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Xk

Answer the following questions.

Q1: [5+5]

(@) Let X have a Pareto distribution with parameters « and 6. Let ¥ = In(1+ X / 6). ldentify the
distribution of Y and its parameters.
(b) Let A have an exponential distribution and let X|A have a Weibull distribution with

conditional survival function s 1) = %" .- 0. Determine the unconditional or marginal

X|A (2
distribution of X.

Q2: [5+5]

(a) Show that the gamma distribution is a member of the linear exponential family, then derive the
mean and the variance of the gamma distribution.

(b) Five losses are observed as 521, 658, 702, 819, and 1,217. Determine the maximum likelihood
estimate of the parameter « of the single-parameter Pareto distribution, where its distribution

(04
function is defined as F(x) :1—(@j , x>500, a>0. Also, find the log-likelihood value.
T

Q3: [38]

yT
Let X have pdf f(z)= INa+7)y(z!6)

[()C(z)afLl+ (z ] )]

Find the limiting distribution of X as 7 -« and 4911/7 — &, a constant. Identify this distribution.

(Transformed Beta)




The Model Answer

Q1: [5+5]
(a)
+ X ~ Pareto (a,0)

s Fy () :1—( 0 j"

r+6
For Y =In(l+ X /6), E, (y)=Pr(Y <y)
F, (y) =PrlIn(l+ X / 0) <]
LB (y)=Pril+ X/6<e"]
=Pr[X <8(e’ -1)]

O’ -1)+40
B (y)=1- (eiyj

=1-e%,
which is the distribution function of the exponential distribution with parameter 1/ cr.
(b)
2 X|A ~ weibull(2,7), Sy, (x[4)=e™
o A(x) =2
A~ exp ()
LM, (2)=(1-62)"
S, () = E[e™]
=M, [-A(2)]
5 Sy(@)=M,[-2"]
oS (x) =0+ 7))t
Which is a loglogistic distribution with the usual parameter & replaced by 6?_71.
Q2: [5+5]

(a)
For X ~ gamma(«, 0)



g—axa—le—zlﬂ

= f(z;0) = (@)
early, f(x:6 :M
Clearly, f(x;6) 10)
_[ (@) e
Pz

Where, r(6) =—1/6, q(6) = 6% and p(z) = 2% I ()
Hence, the gamma distribution is a member of the linear exponential family.

. The mean, E(X) = u(0) = .q ©)
r (0)q(0)
= Lg“_l =ab
072 0%
and the variance,
Var(X) = v(0) =2
r(6)
— a - _a92
1/6
(b)
.+ X ~ single-parameter Pareto («, 0)

a
F(z) :1—(@j , x>500, a>0.
T

(500"

+1 !

where 8 =500

Sof(x) = g

The log-likelihood function is

~n f(x|a) =Ina+aIn500—-(a+1)Inz
l(a)ziln i (@]a)

sA(a) = ZS:(Ina +aIn500—(a+1)Inz))

J=1

5
=5Ina +5aIn500— (e +1)> Inz,

J
i1

Toget a, set ['(a) =0



5
:>E+5InSOO—ZInxj =0
a P

~.5a'+5In500-33.1111=0

=5a'-2.0381=0
" )
a

- =24
2.0381
-~ () = —33.6239

Q3: [5]
. B INa+7)y(xl6)"
s flx) = N (Oalls Gl O T (transformed beta pdf)

let « be constant and 07" — &
= =&
C(a+7)yz” (LI V)7

@)= I'()T(7)x[l+ 2760771
_ T(o+7)ys”™™
())& ) L+ a7 07 ]

- @) = I'«x +72')}/x7 i ; 1)

D) (@)t [L+a"E7 ]
© lim I ) =1 Stirling's formula
= T(a)
= I'(t)=e r7?(27)"* as 1 > 2

= Ta+7)=e " Na+7)"22r)"* as a+tr >0 (3)
Substitute (2), (3) in (1)
f(x) _ e:(a+r) (72{ + z_)0:-*—7—1/2 (2772_)1/2 7x7T:1
C(a)e " (2) 2 @r) 2 &t [+ a” E7 ]
6705 (a:z—)aJrr—l/Z j/x}/r—lx—yrf;fa

= f(x) = r(a)r—aT—r§7(1+a)§*7ax77(r+a)[1+ xi/gf;/z.]aw
. H z)atb — o7 . H a+r a+r-1/2 — i a T+a-1/2 —
lim(+2)"" = .. lim(=2) lim(L+<) e

a—>0

where lim(1+<)* =1

- —ya-1
e “e“yr’

O O I e




—ya-1

. — yr
. f(a:) F(O{)a’:_m [% (%)}/]uﬁ-r[l_,’_ l,Vg—Vz.]aH

1
1—‘(61)3j .|:1+M:|a+r

= f(2)

P a+t ,
- lim| 14 G20 [ 6

T—®©

gy 2 V&) Oo
s f(x) = M) as 7 —

which is the inverse transformed gamma pdf with parameters «, & and y




