.

Prof. Mohamad Alghamdi MATH 106 January 19, 2024




Section 2: Riemann Sum and Area

Definition

The norm of a partition P is the largest length among Axy, Axp, Ax3, ..., Axp ie.,

|| P ||= max{Axi, Axp, Ax3, ..., Axp}.

If P = {0,1.2,2.3,3.6,4} is a partition of the interval [0, 4], find the norm of P.
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Section 2: Riemann Sum and Area

Definition

The norm of a partition P is the largest length among Axy, Axp, Ax3, ..., Axp ie.,

|| P ||= max{Axi, Axp, Ax3, ..., Axp}.

If P = {0,1.2,2.3,3.6,4} is a partition of the interval [0, 4], find the norm of P.

Solution:
We need to find the subintervals and their lengths.

Subinterval Length
[xk—1, xk] Axy
[0,1.2] 1.2-0=12
[1.2,2.3] 23-12=1.1
[2.3,3.6] 3.6—-23=13
3.6, 4] 4-36=04

The norm of P is the largest length among
|| P ||= max{1.2,1.1,1.3,0.4}.

Hence, || P ||= Ax3 = 1.3
Prof. Mohamad Alghamdi MATH 106 January 19, 2024 8 /28



Section 2: Riemann Sum and Area

Remark.
M The partition P of a closed interval [a, b] is regular if Axg = Ax; = Axy = ... = Axy = Ax.
W For any positive integer n, if the partition P is regular then

Ax = b;a and x, = xg + k Ax
M Let P be a regular partition of the interval [a, b]. Since xg = a and x, = b, then
x1 =xp + Ax,
x3 = x1 + Ax = (xg + Ax) + Ax = xp + 2Ax ,
x3 = x2 + Ax = (xp + 2Ax) + Ax = xp + 3Ax.

B By continuing doing so, we have x; = xp + k Ax.

Ax Ax Ax Ax
o o o | L= |

Xp-1 Xp=2DL

a=xp Xy ) X3
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Section 2: Riemann Sum and Area

Remark.
M The partition P of a closed interval [a, b] is regular if Axg = Ax; = Axy = ... = Axy = Ax.
W For any positive integer n, if the partition P is regular then

Ax = b;a and x, = xg + k Ax
M Let P be a regular partition of the interval [a, b]. Since xg = a and x, = b, then
x1 =xp + Ax,
x3 = x1 + Ax = (xg + Ax) + Ax = xp + 2Ax ,
x3 = x2 + Ax = (xp + 2Ax) + Ax = xp + 3Ax.

B By continuing doing so, we have x; = xp + k Ax.

Ax Ax Ax Ax
o o o | L= |

Xp-1 Xp=2DL

a=xp Xy X X3

Define a regular partition P that divides the interval [1, 4] into 4 subintervals.
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Section 2: Riemann Sum and Area

Remark.

M The partition P of a closed interval [a, b] is regular if Axg = Ax; = Axy = ... = Axy = Ax.
W For any positive integer n, if the partition P is regular then

AX:b;a and x, = xg + k Ax

M Let P be a regular partition of the interval [a, b]. Since xg =

a and x, = b, then
x1 =xp + Ax,

x3 = x1 + Ax = (xg + Ax) + Ax = xp + 2Ax ,
x3 = x2 + Ax = (xp + 2Ax) + Ax = xp + 3Ax.

B By continuing doing so, we have x; = xp + k Ax.

Ax Ax Ax

Ax
)] = |
a=Xxg Xy Xy X3 Xp-1 Xp=2DL

Define a regular partition P that divides the interval [1, 4] into 4 subintervals.

Solution: Since P is a regular partition of [1, 4] where n = 4, then Ax = 41

=32 and x =1+k3.
Therefore,
X0 =1 3y _ 13
=14+3(3)= 3
=1+13=1 =14+3(3) =3
x=1+4(3)=4
x=1+2(3)=3 4 (3)
The regular partition is P = {1, %, g, 17'3;4}-
Prof. Mohamad Alghamdi MATH 106

January

2024  9/28



Section 2: Riemann Sum and Area

Definition
Let f be a bounded and defined function on a closed bounded interval [a, b] and let P = {xp, x1, ..., Xn } be a partition of
[a, b]. Let w = (w1, w2, ..., wp) be a mark on the partition P where wy € [xx_1,xk], kK =1,2,3, ..., n. Then the Riemann

sum of f with respect to the partition P and the mark w is

n
R(f, P, w) = > f(wi)Axg.
k=1

[ | e p e

a
[l
x

R 7 7 E? =D
1 %2 X3 k1 g, Yk -1 g, n x

= lim R(f,P,w)= Z fwg ) Axy
IPl—o "7 HPH—»ok 1
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Section 2: Riemann Sum and Area

Find a Riemann sum of the function f(x) = 2x — 1 for the partition P = {—2,0,1, 4,6} of the interval [—2, 6] by choosing
the mark,

o the left-hand endpoint,
e the right-hand endpoint,

© the midpoint.
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Section 2: Riemann Sum and Area

Find a Riemann sum of the function f(x) = 2x — 1 for the partition P = {—2,0,1, 4,6} of the interval [—2, 6] by choosing
the mark,

o the left-hand endpoint,
e the right-hand endpoint,

© the midpoint.

Solution:
(1) Choose the left-hand endpoint of each subinterval.

Subintervals Length Axj Wi fwg) fwg) Axy
[~2,0] 0—(—2)=2 | -2 f(—2)=2(—-2)—1=—5 —10
[0,1] 1-0=1 0 F(0)=2(0) —1=—1 -1
[1,4] 4-1=3 1 1 3
[4, 6] 6—4=2 4 7 14
R(f,P,w) = kz4:1 fwi)Ax, 6

11 / 28
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Section 2: Riemann Sum and Area

(2) Choose the right-hand endpoint of each subinterval. Remember f(x) = 2x — 1.

Subintervals Length Axy wg fwg) fwg) Axy
[=2,0] 0—(—2)=2 | 0 | fO)=2(00)—1=-1 —2
[0,1] 1-0=1 1 1 1
[1,4] 4—-1=3 4 7 21
[4, 6] 6—4=2 6 11 2
4

R(f,P,w) = Y f(wk)Axy 42

k=1

MATH 106 January 19, 2
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Section 2: Riemann Sum and Area

(2) Choose the right-hand endpoint of each subinterval. Remember f(x) = 2x — 1.

Subintervals Length Axy wg fwg) fwg) Axy

[=2,0] 0—(—2)=2 | 0 | fO)=2(00)—1=-1 —2
[0,1] 1-0=1 1 1 1

11,4] 4-1=3 4 7 21

[4, 6] 6—4=2 6 11 22

4
R(f,P,w) = Y f(wk)Axy 42
k=1
1+
(3) Choose the midpoint of each subinterval. Note. The midpoint of the subinterval [xx_1, xk] is wy = w

Subintervals Length Ax fwk) flwi) Dxg
[=2,0] 0—(—2)=2 f(—1)=2(-1)—1=—3 —6
[0,1] 1-0=1 £(0.5) = 2(0.5) — 1 =0 0
[1,4] 4—-1=3 4 12
[4, 6] 6—4=2 9 18
R(f,P,w) = ‘;4:1 fwg)Axy 24

Prof. Mohamad Alghamdi MATH 106 January 19, 2024 12 /28



Section 2: Riemann Sum and Area

Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area A by taking the limit of the Riemann
sum such that the partition P is regular and the mark w is the right-hand endpoint of each subinterval.
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Section 2: Riemann Sum and Area

Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area A by taking the limit of the Riemann
sum such that the partition P is regular and the mark w is the right-hand endpoint of each subinterval.

Solution: Since the partition P is regular, then

b—a 3-1 2
Ax = = = — and x, = xg + k Ax, where xg =1
n n n
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Section 2: Riemann Sum and Area

Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area A by taking the limit of the Riemann
sum such that the partition P is regular and the mark w is the right-hand endpoint of each subinterval.

Solution: Since the partition P is regular, then

b—a 3-1 2
Ax = = = — and x, = xg + k Ax, where xg =1
n n n

The mark w is the right endpoint of each subinterval i.e., wi € [xx_1, Xx], S0 wy = x, =1+ % From the given function,
we have

2k 2k
flug) =we +1=01+ —)+1=— +2.
n n
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Section 2: Riemann Sum and Area

Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area A by taking the limit of the Riemann
sum such that the partition P is regular and the mark w is the right-hand endpoint of each subinterval.

Solution: Since the partition P is regular, then

b—a 3-1 2
Ax = = = — and x, = xg + k Ax, where xg =1
n n n

The mark w is the right endpoint of each subinterval i.e., wi € [xx_1, Xx], S0 wy = x, =1+ % From the given function,
we have
2k 2k

flug) =we +1=01+ —)+1=— +2.
n n

From the definition,

n n n
n nook 2 2.2 n o (ak +bk) = 32 ap + >0 by
R(F, Pow) = 3 flwdBxe = >0 (5 +2)= = S[23k+ > 2 k=1 =10k
k=1 k=1 " noontha k= Zn: (1)
k =
2r2n(n+1 2
:7[7 ( ) 2} =1
ntn 2 i i
cay =c ay forany c € R.
= — {(n +1) + 2n} k=1 k=1
n
n
:2("+1) 2 S c=c+c+...+c=ncforany c € R.

n-times
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Section 2: Riemann Sum and Area

Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area A by taking the limit of the Riemann
sum such that the partition P is regular and the mark w is the right-hand endpoint of each subinterval.

Solution: Since the partition P is regular, then

b—a 3-1 2
Ax = = = — and x, = xg + k Ax, where xg =1
n

n n

The mark w is the right endpoint of each subinterval i.e., wi € [xx_1, Xx], S0 wy = x, =1+ % From the given function,

we have
2k 2k

flug) =we +1=01+ —)+1=— +2.
n n

From the definition,

n n n
n nook 2 22" n > (ak + b)) = 30 ak + 35 by
R(F, Pow) = 3 flwdBxe = >0 (5 +2)= = S[23k+ > 2 k=1 =10k
n n ntn
k=1 k=1 k=1 k=1 i n(nt1)
k =
2r2n(n+1 2
:7[7¥ +2n} k=1
ntn n n
2 St cap=c > aforanyc € R.
= — {(n +1) + 2n} k=1 k=1
n
n
:2("+1)+4‘ S c=c+c+...+c=ncforany c € R.
n k=1 N——r
n-times
1
. o 2(n+1) o 2Aq+5) _ _
Hence, lim R(f,P,w)=lim (5= +4)= lm ( "%" +4)=2+4=6
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Section 2: Riemann Sum and Area

Definition

For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is
b .
60 de= tim 5 s, (1 P 10

if the limit exists. The numbers a and b are called the limits of the integration.

Note. The limit is over all pointed partitions P = {([xx_1, Xk], wk)}1<k<n- When the limit exists, we say that f is Riemann
integrable (or integrable) on [a, b].
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Section 2: Riemann Sum and Area

Definition

For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is
b .
60 de= tim 5 s, (1 P 10

if the limit exists. The numbers a and b are called the limits of the integration.

Note. The limit is over all pointed partitions P = {([xx_1, Xk], wk)}1<k<n- When the limit exists, we say that f is Riemann
integrable (or integrable) on [a, b].

4
By using Riemann sum evaluate the integral / (x + 2) dx.
2
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Section 2: Riemann Sum and Area

Definition

For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is
b .
60 de= tim 5 s, (1 P 10

if the limit exists. The numbers a and b are called the limits of the integration.

Note. The limit is over all pointed partitions P = {([xx_1, Xk], wk)}1<k<n- When the limit exists, we say that f is Riemann
integrable (or integrable) on [a, b].

4
By using Riemann sum evaluate the integral / (x + 2) dx.
2

4=2 _ 2 —
= = % and x, = xo + kAx.

Let the mark w be the right endpoint of each subinterval, so wy = x, = 2 + % and then f(wy) =2+ % +2=4+ %
The Riemann sum of f for P is

Solution: Let P = {xp, X1, ..., Xn } be a regular partition of the interval [2, 4], such that Ax =

n

R(F, P,w) szkmk,z(ﬁk) 2(ae > By 2 2 (an 20Dy g 200D

k=1 n k=1 k=1 n

From the definition,
"4 i 2(n+1)
/ (x+2)dx = nLI)mcc (8+ f)

Prof. Mohamad Alghamdi MATH 106 January 19, 2
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Section 3: Properties of Definite Integrals

Theorem

(1)/bcdx:c(b—a).

a
(2) If f and g are integrable on [a, b], then f + g and f — g are integrable on [a, b] and

b b b
/ (F(x) £ g(x)) dx :/ f(x) :l:/ g(x) dx.

(3) If f is integrable on [a, b] and k € R, then k f is integrable on [a, b] and

/a.bkf(x)dx:k Lbf(x)dx.

(4) If f and g are integrable on [a, b] and f(x) > g(x) for all x € [a, b], then

/b f(x) dx > /abg(x) dx.

(5) If f is integrable on [a, b] and f(x) > O for all x € [a, b], then

b
/ f(x) dx > 0.

Prof. Mohamad Alghamdi MATH 106 January 19, 2024 15 / 28



Section 2: Riemann Sum and Area

(6) If f is integrable on the intervals [a, c| and [c, b], then f is integrable on [a, b] and

/: F(x) dx = /: £(x) dx+/cb F(x) dx.

a b
(7) If a < b we will denote/ f(x) dx = — / f(x) dx.
b a
a
(8) If f(a) exists, then / f(x) dx = 0.

a

Example

Evaluate the integral.

0/023dx
Qo /22(x2+4) dx
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Section 2: Riemann Sum and Area

(6) If f is integrable on the intervals [a, c| and [c, b], then f is integrable on [a, b] and

/ab F(x) dx = /: £(x) dx+/cb F(x) dx.

a b
(7) If a < b we will denote/ f(x) dx = — / f(x) dx.
b a
a
(8) If f(a) exists, then / f(x) dx = 0.

a

Example

Evaluate the integral.

0/023dx
9/22(x2+4)dx
Solution:
0/023dx:3(270):6.
9/22(x2+4)dx:o.
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Section 2: Riemann Sum and Area

dx.

g(x)
=)

b b b
If/ f(x) dx = 4 and/ g(x) dx = 2, then ﬁnd/ (3f(x) -
a a a
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Section 2: Riemann Sum and Area

dx.

g(x)
=)

b b b
If/ f(x) dx = 4 and/ g(x) dx = 2, then ﬁnd/ (3f(x) -
a a a

Solution:

/ab (300 - ?) dx:3/ab F(x) dx — %/abg(x) dx = 3(4) — %(2) -1

Prof. Mohamad Alghamdi MATH 106 January 19, 2024 17 / 28



Section 2: Riemann Sum and

[ ") ke = 4 e / * g() d = 2, then find / JCCR ﬁ) >

Solution:

/ab (300 - ?) dx:3/ab F(x) dx — %/abg(x) dx = 3(4) — %(2) -1

2 2
Prove that / (x3 +52 + 2) dx > / (x2 + 1) dx without evaluating the integrals.
0 0
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Section 2: Riemann Sum and Area

#) dx.

b b b
If/ f(x) dx = 4 and/ g(x) dx = 2, then ﬁnd/ (3f(x) -
a a a

Solution:

/ab (300 - %) dx:3/ab F(x) dx — %/abg(x) dx = 3(4) — %(2) -1

2 2
Prove that / (x3 +52 + 2) dx > / (x2 + 1) dx without evaluating the integrals.
0 0

Solution:

Remember. Property (4) If f and g are integrable on [a, b] and f(x) > g(x) for all x € [a, b], then

./ab f(x) dx > -/abg(x) dx.

Let f(x) = x> 4+ x% + 2 and g(x) = x? + 1. We can find that f(x) — g(x) = x> + 1 > 0 for all x € [0, 2]. This implies that
f(x) — g(x) > 0 = f(x) > g(x) and from the theorem, we have

2.3 2 2 5
/(x +x +2)dx2/(x +1) dx.
Jo 0

Prof. Mohamad Alghamdi MATH 106 January 19, 20
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Section 3: The Fundamental Theorem of Calculus

Suppose that f is continuous on a closed interval [a, b].

X
o If F(x) = / f(t) dt for every x € [a, b], then F(x) is an antiderivative of f on [a, b].
a

b
e If F(x) is any antiderivative of f on [a, b], then / f(x) dx = F(b) — F(a).
a

If F is an antiderivative of f, then

/b ) dhe = [F(x)]: — F(b) — F(a).

b
Note. From the previous corollary, the definite integral / f(x) dx is evaluated by two steps:
a

Step 1. Find an antiderivative F of the integrand,

Step 2. Evaluate the antiderivative F at upper and lower limits by substituting x = b and x = a into F, then subtracting the
latter from the former i.e., calculate F(b) — F(a).

Prof. Mohamad Alghamdi MATH 106 January 19, 2




Section 3: The Fundamental Theorem of Calculus

Evaluate the integral.

2 1

9/ (2x + 1) dx o / 23+ 1)* dx
-1 0
3 2 E)

e/(x +1) dx o/ (sin x + 1) dx
0 0
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Section 3: The Fundamental Theorem of Calculus

Evaluate the integral.

2 1
o / (2x + 1) dx o / 23+ 1)* dx
—1 0
3 2 E)
e / (x“ +1) dx o / (sin x + 1) dx
0 0
Solution:

0 /j1(2x+1) dx = [XZ +x}271 =(4+2) - ((_1)2 (1) =6-0=6
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Section 3: The Fundamental Theorem of Calculus

Evaluate the integral.

2 1
o / (2x + 1) dx o / 23+ 1)* dx
—1 0
3 2 E)
e / (x“ +1) dx o / (sin x + 1) dx
0 0
Solution:

0 /j1(2x+1) dx = [XZ +x}271 =(4+2) - ((_1)2 (1) =6-0=6

° /03(X2+1)dx: [§+X]Z:(§ +3)—0=12
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Section 3: The Fundamental Theorem of Calculus

Evaluate the integral.

2 1
o / (2x + 1) dx o / 23+ 1)* dx
—1 0
3 2 E)
e / (x“ +1) dx o / (sin x + 1) dx
0 0
Solution:

0 /j1(2x+1) dx = [XZ +x}271: (4+2) _((_1)2+(_1)) —6_0=6
Q /03(X2+1)d><: [Z+x])=(F+3-0-12

1 1 1 11 1 1 31
2,3 4 2,3 4 3 5 3 5 3 5

x“(x”+1 dx—7/3xx+l dx = ——|(x” +1 =—((1"+1) —(0"+1 = —.
e‘/o ( ) 3 Jo ( ) 35[( )}0 15(( ) ( )) 15
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Section 3: The Fundamental Theorem of Calculus

Evaluate the integral.

2 1

9/ (2x + 1) dx o / 23+ 1)* dx
-1 0
3 2 E)

e/(x +1) dx o/ (sin x + 1) dx
0 0

Solution:

0 /j1(2x+1) dx = [XZ +x}271 =(4+2) - ((_1)2 (1) =6-0=6

3

° /03(X2+1)dx: [%+X]Z:(§ +3)—0=12

1 1 1 11 1 1 31
2,3 4 2,3 4 3 5 3 5 3 5
x“(x"+1 dx:7/3x x"+1)" dx=-——|(x"+1 =—((1"+1) —(0"+1 = —.
Q [ Fnta= [T 4t = S L[+ )L = S (041 - @ 1°) = T
Ed Ed
o/z(sm x+1)dx:[7cosx+x}02 =(—cos T+ %) —(—cos 0+0)=F +1
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Section 3: The Fundamental Theorem of Calculus

2
X x <
Iff(x):{ S

2
find / f(x) dx.
=i

\%
oo
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Section 3: The Fundamental Theorem of Calculus

2 . 2
Iff(x)_{ 5 i;g , ﬁnd/lf(x)dx.

Solution:
Remember. Property (6) If f is integrable on the intervals [a, c] and [c, b], then f is integrable on [a, b] and

b c b
/ f(x) dx = / f(x) dx + / f(x) dx.
Ja a Jc
The definition of the function f changes at 0. Since [—1,2] = [—1,0] U [0, 2], then from the theorem,
2 0 2
/ f(x) dx / f(x) dx + / f(x) dx
-1 -1 0
0 2
= / X2 dx +/ x> dx
-1 0
x* 2

3
=515
_ 1 16 _ 13

EREES
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Section 3: The Fundamental Theorem of Calculus

B Mean Value Theorem

If f is continuous on a closed interval [a, b], then there is at least a number z € (a, b) such that

/b F(x) dx = F(2)(b — a).
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Section 3: The Fundamental Theorem of Calculus

B Mean Value Theorem

If f is continuous on a closed interval [a, b], then there is at least a number z € (a, b) such that

/b F(x) dx = F(2)(b — a).

Find a number z that satisfies the conclusion of the Mean Value Theorem for the function f(x) = x% + 1 on the interval [0,2] .
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Section 3: The Fundamental Theorem of Calculus

B Mean Value Theorem

If f is continuous on a closed interval [a, b], then there is at least a number z € (a, b) such that

/b F(x) dx = F(2)(b — a).

Find a number z that satisfies the conclusion of the Mean Value Theorem for the function f(x) = x% + 1 on the interval [0,2] .

Solution:
From the theorem,

2
/ (1+x%) de = (2 — 0)f(2) . Ea
0 /(1+x)dx:[x+—]
X772 0 0
[ —] 2(1 +z 8
3o —@+-(©
14 3
S =+ 2) 14
. T3
- =1 +22
2 4 3 2
This implies z° = 3, then z = i% However, —ﬁ ¢ (0,2),s0 z = 7 € (0,2).
MATH 106 January 19, 20
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Section 3: The Fundamental Theorem of Calculus

B Average Value

Definition

If f is continuous on the interval [a, b], then the average value f;, of f on [a, b] is

1 b
oy = / f(x) dx.
a

b—a

Find the average value of the function f(x) = x> 4+ x — 1 on the interval [0, 2] .

Prof. Mohamad Alghamdi MATH 106 January 19, 20

22 /28



Section 3: The Fundamental Theorem of Calculus

B Average Value

Definition

If f is continuous on the interval [a, b], then the average value f;, of f on [a, b] is

1 b
oy = / f(x) dx.
a

b—a

Find the average value of the function f(x) = x> 4+ x — 1 on the interval [0, 2] .

Solution:
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Section 3: The Fundamental Theorem of Calculus

X
Note. From the Fundamental Theorem, if f is continuous on [a, b] and F(x) = / f(t) dt where ¢ € [a, b], then
c

dix /: £(t) dt = dix [FG) = F(a)] = () ¥x € [a, 5]

Theorem

Let f be continuous on an interval I. If h and g are two differentiable functions on an interval J such that h(J) C | and
g(J) C I, then the function

h(x)
F(x) = /g(x) F(¢) dt

is differentiable on the interval J. Moreover,

d h(x) £8) dt = f(h W f 0 Y P
&/g(x) (2) dt = £(h(x)) h"(x) — f(g(x)) g"(x) Vx € J.

Corollary

| A\

Let f be continuous on an interval I. If h and g are two differentiable functions on an interval J such that h(J) C I and
g(J) C I, then

(1 3 f(t) dt = f(h(x))h' (x) Vx € [a, b]

Q s/ RO —Fg(x)e’ (x) Vx € [a, b].
g(x

v
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: L — dt

5 112
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1—t2
Solution:
d sin x 1 ( ) 1 ( )
— dt = —————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= _— use the identity cos” x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2
MATH 106 January 19, 20
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (cos ) — —— (1)
— dt = —————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

Prof. Mohamad Alghamdi

MATH 106

January 19, 2024

24 /28



Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (cos ) — —— (1)
— dt = —————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2

F/(x) = J0()2(x) + J1(x)J5(x)

Prof. Mohamad Alghamdi
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (s 0 - s ()
— t = ———— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2
F'(x) = () h(x) + h(x)J(x) = F'(x) =
January 19, 2024 24 /28
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (s 0 - s ()
— t = ———— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2
F(x) = J{(x)h(x) + A (x)J3(x) = F'(x) = 2x
January 19, 2024 24 /28
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (s 0 - s ()
— t = ———— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2
X
F'(x) = J{(x)da(x) + H(x)J5(x) = F'(x) = 2></ (t+3F'(t)) dt
2
January 19, 2024 24 /28
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1-—+¢2
Solution:
Sl R (s 0 - s ()
— t = ———— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
= - — use the identity cos”® x +sin® x =1
cos? x 1—x2
1
=sec X — —— .
1—x2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2

F'(x) = J{(x)da(x) + K (x)I5(x) = F'(x) = 2x /ZX (t+3F'(t)) dt + (x> —2)
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Section 3: The Fundamental Theorem of Calculus

sin x
Find the derivative: -4

1
& I, 1—t2 %
Solution:
d sin x 1 1
g x 1—¢2 t:I—sinzx(COSX)il—xz(l)
cos x 1 . . 2 .2
= o7 x — m use the identity cos” x +sin® x =1
1

=sec x — T2

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

X
Solution: Let J;(x) = x? — 2 and Jp(x) = / (t+ 3F/(t)) dt. Then find
2

F'(x) = J{(x)da(x) + K (x)I5(x) = F'(x) = 2x /ZX (t+3F'(t)) dt + (x* — 2)(x + 3F' (x))
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1—t2
Solution:
d sin x 1 1 ( ) 1 ( )
— t = ————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
use the identity cos” x +sin® x =1

cos? x 1—x2

1

1—x2°

= sec x —

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

Solution: Let J;(x) = x? — 2 and Jp(x) = /X (t+ 3F/(t)) dt. Then find
2
F'(x) = J{(x)da(x) + K (x)I5(x) = F'(x) = 2x /ZX (t+3F'(t)) dt + (x* — 2)(x + 3F' (x))

Letting x = 2 gives

F(2) = 4/22 (t+3F (1) dt + (4 — 2)(2 + 3F' (2))
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1—t2
Solution:
d sin x 1 1 ( ) 1 ( )
— t = ————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
use the identity cos” x +sin® x =1

cos? x 1—x2

1

1—x2°

= sec x —

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

Solution: Let J;(x) = x? — 2 and Jp(x) = /X (t+ 3F/(t)) dt. Then find
2
F'(x) = J{(x)da(x) + K (x)I5(x) = F'(x) = 2x /ZX (t+3F'(t)) dt + (x* — 2)(x + 3F' (x))

Letting x = 2 gives

F'(2) = 4/22 (t+3F'(1) dt + (4 —2)(2+3F'(2)) = F'(2) =2(2 + 3F'(2))
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Section 3: The Fundamental Theorem of Calculus

sin x 1
Find the derivative: < —— dt
*Jx 1—t2
Solution:
d sin x 1 1 ( ) 1 ( )
— t = ————— (cos x) — 1
dx Jx 1—¢2 1 —sin2 x 1—x2
cos x 1 . . 2 .2
use the identity cos” x +sin® x =1

cos? x 1—x2

1

1—x2°

= sec x —

IFF(x) = (2 — 2)/: (t +3F' (1)) dt, find F'(2).

Solution: Let J;(x) = x? — 2 and Jp(x) = /X (t+ 3F/(t)) dt. Then find
2
F'(x) = J{(x)da(x) + K (x)I5(x) = F'(x) = 2x /ZX (t+3F'(t)) dt + (x* — 2)(x + 3F' (x))

Letting x = 2 gives

F'(2) = 4/22 (t+3F' (1) dt+ (4 —2)(2+3F'(2)) = F/(2) =22 +3F'(2)), = —5F Q) =4 = F'(2) = 3
January 19, 2024 24 /28
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Section 4: Numerical Integration

B Trapezoidal Rule

Trapezoidal Rule
Let f be continuous on [a, b]. If P = {xg, x1, ..., Xp } is a regular partition of [a, b], then

/bf(x)dxzD[f(x)+2f(x)+2f(x)+ + 2f(x )+f(x)}:b73im f) Q)
i on 0 1 2 n—1 n on = k k
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Section 4: Numerical Integration

B Trapezoidal Rule

Trapezoidal Rule

Let f be continuous on [a, b]. If P = {xg, x1, ..., Xp } is a regular partition of [a, b], then

_b-a b
/ f(x [f(xo) +26(a) +2() + .. + 2F(xp—1) + ()] =

21
By using the trapezoidal rule with n = 4, approximate the integral / — dx
1
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Section 4: Numerical Integration

B Trapezoidal Rule

Trapezoidal Rule

Let f be continuous on [a, b]. If P = {xg, x1, ..., Xp } is a regular partition of [a, b], then

b= b
/ f(x [f(xo) +20(x1) + 2F(0) + o+ 2f(xp—1) + Fxm)| = ) @

21
By using the trapezoidal rule with n = 4, approximate the integral / — dx
1

Solution: Find the regular partition P = {xp, X1, X2, ..., X } where Ax = (b;a) and x; = xg + kAx.

We divide the interval [1, 2] into four subintervals where the length of each subinterval is Ax = # = % as follows:
x=1 x3=1+3(3) =13
x=1+1(3)=1% x=1+4(1) =2

x=1+2(3)=1%
The partition is P = {1,1.25,1.5,1.75, 2}.
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Section 4: Numerical Integration

We use the following table to approximate the integral:

Xk f(xk) my my f(xg)
1 1 1 1
1.25 0.8 2 1.6
15 0.6667 2 1.3334
1.75 0.5714 2 1.1428
2 0.5 1 0.5
y
25 mf(xi)
= 5.5762

Hence,
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Section 4: Numerical Integration

Bl Simpson’s Rule

Simpson’s Rule
Let f be continuous on [a, b]. If P = {xg, x1, ..., xn} is a regular partition of [a, b] where n is even, then

/b f(x) dx ~ (b; 2) [f(xo)+4f(x1)+2f(X2)+4f(X3)+...+2f(x,,,2)+4f(xn,1)+f(x,,)] = (b; 2) i my F(xi)
a n n k=0
(2)
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Section 4: Numerical Integration

Bl Simpson’s Rule

Simpson’s Rule
Let f be continuous on [a, b]. If P = {xg, x1, ..., xn} is a regular partition of [a, b] where n is even, then

/b f(x) dx ~ (b; 2) [f(xo)+4f(x1)+2f(X2)+4f(X3)+...+2f(x,,,2)+4f(xn,1)+f(x,,)] = (b; 2) i my F(xi)
a n n k=0
(2)

8
By using Simpson's rule with n = 4, approximate the integral / VX2 + 1 dx.
1
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Section 4: Numerical Integration

Bl Simpson’s Rule
Simpson’s Rule

Let f be continuous on [a, b]. If P = {xg, x1, ..., xn} is a regular partition of [a, b] where n is even, then

/b f(x) dx ~ (b; 2) [f(xo)+4f(x1)+2f(X2)+4f(X3)+...+2f(x,,,2)+4f(xn,1)+f(x,,)] = (b; 2) i my F(xi)
a n n k=0
(2)

8
By using Simpson's rule with n = 4, approximate the integral / VX2 + 1 dx.
1

.y Xp} where Ax = @ and x; = xg + kAx.

Solution: Find the regular partition P = {xp, x1, x2, ..
We divide the interval [1, 3] into four subintervals where the length of each subinterval is Ax = % = % as follows:
xp =1 xg=1+3(3) =21

— 1y_+41
xa=1+1(3) =13 xa=1+41)=3
x=1+2(})=2
The partition is P = {1, 1.5, 2,2.5,3}.

MATH 106 January 19, 2 27 / 28

Prof. Mohamad Alghamdi



Section 4: Numerical Integration

We use the following table to approximate the integral:

Xk f(xk) my myf(xg)
1 1.4142 1 1.4142
15 1.8028 4 7.2112
2 2.2361 2 4.4722
2.5 2.6926 4 10.7704
3 3.1623 1 3.1623
24: myf(xk)
k=1 27.0302

Hence,

/b f(x) dx ~ g [F(0) + 4F(x1) + 2F(x0) + 4F(x3) + -o. + 2 (xp2) + 4 (xa1) + F(xn)| = Q S my f(xi)
a n n k=0

3
/ V/x2 +1 dx &= 2 [27.0302] = 4.5050.
1
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