King Saud University First Midterm Exam, S2-1446H
College of Sciences ACTU 475
Department of Mathematics Credibility Theory and Loss Distributions
Time: 90 Minutes - Marks: 25

Xk

Answer the following questions.
(Note that SND Table is attached in page 2)

QL: [4+4]

If the random variable X has probability density function f(z)=(1+ 205 520,

(a) Determine the survival and hazard rate functions.
(b) Find the mean excess loss function e, (z) and limited expected value function E(X A z).

Q2: [4+4]
(a) The severities of individual claims have a Pareto distribution with parameters « = 8/3 and

6 = 8,000. Use the central limit theorem to approximate the probability that the sum of 100
independent claims will exceed 700,000.

(b) Let X have cdf F,(z) =1—( j . Let Y = In(1+ X / &). Determine the distribution of Y

T+0
and its parameters (give its name).

Q3: [3+3+3]

Suppose that X has an exponential distribution. Determine the cdf of the inverse, transformed, and
inverse transformed exponential distributions. Clarify the names of distributions.
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The Model Answer

Q1: [4+4]

(@)
The survival function is
S(z)=| “(@+262)e 2 dt

_ 1,2t
= 2@

" 121, where I = ftze’z‘dt

o S(@)=-+t+t)e ™|

=(A+z+2%)e?, 220
The hazard rate function is

h(x)=—%nn5(x)}

wS(x) =U+z+2°)e ™,
InS(z) = -2z +In(l+ 2z + %)
1+ 2z

Soh(z)=2-
(@) 1+ 2+

or simply,

h(z) = f(x) _ 1+2x22
S(z) l+z+x
(b)

The mean excess loss function is

“S(t)dt

From (i) S(z)=1+z+z%)e™ 2
We can deduce that,
JmS(t)dt = jw AL+t +t%)e 2 dt

ex(z) =

= —(1+t+%t2)e’2t‘
=Q+z+ir?)e™ )

Where I = Itze_%dt =—le? L L

0
x

Ite‘”dt =—1e¢? —Le™? and J.e_tht =—1e¢™



.. By substituting (2) and (3) in (1), we get

1+z+1a?

6X(x): 2

l+z+x

E(X Az)= —_T F(t)dt+_TS(t)dt

- E(X/\:z:)=O+J‘:(l+t+t2)e_2”dt
— 2y _-2t|*
=—(+t+310)e |
=1-A+z+i2%)e™,

Q2: [4+4]

(a)

~+ X = Pareto(8/3, 8000)

th is gi ky ___ 6K
The K" moment is given by E(X") = @Da B
X _ 6 8000 2y 622! _
SEX) =pu= T =4,800 and E(X )_(a_l)(a_z) = 115,200,000

~ Var(X) = E(X?) — u?
=115,200,000 — 4,800
= 92,160,000
For independent random variables X3, X;, ... , X100, the sumis
Si00 =X1 + X5 + -+ Xi0
=~ by using central limit theorem
E(S100) = 100(4800) = 480,000 and
Var(Si00) = 100(92,160,000) = 9,216,000,000
The standard deviation for the sum S, is/Var(S;90) = 96,000

700,000 — 480,000
96,000

= Pr(Sy00 > 700,000) = 1 — qb(

(b)

F (@) :1_(x+0

For Y =In(L+ X /6), F,(y) =Pr(Y <y)
F,(y) =Prlin(L+ X / 0) < y]
S F (y)=Prl+ X/0<e']

= PrLX < 6(e' -1)]

0(e’ -1)+06

) =1-®(2.29) = 0.011

j I.e. X ~ Pareto («,6)



~E(y)=1- (%j
e

— —ay
=1-e",

which is the exponential distribution function with parameter 1/ cr.

Q3: [3+3+3]

We have, Fx(x) = 1 — e~ (exp, dist. with no scale parameter), so we could obtain the following:

(1) The inverse exponential distribution with no scale parameter (where t = —1) has cdf
FF(y)=1-F,@™ Theorem

=1-[1-e 7]
Fy(y) = e ¥
With the scale parameter added, it is F(y) = e~%/¥ (inverse exponential distribution)
(2) The transformed exponential distribution with no scale parameter (where t > 0) has cdf
Fy(y) = Fx(y"), >0 Theorem

=1-e"
Fr(y) =1-exp(—y")
With the scale parameter added, itis F'(y) =1— exp[-(y/&8)"] (Weibull distribution)
(3) The inverse transformed exponential distribution with no scale parameter has cdf
Fr(y) =1-Fx(y™) Theorem for negative ©

=1-[1-exp(=y™)]
Fy(y) = exp(=y™)
With the scale parameter added, it is
F(y) =exp[— (y/0)7F] =exp[— (8/y)*] (inverse Weibull distribution)




