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Section 1: Antiderivatives

M Exercise. Find the derivative of the given function.
(1) F(x) =x3 +x>+1
, , F(x) Derivation F/(X)
F'(x) = 3x° + 2x
Int ti
(2) F(x) =sin x + x FI(X)M?F(X)
F’(x) = cos x + 1

Definition

A function F is called an antiderivative of f on an interval | if

’
F (x) = f(x) for every x € I.
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Section 1: Antiderivatives

M Exercise. Find the derivative of the given function.
(1) F(x) =x3 +x>+1
, , F(x) Derivation F/(X)
F'(x) = 3x° + 2x
Int ti
(2) F(x) = sin x + x F/(x) 5220 F(x)
F’(x) = cos x + 1

Definition

A function F is called an antiderivative of f on an interval | if

’
F (x) = f(x) for every x € I.

Example.

o Let F(x) = x> 4+ 3x + 1 and f(x) = 2x + 3. Is F(x) an antiderivative of f(x)?

’
Since F (x) = 2x 4+ 3 = f(x), then the function F(x) is an antiderivative of f(x).

e Let G(x) = x + sin x and g(x) = 1 + cos x. Is G(x) an antiderivative of g(x)?

Since G,(x) = 1+ cos x = g(x), then the function G(x) is an antiderivative of g(x).
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Section 1: Antiderivatives

B Question. Let f(x) = 2x,

2

Is the function F(x) = x“ an antiderivative of the function f?
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Section 1: Antiderivatives

B Question. Let f(x) = 2x,

Is the function F(x) = x? an antiderivative of the function f?

Yes, F/(x) = 2x = f(x).
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Section 1: Antiderivatives
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Section 1: Antiderivatives

B Question. Let f(x) = 2x,

2 an antiderivative of the function £?

Is the function F(x) = x
Yes, F/(x) = 2x = f(x).
Is the function G(x) = x? + 2 an antiderivative of the function f?

Yes, G’ (x) = 2x = f(x).

2

Is the function H(x) = x~ — /2 an antiderivative of the function 7

Yes, H' (x) = 2x = f(x).

If functions F and G are antiderivatives of f on an interval I, there exists a constant ¢ such that G(x) = F(x) + ¢ OR
G(x) — F(x) = c for every x € I.

In the example above, we have for example

G(X)—F(X):X2+2—X2:2

Note. For the example above, the function F(x) = x? + c is the general form of the antiderivatives (the family) of the function
f(x) = 2x.
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Section 2: Indefinite Integrals

Definition

Let f be a continuous function on an interval |. The indefinite integral of f is the general antiderivative of f on I:

/f(x) dx = F(x) + c.

The function f is called the integrand, the symbol / is the integral sign, x is called the variable of the integration and c is the

constant of the integration.

’
Note. From the example F (x) = %(x2 +3x) = 2x+ 3 = f(x), we say that the function F(x) is an antiderivative of f(x). So,

/(2x+3) dX:X2+3X+C.
——

F(x)

| ] Properties of Indefinite Integrals

Assume f and g have antiderivatives on an interval I, then

d
(1) ;/f(x) dx = F(x). (5 /(f(x):l:g(x)) o :/f(x) dx + /g(x) dx.
e / di(F(x)) dx = F(x) + c. e /kf(x) dx = k/ f(x) dx, where k is a constant.
Ix
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Section 2: Indefinite Integrals

Integration as an Inverse Process of Differentiation

Rule 1. Power of x.

Note that Rule 1 cannot be

applied for n = —1.
d xmt n n Pl For this value, the formula
—( )=x" = x" dx = +c for n# —1. gives
dx n+1 n+1

Special case. For n = 0, we have / ldx=x+c .

Fromthis,/2dx:2x+c and/3dx:3x+c etc.

Evaluate the integral.

O/de e/x3dx
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Solution:

2
o /xdx:%Jrc
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Solution:

2 4
o/xdx:%Jrc e/x3dx:%+c
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Section 2: Indefinite Integrals

Evaluate the integral.

0/4xdx e/xizdx
e/7x3dx ef%dx
x
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Section 2: Indefinite Integrals

Evaluate the integral.

1
4 x d /*dx
Q [4xux Q/
e/7x3dx Q/de
VX
Solution: s
0/4xdx:4/xdx:4%+(::2x2+c /kf(x)dx:k/f(x)dx
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Section 2: Indefinite Integrals

Evaluate the integral.

1
4 x d /—dx
Q [4xux 9/
e/7x3dx Q/de
VX
Solution: s
0/4xdx:4/xdx:4%+c:2x2+c /kf(x)dx:k/f(x)dx
A
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Section 2: Indefinite Integrals

Evaluate the integral.

0/4xdx e/xizdx
e/7x3dx ef%dx
x

Solution:
2

0/4xdx:4/xdx:4%+(::2x2+c /kf(x)dx—k/f(x)dx

el/7x3dx:7§+c /kf(x)dx—k/f(x)dx

1 -1 1
e — dx = x72dx:X7+c:77+c Remember. x~" = L.
X2 X
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Section 2: Indefinite Integrals

Evaluate the integral.

0/4xdx e/xizdx
e/7x3dx ef%dx
x

Solution:
2

0/4xdx:4/xdx:4%+c:2x2+c /kf(x)dx:k/f(x)dx
A
e/7x3dx:77+c /kf(x)dx:k/f(x)dx

1 -1 1
e “dx= [ x 2dx= x +c=—~-+4c¢ Remember. x~" = L
X2 X

1

t1 1 1 2
o/idX:/—ldX:-/XijdX:XT#»C Remember.

X 2

n
VX 2 (1) vVx=x2 and Vx" =xm
11 —14+2 1
—— - = = - d b
2717 2 T2 (2) g5 = G
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Section 2: Indefinite Integrals

Evaluate the integral.

e /(x+1)dx

e /(4x3+2x2+1) dx
e /(xZ—X%) dx
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Section 2: Indefinite Integrals

Evaluate the integral.

e /(x+1)dx

e /(4x3+2x2+1) dx
e /(xZ—X%) dx

Solution:

o /(x+1)dx:/xdx+/1dx:§+x+c /(f(x)j:g(x)) dx:/f(x)dxj:/g(x)dx.
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Section 2: Indefinite Integrals

Evaluate the integral.

e /(x+1)dx

e /(4x3+2x2+1) dx
e /(xZ—X%) dx

Solution:

o /(x+1)dx:/xdx+/1dx:§+x+c /(f(x)j:g(x)) dx:/f(x)dxj:/g(x)dx.

ot 2 2
Q /(4x3+2x2+1)dx:/4x3 dx+/2x2 dx+/1dx:T+§x3+x+c:x4+§x3+x+c.
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Section 2: Indefinite Integrals

Evaluate the integral.

e /(x+1)dx

e /(4x3+2x2+1) dx
e /(xZ—X%) dx

Solution:

o /(x+1)dx:/xdx+/1dx:§+x+c /(f(x)j:g(x)) dx:/f(x)dxj:/g(x)dx.

ot 2 2
Q /(4x3+2x2+1)dx:/4x3 dx+/2x2 dx+/1dx:T+§x3+x+c:x4+§x3+x+c.

3 —2 3 1

1 X X X
e/(xz——)dx:/xzdx—/x73dx:——7+5:—+—+c
. x3 . 3 -2 3 2x?
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Section 2: Indefinite Integrals

Rule 2. Trigonometric Functions.

(] d%(sin x):cosxé/cos dx =sin x + ¢

] dlx(cosx)zfsin X¢/7sin x dx =cos x+c OR /sin x dx = —cos x+ ¢

@ I(tan x):seczx:s/seczxdx:tan x+c

(] %(cot )<):7cs<:)<¢/7csc2 x dx =cot x+c OR /csc2 xdx = —cot x+ ¢

4 %(secx):secxtan x:»/secxtan x dx = sec x + ¢

(] d%(csc x):fcscxcotxi/fcscx cot x dx = csc x+c OR /cscx cot x dx = —csc x+c¢
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Section 2: Indefinite Integrals

sinx cosx

(>

ffd.x

tanx sec?x

(>

ffdx

Prof. Mohamad Alghamdi

cosx —sinx

)

fsinx dx = —cosx +c¢

(>

cotx csc?x
ffdx
fcsczx dx = —cotx +c
MATH 106

F

secx secx tan x

e

S

cscx — cscx cotx

v

fCSCXCOtX dix’='—cscxit ¢
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Section 2: Indefinite Integrals

i f 7
- @ o o @Sinx SECRe secx tan x
fdx fdx v
f f ffdx
fsinx dx = —cosx +c¢
f
= : Y
tanx @seczx — m E502% Rey v7 cscx cotx
ff dx ffdx ffdx

ICSCZX dx = —cotx +c¢ fcscxcotx dix’='—cscxit ¢

Evaluate the integral /(cosx + secx tanx) dx
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Section 2: Indefinite Integrals

I f 7
sinx m cosx cosx mfsinx m
v v secx vsecx tan x
ff dx ffdx
ffdx
fsinx dx = —cosx +c¢
1
, e
i fr m
m , m cscx — cscx cotx
tanx vsec X cotx cscZx v
f fdx f fdx f fdx
ICSCZX dx = —cotx + ¢ fcscxcotx dx = —cscx + ¢

Evaluate the integral /(cosx + secx tanx) dx

Solution:
/(cosx +secx tanx) dx = /cosx dx + /secx tan x dx = sinx + secx + ¢
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Section 2: Indefinite Integrals

Evaluate the integral.

0 /(ﬁ —sinx) dx

e /secx (sec x + tan x) dx
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Section 2: Indefinite Integrals

Evaluate the integral.

1 .
0 /(E —SII‘IX) dx
e /secx(secx+tanx) dx

Solution:

1
o /( —sinx) dx:/sec2xdx—/sinXdX:tanX+cosX+C.
cos? x

Remember. sec x =

L = sec?x = 12
cos x cos< x
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Section 2: Indefinite Integrals

Evaluate the integral.

1 .
0 /(E —SII‘IX) dx
e /secx(secx+tanx) dx

Solution:
1 i 2 .
o ( —smx) dx = sec” x dx — sinx dx = tanx + cosx + ¢ .
cos? x
Remember. sec x = —L— = sec” x = —L

Cosx w052 x

e /secx(secx+tanx) dx:/seczx dx+/secx tanx dx = tanx +secx + c .
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Section 2: Indefinite Integrals

Evaluate the integral.

o/(4x+3)dx d

o /d—(sin x) dx

e /(2sin X + 3 cos x) dx p
e —/\/x+1dx
dx

e /(\/;+sec2 x) dx
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Section 2: Indefinite Integrals

Evaluate the integral.

o /(4x+3) dx
e /(2sin X + 3 cos x) dx
e /(\/;+sec2 x) dx

o/di(sin x) dx
e di/\/x+1dx

Solution:

2
(1] /(4x+3)dx:4/xdx+/3dx:%+3x+c:2x2+3x+o

/(f(x) + g(x)) dx = /f(x) dxi/g(x) dx. and /kf(x) dx = k/ F(x) dx
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Section 2: Indefinite Integrals

Evaluate the integral.

o /(4x+3) dx
e /(2sin X + 3 cos x) dx
e /(\/;+sec2 x) dx

o/di(sin x) dx
e di/\/x+1dx

Solution:

2
(1] /(4x+3)dx:4/xdx+/3dx:%+3x+c:2x2+3x+o

/(f(x) + g(x)) dx = /f(x) dxi/g(x) dx. and /kf(x) dx = k/ F(x) dx

e /(25in X + 3 cos x)dx:2/sin xdx+3/cos x dx = —2cos x+ 3sin x + c.

/(f(x)ig(x)) dx:/‘f(x) dxi/g(x) dx. and /kf(x) dx:k/‘f(x) dx

Prof. Mohamad Alghamdi MATH 106 January 17, 2024 12 /19



Section 2: Indefinite Integrals

Evaluate the integral.

o /(4x+3) dx
e /(2sin X + 3 cos x) dx
e /(\/;+sec2 x) dx

o/ smx X
E/%ﬁ?w

Solution:

2
(1] /(4x+3)dx:4/xdx+/3dx:%+3x+c:2x2+3x+o

/(f(x) + g(x)) dx = /f(x) dxi/g(x) dx. and /kf(x) dx = k/ F(x) dx

e /(25in X + 3 cos x)dx:2/sin xdx+3/cos x dx = —2cos x+ 3sin x + c.

/(f(x)ig(x)) dx:/‘f(x) dxi/g(x) dx. and /kf(x) dx:k/‘f(x) dx

\‘ N1

3
ersec x) dx = x2 dx + sec x dx = X +tan x+c:&+tan x+c.
3

/U)ia»w—/ wt/
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Section 2: Indefinite Integrals

Evaluate the integral.

o /(4x+3) dx
e /(2sin X + 3 cos x) dx
e /(\/;+sec2 x) dx

o/di(sin x) dx
e di/\/x+1dx

Solution:

2
(1] /(4x+3)dx:4/xdx+/3dx:%+3x+c:2x2+3x+o

/(f(x) + g(x)) dx = /f(x) dxi/g(x) dx. and /kf(x) dx = k/ F(x) dx

e /(25in X + 3 cos x)dx:2/sin xdx+3/cos x dx = —2cos x+ 3sin x + c.

/(f(x)ig(x)) dx:/‘f(x) dxi/g(x) dx. and /kf(x) dx:k/‘f(x) dx

1 3 3
e /(\/)?Jrsecz x)dx:/xf dx+/sec2 xdx:%than x+c:%+tan x+c.
/(f(x):ﬁ:g(x)) dx:/f(x) dxj:/g(x) dx.
d
o/—(sin x) dx =sin x + c.
(2(

‘ ;(F(x)) dx = F(x) + c.
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Section 2: Indefinite Integrals

Evaluate the integral.

o /(4x+3) dx
e /(2sin X + 3 cos x) dx
e /(\/;+sec2 x) dx

o/di(sin x) dx
e di/\/x+1dx

Solution:

2
(1] /(4x+3)dx:4/xdx+/3dx:%+3x+c:2x2+3x+o

/(f(x) + g(x)) dx = /f(x) dxi/g(x) dx. and /kf(x) dx = k/ F(x) dx

e /(25in X + 3 cos x)dx:2/sin xdx+3/cos x dx = —2cos x+ 3sin x + c.

/(f(x)ig(x)) dx:/‘f(x) dxi/g(x) dx. and /kf(x) dx:k/‘f(x) dx

3 3
1 3 3
e /(\/)?Jrsecz x)dx:/xf dx+/sec2 xdx:%than x+c:%+tan x+c.

/ (F(x) + g(x)) dx = / f(x) dx & /‘g(x) dx.

o/di(sinx)dx:sinXJrc. edi/\/x+ldx:\/x+1.
d d
‘ ;(F(x)) dx = F(x) +c. . f(x) dx = f(x).
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Integration By Substitution

Remember. Rule 1
K+ X
/x" dx = +c for n# —1 Example./x3 dx = — + ¢
p n+1 p 4
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Integration By Substitution

Remember. Rule 1
n+1

n X 3 x*
x" dx = +c for n# —1 Example. | x> dx = — + ¢
v n+1 p 4

Question. Can we use Rule 1 to evaluate /2x (x2 + 1)3 dx ?
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Integration By Substitution

Remember. Rule 1
n+1

n X 3 x*
x" dx = +c for n# —1 Example. | x> dx = — + ¢
v n+1 p 4

Question. Can we use Rule 1 to evaluate /2x (x2 + 1)3 dx ?

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that

contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.
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Integration By Substitution

Remember. Rule 1
n+1 4

n X 3 X
x" dx = +c for n# —1 Example. | x> dx = — + ¢
v n+1 p 4

Question. Can we use Rule 1 to evaluate /2x (x2 + 1)3 dx ?

Theorem

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that

contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.

Example

| A

Evaluate the integral / 2x (x2 aF 1)3 dx.

v
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Integration By Substitution

Remember. Rule 1

n+1 4
n X 3 X
x" dx = +c for n# —1 Example. | x> dx = — + ¢
v n+1 p 4

Question. Can we use Rule 1 to evaluate /2x (x2 + 1)3 dx ?

Theorem

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be continuous on an interval J that
contains the range of the function g. If/ f(x) dx = F(x) + c, then

/f(g(x)) g,(x) dx = F(g(x))+¢c, Vxel.

Example

| A

Evaluate the integral / 2x (x2 aF 1)3 dx.

A,

Solution: Let f(x) = x> and g(x) = x? + 1, then (f 0 g)(x) = f(g(x)) = (x*> + 1)3.

g(x) =x2+1 :>g,(><) =2x

From the theorem, we have

2 4
x“+1
/2x (x2+1)3 dx:¥+c.
N~ 4
g’ (x) f(g(x)
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Integration By Substitution

Note. We can end with the same solution by using the five steps of the substitution method given below.

W Steps of the integration by substitution:

Step 1: Choose a new variable u.

Step 2: Determine the value of du.

Step 3: Make the substitution i.e., eliminate all occurrences of x in the integral by making the entire integral in terms of u.
Step 4: Evaluate the new integral.

Step 5: Return the evaluation to the initial variable x.

Exercise. Evaluate the integral /u3 du

. 3 U4
Solution. /u du = v +c

Evaluate the integral / 2x (x2 + 1)3 dx.

Solution: Let
2 du
u=x"4+1= du=2xdx = — = dx
2x
. By substituting that into the original integral, we have
du ut X%+ 1)
/2xu3—:/u3du:f+c— g +c
v 2x 4 4

Returning the evaluation to x
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Integration By Substitution

Exercise. Evaluate the integral / Vx dx
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Integration By Substitution

Exercise. Evaluate the integral / V/x dx

3
~1 2 2x2
Solution. /\/;dX:/XZ dx:Xi_Fc:Xi_'.c
3/2 3

Evaluate the integral / x? V2x3 — 5 dx
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Integration By Substitution

Exercise. Evaluate the integral / V/x dx

3 3
x2 2x2

c 1
Solution. /\/;dx:/xﬁ dx= —4+c=— +c¢

Evaluate the integral / x? V2x3 — 5 dx

1
Solution: /x2 V2x3 — 5 dx = -/><2(2><3 —5)2 dx
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Integration By Substitution

Exercise. Evaluate the integral / V/x dx

3
co1 x2
Solution. /\/;dX:/XZ dx =

Evaluate the integral / x? V2x3 — 5 dx

1
Solution: /x2 V2x3 — 5 dx = -/><2(2><3 5)2 dx

Let f(x) = x% and g(x) = 2x3 — 5, then (f 0 g)(x) = f(g(x)) = (23 — 5)%

3 / 2
g(x) =2x" —5 = g (x) = 6x
!
From the theorem [ f(g(x))g (x) dx = F(g(x)) + ¢, we have

1 2 )3 1 (2x% —5)
7/6)( (2x* —5)2 dx = =
6J o — 3/2

g'(x)  f(g(x)

Nlw
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ation By Substitution

Evaluate the integral /x2 V2x3 — 5 dx
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Integration By Substitution

Evaluate the integral /x2 V2x3 — 5 dx

Solution: N
/xz\/2x3 75dx:/x2(2x3 —5)2 dx
Let
3 2 du
u=2x"—5= du=6x"dx => — =dx
6x2
By substitution, we have
3 3 3 3
> 1 du 1,1 1u2 12 3 u? (2x®> —5)2
/x u?2 —*—/u2 du=-—+c=--u2 +c=—+c=
6x2 6 63/2 6 9

Returning the evaluation to x
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Integration By Substitution

Exercise. Evaluate the integral /sec2 x dx

Solution. /sec2 Xx dx =tan x + ¢
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Integration By Substitution

Exercise. Evaluate the integral / sec? x dx

Solution. /sec2 Xx dx =tan x + ¢

sel
Evaluate the integral/ — dx
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Integration By Substitution

Exercise. Evaluate the integral / sec? x dx

Solution. /sec2 Xx dx =tan x + ¢

sec? \/x
VX

Evaluate the integral dx

Solution: Let f(x) = sec? x and g(x) = v/X, then (f o g)(x) = f(g(x)) = sec® /x.

g) = Vi =g (x) = s

From the theorem [ f(g(x))g/ (x) dx = F(g(x)) + ¢, we have

sec? /x
VX

1
dx =2 [ sec® /X . —— dx = 2tan VX +c.
24/x
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Integration By Substitution

Exercise. Evaluate the integral / sec? x dx

Solution. /sec2 Xx dx =tan x + ¢

2
sec® /X
Evaluate the integral 7\[ dx
VX
Solution: Let f(x) = sec? x and g(x) = v/X, then (f o g)(x) = f(g(x)) = sec® /x.
(= vi=g (=
x)=+vVx=>g (x) =
€ € 2¢/x

From the theorem [ f(g(x))g/ (x) dx = F(g(x)) + ¢, we have

2

sec? /X

/de:2 sec® /X . —dx72tan Vx+c.
VX 2v/x

sec? /X
Evaluate the Integral/ VX dx.

7

Solution: Let u = /x = du = 3

f dx = 24/x du = dx. By substitution, we obtain

sec? u 5
2\/;du:2/sec udu=2tan u+c=2tan /x+c

/X
Prof. Mohamad Alghamdi MATH 106 January 17, 2

17 / 19




Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx
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ation By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

1 du 1
/uz -

3

1 1 u2
— 7/u2du:7
2 2 2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
—  tc=- — 4c= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 g 1 X — X —
/\/2x75dx*/(2x75)2 dx:§/2(2x75)2 dX:E 3 c 3 +c
2
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Integration By Substitution

Evaluate the integral

0/\/2x—5dx
e /cos(3x+4) dx

Solution:

o /mdx:/(2x75)% dx

let u =2x — 5= du=2dx = dx = % By substitution, we have

3 3
2 u2 (2x — 5)2
—  tc=- — 4c= +c
2 3/2 2 3 3
OR
1 1(2x—5)3 (2x—5)3
. . 1 g 1 X — X —
/\/2x75dx*/(2x75)2 dx:§/2(2x75)2 dX:E 3 +c= 3 +c
2
1
e /cos(3x+4)dx:§ /3 cos (3x + 4) dx =

3 sin (3x +4) + ¢
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Integration By Substitution

Evaluate the integral
o /5)(()(2 +3)7 dx
Q /=
/ sec” (4x) dx
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Integration By Substitution

Evaluate the integral
o /5)(()(2 +3)7 dx
Q /=
/ sec” (4x) dx

Solution:

5 5 (x? +3)8 2 +3)8
o5/x(x2+3)7d)<:—/2x(x2+3)7dx:—u+c:5u
2 2 8 16
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Integration By Substitution

Evaluate the integral
o /5)(()(2 +3)7 dx
Q /=
/ sec” (4x) dx

Solution:

5 5 (x2 +3)® x2 +3)8
o5/x(x2+3)7d)<:—/2x(x2+3)7dx:—¥+c:5!
2 2 8 16

1 ) 1
e A /4sec (4x) dx = 3 tan(4x) + ¢
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Integration By Substitution

Evaluate the integral
o /5)(()(2 +3)7 dx
Q /=
/ sec” (4x) dx

Solution:

5 5 (x2 +3)® x2 +3)8
o5/x(x2+3)7d)<:—/2x(x2+3)7dx:—¥+c:5!
2 2 8 16

1 ) 1
e A /4sec (4x) dx = 3 tan(4x) + ¢
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