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ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  

Answer the following questions.  
(Note that SND Table is attached in page 2)     

 

Q1: [4+4] 

If the random variable X  has probability density function 
2 2

( ) (1 2 ) ,  0.
xf x x e x−

= +   

(a) Determine the survival and hazard rate functions. 

(b) Find the mean excess loss function ( )Xe x  and limited expected value function ( ).E X x  

 

Q2: [4+4] 

(a) The severities of individual claims have a Pareto distribution with parameters 𝛼 = 8/3 and 

 𝜃 = 8,000. Use the central limit theorem to approximate the probability that the sum of 100 

independent claims will exceed 700,000. 

(b) Let X  have cdf ( ) 1 .





= −

+

 
 
 

XF x
x

 Let ln(1 / ).Y X = +  Determine the distribution of Y

and its parameters (give its name). 

 

Q3: [3+3+3] 

Suppose that X has an exponential distribution. Determine the cdf of the inverse, transformed, and 

inverse transformed exponential distributions. Clarify the names of distributions. 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
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The Model Answer 
 

Q1: [4+4] 

(a) 

  

2

2 2

2 2 21
2

2 2

2 2 21
4 2 2

2 2

2 2

The survival function is

( ) (1 2 )

        2 ,  where 
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The hazard rate function is

( ) [ln ( )]

( ) (1 ) ,

ln ( ) 2 ln(1 )
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(b) 
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The mean excess loss function is
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We can deduce that, 
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 By substituting (2) and (3) in (1), we get
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Q2: [4+4] 

(a)       
∵ 𝑋 = Pareto(8/3, 8000) 

The Kth moment is given by E(𝑋𝑘) =
𝜃𝑘𝑘!

(𝛼−1)…(𝛼−𝑘)
 

∴ E(𝑋) = 𝜇 =
𝜃

(𝛼−1)
=

8,000
8

3
−1

=4,800  and E(𝑋2) =
𝜃22!

(𝛼−1)(𝛼−2)
= 115,200,000 

∴ Var(𝑋) = E(𝑋2) − 𝜇2  

                   =115,200,000 − 4,8002 

                   = 92,160,000 

For independent random variables 𝑋1, 𝑋1, … , 𝑋100, the sum is 

𝑆100 = 𝑋1 + 𝑋2 + ⋯ + 𝑋100   

∴ by using central limit theorem 

𝐸(𝑆100) = 100(4800) = 480,000 and  

𝑉𝑎𝑟(𝑆100) = 100(92,160,000) = 9,216,000,000 

The standard deviation for the sum  𝑆100 is √𝑉𝑎𝑟(𝑆100) = 96,000 

∴ Pr(𝑆100 > 700,000) = 1 − 𝛷 (
700,000 − 480,000

96,000
) = 1 − Φ(2.29) ≅ 0.011 

(b) 

 

For ln(1 / ),  ( ) Pr( )YY X F y Y y= + =   

( ) Pr[ln(1 / ) ]YF y X y= +   

( ) Pr[1 / ]
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which is the exponential distribution function with parameter 1/ .  

 
Q3: [3+3+3] 
We have, 𝐹𝑋(𝑥) = 1 − 𝑒−𝑥 (exp, dist. with no scale parameter), so we could obtain the following: 
(1) The inverse exponential distribution with no scale parameter (where 𝜏 = −1) has cdf  
𝐹𝑌(𝑦) = 1 − 𝐹𝑋(𝑦−1)                    Theorem 
            = 1 − [1 − 𝑒−1/𝑦 ] 
𝐹𝑌(𝑦) = 𝑒−1/𝑦 
With the scale parameter added, it is 𝐹(𝑦)  = 𝑒−𝜃/𝑦   (inverse exponential distribution) 

(2) The transformed exponential distribution with no scale parameter (where 𝜏 > 0) has cdf 

𝐹𝑌(𝑦) = 𝐹𝑋(𝑦𝜏),        𝜏>0             Theorem 

            = 1 − 𝑒−𝑦𝜏
  

𝐹𝑌(𝑦) = 1 − 𝑒𝑥𝑝( − 𝑦𝜏) 

With the scale parameter added, it is ( ) 1  exp[ ( / ) ]


= − −F y y   (Weibull distribution) 

(3) The inverse transformed exponential distribution with no scale parameter has cdf 

𝐹𝑌(𝑦) = 1 − 𝐹𝑋(𝑦−𝜏)                    Theorem for negative 𝜏 
            = 1 − [1 − 𝑒𝑥𝑝( − 𝑦−𝜏) ] 
𝐹𝑌(𝑦) = 𝑒𝑥𝑝( − 𝑦−𝜏) 

With the scale parameter added, it is  

𝐹(𝑦)  = 𝑒𝑥𝑝[ − (𝑦/𝜃)−𝜏]  = 𝑒𝑥𝑝[ − (𝜃/𝑦)𝜏]  (inverse Weibull distribution) 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
 

 
 


