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Answer the following questions.

(Note that SND Table is attached in page 3)

Q1:[3+4]
(a) For the model of automobile bodily injury claimthat is defined by aninsurance company as
0, x <0,
F(z)= 3
() 1_( 2000 ] as
x+ 2000

Determine the survival, density, and hazard rate functions.

(b) The cdf of a random variable X is F(z) =1—exp(—%), z>0.

Find €y (%) and E(X A 2).
Q2:[7]

Let X have a Burr distribution with parameters « =1, y=2 and 6=v1000 and let ¥ have a Pareto

distribution with parameters a =1 and #=1000. Let Z be a mixture of X and Y with equal weight on
each component. Determine the median of Z. Let W =1.1 Z. Demonstrate that W is also a mixture of a
Burr and a Pareto distribution, and determine the parameters of W.

Q3: [5+5]

(a) An insurance company has decided to establish its full-credibility requirements for an individual state
rate filing. The full-credibility standard is to be set so that the observed total amount of claims underlying
the rate filing would be within 5% of the true value with probability 0.90. The claim frequency follows a
Poisson distribution and the severity distribution has pdf

100z

, 0<2<100
5,000

f(z)

Determine the expected number of claims necessary to obtain full credibility using the normal
approximation.



(b) For a particular policyholder, the manual premium is 600 per year. The past claims experience is given
in the following table

Year 1 2 3

Claims 475 550 400

Determine the full credibility and partial credibility through premium by assuming the normal
approximation. Use 7 =0.05 and p =0.95.

Q4: [5+5]

Risk 1 produces claims of amounts 100, 1,000, and 20,000 with probabilities 0.5, 0.3, and 0.2,
respectively. For risk 2, the probabilities are 0.7, 0.2 and 0.1. Risk 1 is twice as likely as risk 2 of being
observed. A claim of 100 is observed, but the observed risk is unknown.

(a) Determine the Bayesian credibility estimate of the expected value of the second claim amount from
the same risk.

(b) Determine the Bihlmann credibility estimate of the expected value of the second claim amount from
the same risk.

Q5: [6]

Seven losses are observed as 27, 82, 115, 126, 155, 161 and 243. Determine the maximum likelihood
estimate of the parameter 6 for an exponential distribution, and for a gamma distribution with a=2. Also,
find the value of the log-likelihood function in each case.




Standard Normal Cumulative Probability Table
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Q1:[3+4]
(a) The survival functionis
S(z)=-F(x)

2000 ]3
2+2000)

soS(x) = (
The density functionis

f(@)=F (z)=-S (x)

. 3(2000)°
w 1@ = 000 0

The hazard rate function

h(x) _[(@)

S(z)

3
@) = 2000 &7

(b)
The mean excess function is

fS(t)dt
S(x)

v S(x) = exp(—%)
_f;exp(—é)dt
exp[—wj
0
t
—O.exp(—j
0), e

.‘. 6X (IL’) = —x
exp[—g]

E(X Az)= E(X)—e(x)S(x)

ex ()=

=ey(z) =

0

The Model Answer



.'.E(XAx):H—H.eXp(—%j
=0(-e )

Q2:[7]

-* X ~ Burr - a=1, y =2, §=+/1000

1

SF@)=1-v", u=—"-—
1+ (z/6)

1
1+ (z /\1000)?

and .Y ~ Pareto - a=1and 8 =1000

Y
F(y) :1_[y+—9j

[l+y/0j

1
1+1/1000

S F(y)=1-

For mixture distribution

1 1
FZ(Z):0'5(1_1+(2/M)2j+0'5(1_1+z/1000j @

_ ;g5 1000 05 1000
1000 + 2 1000 + 2
~ 0.5[2(1000)? +10002 +10002°]

(1000 + 22)(1000 + 2)

(2)

S F(2)=

The median ., isthe solution of the equation F'(m)=0.5 (3)
Apply(3)in(2), we get

0.5[2(1000)? +1000m +1000m*] _
(1000 +m?)(1000 + m)

= m® = (1000)* =10°
.. m =100 which is the median.

0.5




For W=117

F ., (w) =Pr(W < w) = Pr(L1Z < w) = Pr(Z < 1—“’1)

1 1
F =F,(w/11)=0.5|1- +05(1-———
wle)=F;(wi) ( 1+ (w /1.131000)? ] ( 1+w /1100)

Whichis a 50/50 mixture of a Burr distribution with parameters o =1, y=2 and 6 = 1141000 and a Pareto

distribution with parameters « =1 and ¢ =1100.
Q3: [5+5]
(a)

at p=0.90, ®(y,)=+p)/2=0.95
=y, =1.645 (by using SND table)
= A, =(y, /)* = (1.645/0.05)* =1082.41

B(X) :me[loo_“’] do

5000
_J.loo 100z — z°
o 5,000
_ 1 2 3 00
=500 [100(2?/2) - 2*/3],
3
. B(x) =200 F_E}:@
50002 3] 3

100 _
B(X?) =_[ (1902 4,
o | '5,000
B rm 1004 —2° 5,000
= dx =
o 5000 3
Var(X) = E(X?) - [E(X)]
/5,000 10,000 5,000
3 9 9

To get the expected number of claims, use the following formula:
ni = A[1+(2)°]

where o= 5,000 o= 10,000
9 9
.. The expected # of claims =1082.41[1+0.5]
=1623.615

(b)



at p=0.95, ®(y,)=(1+p)/2=0.975
=y, =1.96 (by using SND table)
=4, =(y, /)% =(1.96/0.05)> =1536.64

Themeanis & = E(Xj) = 475+52O+400 =475,
Z(xj _5)2 2 2 2
variance is o? = -2 _0+o 75 =5625
n—1 2

2
For full credibility n > 4, (%)

nn> 1536.64(5625
475

-.n > 38.3095845

oy =g H — n
The credibility factor is Z W
_ 3 =

The partial credibility through premium is
P=ZX+Q1-Z)M

=0.279838(475) + (1—0.279838)(600)
. P =565.02025

Q4: [5+5]

The required calculations are given in the following table.

Risk | 100 | 1,000| 20,000| #(®)| v(®) Pr(© =0)

1 0.5 0.3 0.2 4,350 61,382,500 2/3

2 0.7 0.2 0.1 2,270 35,054,100 1/3

(a) To determine the Bayesian credibility estimate of the expected value of the second claim amount from
the same risk, we do the following.



Clearly, 7(6=1) :é, 7(0=2) :%

The marginal probability is f, (z) = Zf(:c|9)7r(t9)

f(100) = f(100[1) 7 (1) + f(100|2) z(2)
=o.5(3j+o.7(1j=£
3 3) 30

The posterior probabilities are given by

7(1}100) = faoom=® _10 2(2Jo0)=1-2- "
F@00) 17 17 17

The hypothetical means are

(1) =4350, u(2)=2270
The expected next value through Bayesian premium is

E(X, |100) = 7z’(1|100),u(1) + 7r(2|100),u(2)
=3493.53
where X, =100.

(b) To determine the Biihimann credibility estimate of the expected value of the second claim amount
from the same risk, we should find the following quantities.

u=E[u(O)]
=(2/3)(4350)+(1/3)(2270)=3,656.667,

v=Ev(0)]
=(2/3)(61,382,500)+(1/3)(35,054,100)=52,606,366.67,

a =var[u(®)]
= (2/3)(4350)2 + (1/ 3)(2270)? - 3,656.667% = 961, 419.7845,

k=2
a

=54.71737,



n

n+k
1

1+54.71737

__ Y _oo0179477.
55.71737

7 =

The Buhlmann estimate is

E(X,[100)=P, =ZX +(1-Z)u
=0.0179477(100) + (1—0.0179477)(3,656.667)
= 3,592.83.

where X, =100.

Q5: [6]
For exponential distribution, the likelihood function is

L(0) = f(27)f(82)f(115) f(126) f(155) /(161) f(243)

-1 2710 n-1_-82/10 n-1_-115/0 n-1 _-126/0 n-1 _-155/0 n-1 _-161/0 n-1 _—243/0
=0 e e "0 e O e O e O ¢e O ¢

— 9_76_909/ 4

- 1(6)=-TIn6—-9000™*

which isknown as log-likelihood function, to get the likelihood estimate of the parameter 0

set 1 (0)=0

= -701+90907% =0
.0 =129.85714 whichisthe MLE of the mean of an exponential model.

~.1(6) =—41.065

For a gamma distribution with «=2, f(xj| 0) = xﬂ_ze,m[,g’ j=12,..7

10)= Y IN(/(e,|6) = Yz, 6% ")

7 7
=Z;|nxj-14|n9—9-lz;xj
p=



set [(9)=0

,
=-140"+607> z,=0
j=1

14074702 2=0  (x&)

0=

NIg |

A

o 0=64.9286

A 7 A
= 1(0)=) Inz,~14In6-14

j=1

~.1(0) = -39.5244

10



