9 Normal Subgroups and
Factor Groups

Fahd Alshammari - Math343 - 9 Normal Subgroups and Factor
Groups Tutorial



Exercise 1: Let H = {(1),(12)}.1s H normal in S3?

Solution: No, (13)(12)(13)™" = (23) isnotin H.

Exercise 2: Prove that A,, is normal in .S,,.

Solution: Note that |S,, : A,| = 2, so A, hasindex 2in S,,. Therefore A, is normal in S,,.
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Exercise 5: Show that if G is the internal direct product of Hy, Ha, ..., H, and i # j with
1 <1<l S] < n,thenHiﬂHj — {6}

Solution: Say ¢ < jandh € H; N H;. Thenh € Hi{H,---H; 1H; N H; = {e}. By
the definition of internal direct product.)

a

Exercise 6: Let H = { [0

GL(2,R)?

Z] | a,b,d € R,ad # 0}. 's H a normal subgroup of

Solution: No. Let A = Ll) ﬂ and B = [(1) _01] Then Aisin H and Bisin GL(2,R)

but BAB isnotin H.
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Exercise 11: Prove that a factor group of a cyclic group is cyclic.

Solution: Let G = (a). Then G/H = (aH).

Exercise 12: Prove that a factor group of an Abelian group is Abelian.

Solution: Let GG be Abelian and H be a normal subgroup of GG. Forany aH ,bH & G’/H,
we have (aH)(bH) = abH = baH = (bH)(aH ). Therefore G/ H is Abelian.
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Exercise 13: Let H be a normal subgroup of a finite group G and let a be an element of G5.
Complete the following statement: The order of the element a{ in the factor group G/H B

the smallest positive integer n such thata™ is ___

Solution: In H.

Exercise 14: What is the order of the element 14 + (8) in the factor group Za4/(8)?

Solution: Need to find the smallest positive integer n such thatn - 14 € (8) = {0, 8,16}
in Ziog. Computing: 14 -1 =14,14-2 =28 =4 (mod 24),
14-3 =18 (mod 24); 14-4 =8 (mod 24). Since 8 € <8> the orderis 4.
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Exercise 20: Prove that U (40) /Ug(40) is NOT cyclic but U (40) /Us(40) is cyclic.

Solution: First note that both quotient groups have order 4. For the first part, let nUg(40) €
U (40)/Us(40). Thennisodd son = 2k + 1 son® = 4k(k + 1) + 1 = 1(mod8),
this is because k(k + 1) is even. Now this means U (40) /Ug(40) has no element of order
4. Therefore its not cyclic. For the second part, U (40) /U5(40) has order 4 = [3U5(40)].
SoU(40)/Us5(40) = (3U5(40)) is cyclic.

Exercise 28: let G = Z4 ® Z4, H = {(0,0),(2,0),(0,2),(2,2)}, and K = ((1,2)).
s G/ H isomorphic to Zy or Ziy @® Zs?1s G / K isomorphic to Zy or Zig @ Zis?

Solution: Check elements orders to conclude G/H = Zo @ 7o, G/ K = Z4.
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Exercise 30: Express U(165) as an internal direct product of proper subgroups in four

different ways.
Solution: Looking for relatively prime numbers that multiply to 169, we have

We can also write U (165) = Us(165) x Us(165) x U;1(165) as a fourth way.

Exercise 37: Let GG be a finite group and let H be a normal subgroup of GG. Prove that for any
g € G, |gH]| divides |g]|.

Solution: Say |g| = n.Then (gH )" = ¢"H = eH = H . By Corollary 2 to Theorem 4.1,
the order of g H divides n = |g|.
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Exercise 39: Let H be a subgroup of a group GG with the property that for all@ and bin G,
aHbH = abH . Prove that H is a normal subgroup of GG.

Solution: Let x belongto G. ThenzHz 'H =z 'H = H,soxHz ' C H.

Exercise 44: Verify that the mapping defined at the end of the proof of Theorem 9.6 is an

isomorphism.

Solution: Done in class.
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Exercise 47: Let H and K be subgroups of a group G. If |H| = 63 and | K| = 45, prove
that H M K is Abelian. Generalize.

Solution: By Lagrange, |H N K | divides both 63 and 45.1f |[H N K| = 9,then H N K is
Abelian by Theorem 9.7.If |H N K| = 3, then H N K is cyclic by the Corollary of Theorem
71| HNK|=1,then HN K = {e}.

Generalization: If pis a prime and | H| = p°m and | K| = p°n where ged(m,n) = 1,
then | H N K| =1,p,or p?. So by Corollary 3 of Theorem 7.1 and Theorem 9.7, H N K is
Abelian.
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Exercise 50: If |G| — pq, where p and q are primes that are not necessarily distinct, prove

that | Z(G)| = 1 orpg.

Solution: By Lagrange's Theorem, | Z(G)| divides |G| = pq. So |Z(G)| € {1, p, q,pq}.If
Z(G)| =por|Z(G)| = q then |G/ Z(G)| = qor |G/ Z(G)| = p respectively, both
orime. By the G / Z Theorem (Theorem 9.3), G/ Z (G cyclic implies G is Abelian, so

Z(G) = G, which contradicts | Z(G)| = p or q. Therefore | Z(G)| = 1 or pq.

Exercise 55:In Dy, let K = {Ry, D} andlet L = { Ry, D, D', R1gy}. Show that
K < L < Dy, butthat K is not normal in Dy4. (Normality is not transitive.)

Solution: We know that K is normal in L (since |L : K| = 2)and L is normal in D4 (since
Dy : L| =2).ButVK ={V, Ror}, whereas KV = {V, Rgy}. So K is not normal in
D . We Did another example in class using Ay4.
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Exercise 64: Let G be a group and let G’ be the subgroup of G generated by the set
S={z'y 'zy|z,y <G}

a. Prove that G’ is normal in G.

b. Prove that G/ G is Abelian.

c. If G/ N is Abelian, prove that G' < N.

d. Prove that if H is a subgroup of G and G' < H, then H is normal in G.

Solution: (a) Forany g € Gands = & 'y ‘zy € S, we have

gsg =gz 'y zy)g " = (927 g )9y g ) (gyg ) (gzg ") = (9297 ") (gyg ") (gyg N)(gzg™!) € S.
Since conjugation preserves products, ¢gG'g ' = G’, so G’ is normal.

(b) Forany aG’, bG' € G /G, we have (aG")(bG") = abG' and (bG')(aG') = baG'.
Nowa b ‘ab € G’ soabG' = baG'. Thus G/G' is Abelian.

(c) If G/ N is Abelian, then forall z,y € G, eNyN = yNxz N, which gives zyN = yzN.

1

Therefore mflyf zy € N forallz,y € G. Since G is generated by such elements,

G < N.

d)IfG' < H,thenforallg € Gandh € H,ghg 'h"' € G' € H,soghg ' € H.
Thus H is normal in G.
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Exercise 70: Prove that A4 is the only subgroup of Sy of order 12.

Solution: Let H be a distinct subgroup of Sy of order 12. Then | Sy : H| = 24/12 = 2, s0
by Exercise 9, H is normal in Sy and HA4 = S4. Since A4 also normal H N A4 is normal
and |H N Ay| = |H||A4|/24 = 6. But, as we showed in class, there is no subgroup of A4
with order 6.
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