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Analysis of Doubly Reinforced Rectangular Beams: 

 

𝜀𝑆
′ = (

𝑐 − 𝑑′

𝑐
) 𝜀𝑐𝑢                                                               → 𝑠𝑡𝑟𝑎𝑖𝑛 𝑎𝑡 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑠𝑡𝑒𝑒𝑙 𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑, 𝑑′ 

 

𝑎 =
𝐴𝑠𝑓𝑦 − 𝐴𝑠

′ (𝑓𝑦 − 0.85𝑓𝑐
′)

0.85𝑓𝑐
′𝑏

                → 𝑑𝑒𝑝𝑡ℎ 𝑜𝑓 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑏𝑙𝑜𝑐𝑘, 𝑏𝑜𝑡ℎ 𝑠𝑡𝑒𝑒𝑙 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝑐 =
𝑎

𝛽1
                                                                                  → 𝑛𝑒𝑢𝑡𝑟𝑖𝑎𝑙 𝑎𝑥𝑖𝑥 𝑑𝑒𝑝𝑡ℎ, 𝑏𝑜𝑡ℎ 𝑠𝑡𝑒𝑒𝑙 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝑐 =
−𝐵 ± √𝐵2 − 4𝐴𝐶0

2𝐴
                            → 𝑛𝑒𝑢𝑡𝑟𝑖𝑎𝑙 𝑎𝑥𝑖𝑥 𝑑𝑒𝑝𝑡ℎ, 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑠𝑡𝑒𝑒𝑙 𝑛𝑜𝑡 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝐴 = 0.85𝑓𝑐
′𝑏𝛽1        ,   𝐵 = 600𝐴𝑠

′ − 0.85𝐴𝑠
′ 𝑓𝑐

′ − 𝐴𝑠𝑓𝑦       , 𝐶0 = 600𝐴𝑠
′ 𝑑′                             → 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 

 

𝐶𝑐 = 085𝑓𝑐
′𝑏𝑎                                                                                         → 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒 𝑖𝑛 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 

 

𝐶𝑠 = 𝐴𝑠
′ (𝑓𝑦 − 0.85𝑓𝑐

′)                           → 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒 𝑖𝑛 𝑠𝑡𝑒𝑒𝑙, 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑠𝑡𝑒𝑒𝑙 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝐶𝑠 = 𝐴𝑠
′ (𝑓𝑠

′ − 0.85𝑓𝑐
′)                   → 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒 𝑖𝑛 𝑠𝑡𝑒𝑒𝑙, 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑠𝑡𝑒𝑒𝑙 𝑛𝑜𝑡 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝑓𝑠
′ = 𝐸𝑠𝜀𝑆

′                                                                                 → 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑠𝑡𝑒𝑒𝑙 𝑠𝑡𝑟𝑒𝑠𝑠, 𝑛𝑜𝑡 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 

 

𝑀𝑛 = 𝐶𝑐 (𝑑 −
𝑎

2
) − 𝐶𝑠(𝑑 − 𝑑′)                                                                 → 𝑛𝑜𝑚𝑖𝑛𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 
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Determine design moment for the above section. f’c = 20 MPa, fy = 420 MPa, ds=10 

1- Find, d, d’, dt, dmin, As, A’s and β1 

𝑑 = 𝑑𝑡 = 𝑑𝑚𝑖𝑛 = ℎ − 𝑐𝑜𝑣𝑒𝑟 − 𝑑𝑠 −
𝑑𝑏

2
= 800 − 40 − 10 − 14 = 736 𝑚𝑚 

𝑑′ = 𝑐𝑜𝑣𝑒𝑟 + 𝑑𝑠 +
𝑑𝑏

2
= 40 + 10 + 7 = 57 𝑚𝑚 

𝐴𝑠 = 4 × 𝜋
282

4
= 3463 𝑚𝑚2 

𝐴𝑠
′ = 2 × 𝜋

142

4
= 307.9 𝑚𝑚2 

f’c = 20 MPa < 28 ➔ β1 = 0.85 

2- Find Neutral axis depth (c) from top fibers assuming both steel is yielding: 

𝑎 =
𝐴𝑠𝑓𝑦 − 𝐴𝑠

′ (𝑓𝑦 − 0.85𝑓𝑐
′)

0.85𝑓𝑐
′𝑏

 =
3463 × 420 − 307.9 × (420 − 0.85 × 20)

0.85 × 20 × 300
 = 178.51 𝑚𝑚 

𝑐 =
𝑎

𝛽1
=

178.51

0.85
= 210 𝑚𝑚 

Check assumption (steel is yielding) for both tension and compression steel, dmin and d’ 

𝜀𝑚𝑖𝑛 = (
𝑑𝑚𝑖𝑛 − 𝑐

𝑐
) 𝜀𝑐𝑢 = (

736 − 210

210
) × 0.003 = 0.0075 ≥ 𝜀𝑦 

0.0075 ≥ 0.0021 ➔ tension steel is yielding 

𝜀𝑆
′ = (

𝑐 − 𝑑′

𝑐
) 𝜀𝑐𝑢 = (

210 − 57

210
) × 0.003 = 0.0022 ≥ 𝜀𝑦 

0.0022 ≥ 0.0021 ➔ compression steel is yielding 
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3- Find Cc and Cs 

𝐶𝑐 = 085𝑓𝑐
′𝑏𝑎 = 0.85 × 20 × 300 × 178.51 = 910389.6 𝑁 

𝐶𝑠 = 𝐴𝑠
′ (𝑓𝑦 − 0.85𝑓𝑐

′) = 307.9 × (420 − 0.85 × 20) = 124074 𝑁 

4- Find Ø: 

Check strain at bottom layer 

𝜀𝑡 = (
𝑑𝑡 − 𝑐

𝑐
) 𝜀𝑐𝑢 = (

736 − 210

210
) × 0.003 = 0.0075 ≥ 0.005 ≥ 𝜀𝑦 

0.0075 ≥ 0.005 ➔ tension control ➔ Ø = 0.9 

  

5- Find design moment capacity ØMn 

𝑀𝑛 = 𝐶𝑐 (𝑑 −
𝑎

2
) − 𝐶𝑠(𝑑 − 𝑑′) = 910389.6 × (736 −

178.51

2
) − 124074 × (736 − 57) 

𝑀𝑛 = 673.04 × 106 𝑁. 𝑚𝑚 

∅𝑀𝑛 = 0.9 × 673.04 = 605.7 𝑘𝑁. 𝑚 

 

■■■■ 
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Determine design moment for the above section. f’c = 30 MPa, fy = 420 MPa, ds=10, Sl=30 

1- Find, d, d’, dt, dmin, As, A’s and β1 

𝑑𝑡 = ℎ − 𝑐𝑜𝑣𝑒𝑟 − 𝑑𝑠 −
𝑑𝑏

2
= 650 − 40 − 10 − 10 = 590 𝑚𝑚 

𝑑𝑚𝑖𝑛 = 𝑑1 − 𝑆 − 𝑑𝑏 = 590 − 30 − 20 = 540 𝑚𝑚 

𝑑 = (𝑑𝑡 + 𝑑𝑚𝑖𝑛)/2 = 565 𝑚𝑚 

𝑑′ = 𝑐𝑜𝑣𝑒𝑟 + 𝑑𝑠 +
𝑑𝑏

2
= 40 + 10 + 10 = 60 𝑚𝑚 

𝐴𝑠 = 6 × 𝜋
202

4
= 1885 𝑚𝑚2 

𝐴𝑠
′ = 3 × 𝜋

202

4
= 942.5 𝑚𝑚2 

f’c = 30 MPa > 28 ➔ calculate β1  

𝛽1 = 0.85 −
0.05(𝑓𝑐

′ − 28)

7
= 0.85 −

0.05(30 − 28)

7
= 0.84 

2- Find Neutral axis depth (c) from top fibers assuming both steel is yielding: 

𝑎 =
𝐴𝑠𝑓𝑦 − 𝐴𝑠

′ (𝑓𝑦 − 0.85𝑓𝑐
′)

0.85𝑓𝑐
′𝑏

 =
1885 × 420 − 942.5 × (420 − 0.85 × 30)

0.85 × 30 × 250
 = 65.86 𝑚𝑚 

𝑐 =
𝑎

𝛽1
=

65.86

0.84
= 78.41 𝑚𝑚 

Check assumption (steel is yielding) for both tension and compression steel, dmin and d’ 

𝜀𝑚𝑖𝑛 = (
𝑑𝑚𝑖𝑛 − 𝑐

𝑐
) 𝜀𝑐𝑢 = (

540 − 78.41

78.41
) × 0.003 = 0.0177 ≥ 𝜀𝑦 

0.0177 ≥ 0.0021 ➔ tension steel is yielding 
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𝜀𝑆
′ = (

𝑐 − 𝑑′

𝑐
) 𝜀𝑐𝑢 = (

78.41 − 60

78.41
) × 0.003 = 0.0007 < 𝜀𝑦 

0.0007 < 0.0021 ➔ compression steel is NOT yielding 

3- Find revised neutral axis depth (c) from top fibers assuming compression steel is not yielding 

𝐴 = 0.85𝑓𝑐
′𝑏𝛽1 = 0.85 × 30 × 250 × 0.84 = 5355 

𝐵 = 600𝐴𝑠
′ − 0.85𝐴𝑠

′ 𝑓𝑐
′ − 𝐴𝑠𝑓𝑦 = 600 × 942.5 − 0.85 × 942.5 × 30 − 1885 × 420 = −250227.855 

 𝐶0 = 600𝐴𝑠
′ 𝑑′ = 600 × 942.5 × 60 = 3929200.66 

𝑐 =
−𝐵 ± √𝐵2 − 4𝐴𝐶0

2𝐴
=

−(−250227.855) ± √−250227.8552 − 4 × 5355 × 3929200.66

2 × 5355
 

𝑐 = (106.32 )or(−50.06)  

Take positive answer c= 106.32 mm 

𝑎 = 𝑐𝛽1 = 106.32 × 0.84 = 89.31 

4- Find revised εs’ and fs’ 

𝜀𝑆
′ = (

𝑐 − 𝑑′

𝑐
) 𝜀𝑐𝑢 = (

106.32 − 60

106.32
) × 0.003 = 0.00131 

𝑓𝑠
′ = 𝐸𝑠𝜀𝑆

′ = 200000 × 0.00131 = 261.4 𝑀𝑃𝑎 

 

5- Find Cc and Cs 

𝐶𝑐 = 085𝑓𝑐
′𝑏𝑎 = 0.85 × 30 × 250 × 89.31 = 569348.51 𝑁 

𝐶𝑠 = 𝐴𝑠
′ (𝑓𝑠

′ − 0.85𝑓𝑐
′) = 942.5 × (261.4 − 0.85 × 30) = 222332.84 𝑁 

6- Find Ø: 

Check strain at bottom layer 

𝜀𝑡 = (
𝑑𝑡 − 𝑐

𝑐
) 𝜀𝑐𝑢 = (

590 − 106.32

106.32
) × 0.003 = 0.0136 ≥ 0.005 ≥ 𝜀𝑦 

0.0136 ≥ 0.005 ➔ tension control ➔ Ø = 0.9 

  

7- Find design moment capacity ØMn 

𝑀𝑛 = 𝐶𝑐 (𝑑 −
𝑎

2
) − 𝐶𝑠(𝑑 − 𝑑′) = 569348.51 × (565 −

89.31

2
) − 222332.84 × (565 − 60) 

𝑀𝑛 = 408.54 × 106 𝑁. 𝑚𝑚 

∅𝑀𝑛 = 0.9 × 408.04 = 367.7 𝑘𝑁. 𝑚 

 

■■■■ 
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