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Introduction to Linear Transformations

= A function 7' that maps a vector space V' into a vector space W:

T.V— W, V,W:vector spaces

V. the domain of T W: the codomain of 7

« Image of v under T:

If vis a vector in V and w 1s a vector in /# such that
T'(v)=w,

then w 1s called the image of v under 7

(For each v, there 1s only one w)

= The range of T:

The set of all images of vectors in V' (see the figure on the
next slide)
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Example: A function from R? into R?
T:R* >R v=(v,v,)eR’
T(vi,v))=(v,—vy, v, +2v,)
(a) Find the image of v=(-1,2) (b) Find the preimage of w=(-1,11)
Solution:
(a) v=(-1, 2)
=T(v)=T(-1, 2)=(-1-2, -1+2(2))=(-3, 3)
(b) T(v)=w=(-1, 11)
T(v,v,) =, =Vv,,v,+2v,)=(-111)
=>v, -V, =-1
v, +2v, =11
—>v, =3, v, =4 Thus {(3, 4)} 1s the preimage of w=(-1, 11)
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« [.inear Transformation:

V,W . vector spaces
T:V = W . A linear transformation of V into W if the

following two properties are true
(1) T(a+v)=T()+7T(v), Vu,velV
(2) T(cu)=cT'(u), VceR
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Notes:

(1) A linear transformation 1s said to be operation preserving

(because the same result occurs whether the operations of addition
and scalar multiplication are performed before or after the linear
transformation 1s applied)

Tu+v)=T)+T(V) T(cu) =cT(u)
l l L1
Addition Addition Scalar Scalar
inly in W multiplication | | multiplication
n/V in W

(2) A linear transformation 7 :}7 — J from a vector space into
itself 1s called a linear operator
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Example: Verifying a linear transformation 7 from R? into R?

T(v,vy) =V, = vy, v +2v,)
Proof:
u=(u,,u,), v=(v,,v,):vectorin R*, c¢:anyreal number

(1) Vector addition :

u+v= (%9“2)"'(‘}19‘}2) :(ul TV, U, +V2)

Ta+v)=T(u,+v,,u, +v,)
= ((u; + ) — (U +v,), (1w, + ) +2(u, +v,))
= ((ul _u2)+(vl _Vz)a(ul +2u2)+(vl +2V2))
=(u, —u,,u, +2u,)) + (v, = v,,v, +2v,)
=T(u)+7T(v)
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(2) Scalar multiplication
cu=c(u,,u,)=(cu,,cu,)
T'(cu)=T(cu,,cu,)=(cu, —cu,,cu, +2cu,)

=c(u, —u,,u, +2u,)

=cT(u)

Therefore, T is a linear transformation



Example: Functions that are not linear transformations

(a) f(x)=sinx

sin(x, +x,) #sm(x,)+sin(x,)

sin(5 + Z)# sin(%) + sin(%) (f(x) = sin x is not a linear transformation)
(b) f(x)=x’

(x, +x,)° #x" +x5

(1+2)> #1°+2*  (fix) =x? is not a linear transformation)
) f(x)=x+1

f(x, +x,)=x+x,+1

JO)+100) =+ D+ +1) =x +x, +2

SO +x)# f(x)+ f(x,)

(f(x) = x+1 1s not a linear transformation,
although it 1s a linear function)

In fact, f'(cx) # cf (x)
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Notes: Two uses of the term “linear”.

(1) f(x)=x+1 1is called a linear function because its graph

1s a line

(2) f(x)=x+1 1s not a linear transformation from a vector
space R mto R because 1t preserves neither vector

addition nor scalar multiplication
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= Zero transformation:
T:V->w I'(v)=0, VvelV
= [dentity transformation:
T:V->V I'(v)y=v, Vvel
= Theorem: Properties of linear transformations
T7:V->Ww, uvelV
(1)T(0)=0 (T(cv) = cTI(v) for ¢=0)
()T (—=v)=-T(v) (I(cv)=cT(v) for c=-1)
(3)T(u—-v)=T(u)-T(v) (T(ut(-v))=T(u)+7(-v) and property (2))
DIt v=cy +c,v,+-+c,v,,
then 7'(v) =T(c,v, +c,v, +---+¢c,v,)

=cT(v)+c,T(vy)+-+c,T(v,)
(Iteratively using T(u+v)=T(u)+7(v) and 7(cv) = cT(v))

Fahd Alshammari - Math 244 - 14471

10



Example: Linear transformations and bases
Let T:R>— R’ be a linear transformation such that
7(1,0,0)=(2,—-1,4)
7(0,1,0) = (1,5,-2)
7(0,0,1)=(0,3,1)
Find T(2, 3, -2)

Solution:
(2,3,-2) =2(1,0,0) +3(0,1,0) — 2(0,0,1)

According to the fourth property on the previous slide that
T'(cvy+ce,v,+-+cv)=cT(v)+c,[(v,)+-+c T(v,)
T(2,3,-2) = 2T(1,0,0) + 37(0,1,0)— 27(0,0,1)

=2(2,-1,4)+3(1,5,-2) - 2T(0,3,])
=(7,7,0)
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Example: A linear transformation defined by a matrix
3 0 | ’
The function 7: R* — R’ is defined as T(v)=Av=| 2 1 Ll}
-1 =27

(a) Find 7'(v), where v =(2,—1)

(b) Show that 7 is a linear transformation form R” into R’

Solution:
(a) v=(2,-1) R’ Veclztor R3lvector
'3 0 ) 6
I'(v)y=4Av=| 2 1 {_J: 3
-1 =2/ 0

~T(2,~1)=(6,3,0)

(b) T(u+v)=A(u+v)=Au+ Av=T(u)+ 7T (v) (vectoraddition)
T(cu)=A(cu)=c(Au)=cT(u)

(scalar multiplication)
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Theorem: The linear transformation defined by a matrix
Let A be an mxn matrix. The function 7 defined by
T'(v)=Av
1s a linear transformation from R" into R™

Note: R Vel:ctor R" \l/ector
a, dyp - 4, |V agv, +apv, +---t+a,,v,
|Gy Gyt Gy, ([ Vo | | AV T ApY, Tt A, VY,
Av =| : , : sl= :
aml am2 o amn vn _amlvl + am2v2 Tt amnvn |

I'(v)=Av  T:R"——>R"

> If T(v) can represented by Av, then 7'is a linear transformation
> If the size of A is m X n, then the domain of 7'1s R” and the

codomain of 7'1s R™
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Example: Rotations in the Plane
Show that the L.T. T: R*> — R* given by the matrix

R cos —sind
| sin@ cosé

has the property that it rotates every vector in R?

counterclockwise about the origin through the angle &

Solution:

. Polar coordinates: for eve oint on the xy-
V:(x,y):(rcosa,rsma)( A >

plane, it can be represented by a set of (7, a))

r. the length of v ( =/x*+ %) "* W)
o the angle from the positive Y

x-axis counterclockwise to

the vector v

1
Rotation in the Plane |
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T(v)= Av = (cosd —sin H}{x} _ {cos ¢ —sin H}[r COS a}

smf@ cosb |y smf cosf || rsina

| rcosf@cosa—rsmlsina
rsin @cosa+rcosfdsina

| r COS(Q +a ) from the addition formulas of
N 7 sin( G + 0[) trigonometric identities

r. remain the same, that means the length of 7(v) equals the
length of v

@ +a: the angle from the positive x-axis counterclockwise to
the vector 7(v)

Thus, 7(v) 1s the vector that results from rotating the vector v
counterclockwise through the angle 6



Example: The transpose function 1s a linear transformation from M,  into M, .
T(4)=4" (T:M,,—>M,,)

Show that 7 is a linear transformation

Solution:
A,BeM,

T(A+B)=(A+B) =A" +B" =T(A)+T(B)
T(cA)=(cA) =cA" =cT(A4)

Therefore, T (the transpose function) 1s a linear transformation
fromM, intoM,
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The Kernel and Range of a Linear Transformation

« Kernel of a linear transformation 7~

Let 7:7V — W be a linear transformation. Then the set of

all vectors v in V that satisty T'(v) = 0 1s called the kernel
of T and is denoted by ker(7)

ker(T)={v|T(v)=0,Vvel}

% For example, Vis R3, Wis R3, and T'is the
orthogonal projection of any vector (x, y, z)
onto the xy-plane, 1.e. T(x, y, z) = (x, y, 0)

> Then the kernel of 7 1s the set consisting of
(0, 0, 5), where s 1s a real number, 1.¢.

ker(7) ={(0,0,s)| s 1s a real number}

The kernel of T is the set
of all vectors on the z-axis.
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Example: Finding the kernel of a linear transformation

T(A):AT (T':M,, >M,,)

Solution:
0 o
ker(7)=|0 O
_O O_

Example: The kernel of the zero and 1dentity transformations

(a) If 7(v) = 0 (the zero transformation 7 :) — W), then
ker(T) =V

(b) If T(v) = v (the identity transformation 7 :V — J'), then
ker(7) = {0}
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Example: Finding the kernel of a linear transformation

X,
T(x) = 4 b= (T:R® - R?)
X) = AX = ‘R >
12 3|7
X3
ker(T) =" -
Solution:

kCI'(T) = {(x19x29x3) | T(x19x29x3) = (090)9 and (xlaxzax?;) €R3}

T'(x,,x,,x;)=(0,0)
1 -1 =2] 7| [o
-1 2 3™ o
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X t 1
=>|x, |=|—-t|=t -1
x| |t ] | 1]

= ker(7T') = {¢t(1,—1,1) | £ 1s a real number}
=span{(l,-L1)}



Theorem: The kernel 1s a subspace of V'

The kernel of a linear transformation 7 :V — W 1s a

subspace of the domain V'

Proof:
'+ T(0)=0 (byTheorem) .. ker(7)is a nonempty subset of V’
Let u and v be vectors 1n the kernel of 7. Then
T(ll + V) T(ll) -I-T(V) 0+0=0 ueker(?),veker(T)=u+veker(T))

> 7'is a linear transformation

T(cu)= cT (u)=c0=0 (u e ker(T) = cu e ker(T))

Thus, ker(7T') 1s a subspace of V' (according to Theorem
that a nonempty subset of V' is a subspace of V' if it is closed

under vector addition and scalar multiplication)
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Example: Finding a basis for the kernel

LetT: R’ — R* be defined by T(x) = Ax, where xis in R> and

1 2 0 1 -1
2 1 3 1 0
A=
-1 0 -2 0 1
000 0 2 8

Find a basis for ker(7) as a subspace of R’

Solution:

To find ker(7) means to find all x satisfying 7(x) = Ax = 0.

Thus, we need to form the augmented matrix [4 | 0] first
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A 0]=

o O O O
TV
oS O - O
N o o =
o - O O
— o © o
A 120A__.
. | =
J_. +
O _
A/__4|A4|Anu
1
oSO o o o =
|
T o —w
+ N ~
— — O N S|_|S4
e\ _
_S
o n GV o ! p
_
124|_AO |l
_ w4

B= {(—2, 1,1,0,0),(1,2,0,—4, 1)}: one basis for the kernel of T
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Corollary:
Let 7 : R" — R" be the linear fransformation given by 7'(x) = Ax.
Then the kernel of 7' is equal to the solution space of Ax=0
T'(x) = Ax (alinear transformation 7 : R" — R")
= ker(7T) =null(A4) = {x | Ax =0, Vx e R”} (subspace of R")

¢ The kernel of T equals the null space of 4 and these two are
both subspaces of R" )

% So, the kernel of 7'1s sometimes called the null space of T’
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Range of a linear transformation 7
Let T :V — W be a linear transformation. Then the set of all
vectors w in ¥ that are images of any vectors i V' 1s called the

range of 7" and is denoted by range(7’)
range(7) ={T(v)|Vvel}

¢ For the orthogonal projection of
any vector (x, y, z) onto the xy-
plane, 1.e. 7(x, y, z) = (x, y, 0)

> The domain is V=R3, the codomain
is W=R?, and the range is xy-plane
(a subspace of the codomian R?)

> Since 7(0, 0, s) = (0, 0, 0) = 0, the
kernel of T 1s the set consisting of
(0, 0, s), where s 1s a real number

Domain Kernel

Range
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Theorem: The range of 7'1s a subspace of W

The range of a linear transformation 7" : ' — W 1s a subspace of W

Proot:
'+ T(0)=0 (Theorem 6.1)

. range(7') 1s a nonempty subset of W/

Since 7'(u) and 7'(v) are vectors in range(7), and we have
because u+vel

T(u)+ T(V) - T(u+v) & range(T) [

> T'is a linear transformation

CT(“) T(Cll) E range(T) Range of T i1s closed under scalar multi-
plication because 7'(u) and 7'(cu) € range(7)

Range of T is closed under vector addition
because 7'(u), T(v), T(u+v)erange(T)

because cuelV
Thus, range(7') 1s a subspace of W (according to Theorem

that a nonempty subset of W 1s a subspace of W if 1t 1s closed

under vector addition and scalar multiplication)

11/13/2025 Fahd Alshammari - Math 244 - 14471 26



11/13/2025

Notes:
T:V — W 1is a linear transformation

(1) ker(7') 1s subspace of V' (Theorem)
(2) range(T') 1s subspace of W (Theorem)
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Corollary:

Let T :R" — R" be the linear transformation given by 7'(X) = 4x.

The range of T is equal to the column space of A4, 1.e. range(T") = col(A4)

(1) According to the definition of the range of 7(x) = Ax, we know that the
range of T consists of all vectors b satisfying Ax=b, which 1s equivalent to
find all vectors b such that the system Ax=b is consistent

(2) Ax=b can be rewritten as

Ax

Xy

all

a,

a

ml

+ X,

4 X

a

1n

a,

n

a

mn

Therefore, the system Ax=b 1s consistent 1ff we can find (x, x,,..., x,)
such that b 1s a linear combination of the column vectors of 4, 1.e.b € CS(A)

Thus, we can conclude that the range consists of all vectors b, which is a linear
combination of the column vectors of 4 or said b € col(4). So, the column space

of the matrix 4 1s the same as the range of 7, 1.e. range(7) = col(4)
Fahd Alshammari - Math 244 - 14471
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= Use our example to illustrate the corollary to Theorem:

> For the orthogonal projection of any vector (x, y, z) onto the xy-
plane, 1.e. 7(x, y, z) = (x, y, 0)

> According to the above analysis, we already knew that the range
of T 1s the xy-plane, 1.e. range(7)={(x, y, 0)| x and y are real

numbers }

> T can be defined by a matrix 4 as follows

1
A=|0
0

0 0

1

1 O}, suchthat | O

0 0

0
1

0 0 0fz] |0

0l x X

Olly|=|y

> The column space of A4 1s as follows, which is just the xy-plane

CS(A4) =x,

11/13/2025

0|+x,

+ X,

0
0=

0

, where x,,x, € R
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Ex 7: Finding a basis for the range of a linear transformation

Let T : R — R* be defined by T(x) = Ax, where x is R’ and

1 2 0 1 -1|

2 1 3 1 0
A =

-1 0 =2 0 1

0 0 0 2 8

Find a basis for the range of T
Sol:

Since range(7) = col(A), finding a basis for the range of 7'1s
equivalent to fining a basis for the column space of 4

11/13/2025 Fahd Alshammari - Math 244 - 14471



12 0 1 -1 M 0 2 0 -1
213 L0 g, |0 @ -1 0 2 5
-1 0 =2 0 1 o0 0 @ 4
0 0 0 2 8 0 0 0 0 O]
¢ € C; C Cs wew, W W, W

= w,, W,, and w, are indepdnent, so {w,, w,, w,} can
form a basis for col(B)
. Row operations will not affect the dependency among columns
. ¢, ¢,, and ¢, are indepdnent, and thus {c,, ¢,, ¢,} is
a basis for col(A4)
Thatis, {(1, 2, -1, 0), (2, 1, 0, 0), (1, 1, 0, 2)}isa basis
for the range of T’



« Rank of a linear transformation 7. V—W:

rank(7") = the dimension of the range of 7' = dim(range(7))

According to the corollary to Thm., range(7) = col(4), so dim(range(7)) = dim(col(A4))

= Nullity of a linear transformation 7:V—W:

nullity(7') = the dimension of the kernel of 7' = dim(ker(7"))

According to the corollary to Thm., ker(7) = null(A4), so dim(ker(7)) = dim(null(A4))

= Note:

If T:R" — R" 1s a linear transformation given by 7'(x) = 4x, then
rank(7") = dim(range(7")) = dim(col(A4)) = rank(A4)
nullity(7") = dim(ker(7")) = dim(null( 4)) = nullity(A)

> The dimension of the row (or column) space of a matrix A4 is called the rank of 4

> The dimension of the nullspace of 4 (null(4) = {x| Ax =0}) is called the nullity
of A
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Theorem: Sum of rank and nullity

Let 7: V' — W be a linear transformation from an n-dimensional
vector space V (1.e. the dim(domain of 7) 1s n) 1nto a vector
space W. Then

rank(7") + nullity(7) = n
(1.e. dim(range of T') + dim(kernel of 7') = dim(domain of 7))

Domain  Kernel ¢ You can image that the dim(domain of 7)
should equals the dim(range of 7)
originally

¢ But some dimensions of the domain of T
1s absorbed by the zero vector in W

¢ So the dim(range of T) is smaller than
the dim(domain of 7) by the number of
how many dimensions of the domain of
T are absorbed by the zero vector,
which is exactly the dim(kernel of T)
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Prootf:
Let T be represented by an m x n matrix A, and assume rank(4) =r
(1) rank(7") = dim(range of 7') = dim(column space of 4) =rank(A4)=r
(2) nullity(7T") = dim(kernel of 7') = dim(null space of 4) =n—r

= rank(7) +nullity (T)=r+(n—r)=n i;‘j{;{j;“f fl‘fjfﬁ;?ﬁief

> Here we only consider that 7 is represented by an m Xn matrix 4. In
the next section, we will prove that any linear transformation from an
n-dimensional space to an m-dimensional space can be represented
by mXn matrix

Fahd Alshammari - Math 244 - 14471
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Example: Finding the rank and nullity of a linear transformation

Find the rank and nullity of the linear transformation 7 : R — R’

define by
1 0 -2
A=10 1 1
0 0 0
Solution:

rank(7") =rank(A4) =2
nullity (7') = dim(domain of 7') —rank(7)=3-2 =1

> The rank 1s determined by the number of leading 1’s, and the nullity
by the number of free variables (columns without leading 1°s)
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Example:

Solution:

11/13/2025

Finding the rank and nullity of a linear transformation

Let 7: R> — R’ be a linear transformation

(a) Find the dimension of the kernel of T if the dimension
of the range of 7" 1s 2

(b) Find the rank of 7" if the nullity of 7" 1s 4

(c) Find the rank of 7 if ker(7") = {0}

(a) dim(domainof 7')=n=>5
dim(kernel of 7)) =n—dim(range of 7)=5-2=3

(b) rank(7) =n—nullity(T) =5-4 =1
(c) rank(7) =n—nullity(T)=5-0=35
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= One-to-one:

A function T: V' — W 1s called one-to-one 1f the preimage of
every w in the range consists of a single vector. This 1s equivalent
to saying that 7 1s one-to-one iff foralluand vin V', T'(u) =7(v)

implies that u = v

one-to-one | not one-to-one
11/13/2025 Fahd Alshammari - Math 244 - 14471
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Theorem: One-to-one linear transformation
Let 7 :V — W be a linear transformation. Then
T’ 1s one-to-one 1ff ker(7') = {0}

Proof:

(=) Suppose T 1s one-to-one
Then 7'(v) = 0 can have only one solution: v =0
1.e. ker(7T') = {0}
(<=) Suppose ker(7)={0} and 7' (u)=7'(v)
T(u=v)=Tu)-T(v)=0

Due to the fact that
7(0) = 0 in Thm.

T 1s a linear transformation, see Property 3 in Thm. 6.1

u—veker(l)=u-v=0=u=v

= T 1s one-to-one (because 7'(u) = 7'(v) implies that u = v)
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Example: One-to-one and not one-to-one linear transformation

(a) The linear transformation7: M, — M, givenby T'(A)= A"
1S one-to-one

because 1ts kernel consists of only the m Xn zero matrix

(b) The zero transformation 7 : R° — R’ is not one-to-one

because its kernel is all of R3
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=« Onto:

A function 7' : V' — W 1s said to be onto if every element

in W has a preimage in V'

(T 1s onto W when W 1s equal to the range of 7)

Theorem: Onto linear transformations

Let 7 V' — W be a linear transformation, where W is finite
dimensional. Then 7 is onto if and only if the rank of 7"is equal

to the dimension of W
rank (7") = dim(range of 7') = dim(W)
| |

The definition of The definition
the rank of a linear of onto linear
transformation transformations
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Theorem: One-to-one and onto linear transformations

Let 7 :V — W be a linear transformation with vector space V and W

both of dimension #n. Then 7' 1s one-to-one 1f and only if 1t 1s onto

Proof:
(=) If T 1s one-to-one, then ker(7') = {0} and dim(ker(7")) =0

Thm

dim(range(7')) = n- dim(ker(7)) = n =dim(W)

According to the definition of dimension

Consequently, T 1s onto that if a vector space V consists of the
zero vector alone, the dimension of V' is

defined as zero

(<) If T 1s onto, then dim(range of 7) = dmm(W') =n l
Thm. 6.5

dim(ker(7)) = n—dim(rangeof 7)=n—n=0= ker(T') = {0}

Therefore, 7' 1s one-to-one

11/13/2025 Fahd Alshammari - Math 244 - 14471

41



Example:

The linear transformation 7' : R" — R" is given by T'(x) = Ax. Find the nullity

and rank of 7" and determine whether 7' is one-to-one, onto, or neither

1 2 0
(a)A=|0 1 1
00 1

Solution:

T:R"—R™

(a) T:R°*—R’
(b) T:R°—R’3
(¢) T:R’*—R?
(d) T:R’°—R3

11/13/2025

1 2 Lo o 1 2 0
(b)d=|0 1 (c)A{ } dA4={0 1 1
0O 1 -1
0 0] 0 0 0]
= dim(range
of 7) If nullity(7) If rank(7) =
= dim(R") =# of =(1)-(2) = || =dim(ker(7)) || dim(R™) =
=n leading 1°s dim(ker(7)) || =0 m
dim( (&1 . 4 (D) ¢ v v
im(domain  ran .
nullit 1-1 onto
of )(1) () yi)
3 3 0 Yes Yes
2 2 0 Yes No
3 2 | No Yes
3 2 | No No
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Definition: [somorphism
A linear transformation 7" : ¥V — W that is one to one and onto

is called an isomorphis m. Moreover, if /" and W are vector spaces
such that there exists an iIsomorphism from V' to W, then V' and W
are said to be isomorphic to each other

Theorem: [somorphic spaces and dimension
Two finite-dimensional vector space V and W are isomorphic

if and only 1f they are of the same dimension
Proof:
(=) Assume that V' 1s isomorphic to W, where V' has dimension 7
— There exists a L.T. 7T : V — W that 1s one to one and onto
' T 1s one-to-one
= dim(ker(7)) =0 dim(lVl) =n
— dim(range of 7') = dim(domain of 7")—dim(ker(7))=n—-0=n



. T'1s onto
— dim(range of 7)) =dim(W) =n

Thus dim(V) = dim(W) = n

(<) Assume that J and ¥ both have dimension n
Let B= {Vl, Ve ,Vn} be a basis of V' and

B'={w,, w,, ---,w, | bea basis of W
Then an arbitrary vector in /' can be represented as
V=cV,+c,Vv,+4+c vV,
and you can definea L.T.7T :V — W as follows
w=T(V)=¢cwW, +c,W,+--+c,w _(bydefining T(v,)=w,)



Since B'is a basis for V, {w, w,,...w_} 1s linearly
independent, and the only solution for w=0 1s ¢,=c,=...=¢,=0

n

So with w=0, the corresponding v is 0, 1.e., ker(7) = {0}
— T'1s one - to - one

By Theorem 6.5, we can derive that dim(range of 7) =
dim(domain of 7) — dim(ker(7)) = n —0 = n = dim(W)

— T 1s onto

Since this linear transformation 1s both one-to-one and onto,

then J and W are isomorphic



Note

The above Theorem tells us that every vector space with

dimension # 1s 1Isomorphic to R”

Ex 12: (Isomorphic vector spaces)
The following vector spaces are 1somorphic to each other
(a) R* =4-space
(b) M, , = space of all 4x1 matrices
(c) M, , = space of all 2x2 matrices

(d) B(x) = space of all polynomials of degree 3 or less

(e) V ={(x,, x,, x;, x,, 0),x, are real numbers} (a subspace of R )
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Matrices for Linear Transformations

« Two representations of the linear transformation T:R*—R>:

D) T(x,x,,x;)=2x, +x, —x;,—x, +3x, —2x;,3x, +4x;)

2 1 -1 x
2) T(x)=4x=|-1 3 =2]|| x,
0 3 4| x

= Three reasons for matrix representation of a linear transformation:
= [t 1s simpler to write
= It 1s simpler to read

= It 1s more easily adapted for computer use
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Theorem: Standard matrix for a linear transformation

Let7T : R" — R™ be a linear trtansformation such that

a a, a,
dy dy, a,
T(el): . ] T(e2): . ’ Tty T(en): :n )
_aml_ _am2_ amn_

where {e,,e,,...,e_}1sastandard basis for R". Then the m xn

matrix whose n columns correspond to 7'(e, ),

dy  dyp aln_

a a oo 0 a
A:[T(el) T(ez) T(en)]: :21 . " )
_aml am2 amn_

is such that 7'(v) = Av for every v in R", A1s called the

standard matrix for T’
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Proof:

_vl_ (1] 0 | 0 |
v, 0 1 0

v=| "=y .|+ . |+FVv | . |=ve +ve +--+Ve
v, 10 0 1

7T'1s a linear transformation = 7'(v) =T (vie, +v,e, +---+v e )
=T(ve)+T(v,e,)+---+T(v,e,)
=vT(e)+v,T(e,)+--+v,T(e,)

IfA=[T(e) T(e,) --- T(e,)], then

dyp Ay o 4y, ||V ag v, tapy, +--+ta,v,
gy =| G Gn oy | Vo | | AV TdpVy et dy, Y,
_aml am2 Tt amn | _Vn ] _amlvl + am2v2 oot amnvn _




dp d, a,
a a a
21 22 2n
- Vl . + V2 . °* + Vn .
aml am2 amn ]

=vT(e)+v,T(e,)+---+vT(e))

Therefore, 7 (v) = Av for each vin R”"
Note

Theorem tells us that once we know the image of every vector in the
standard basis (that 1s 7(e;)), you can use the properties of linear

transformations to determine 7(v) for any vin V'



Example: Finding the standard matrix of a linear transformation

Find the standard matrix for the L.T.7 : R> — R’ defined by
T(xayaz) :(x_zya 2X+y)

Solution:
Vector Notation Matrix Notation
1
1
T(e)=T(, 0, 0)=(1, 2) T'(e)=T(0 FM
0

0

-2

T(e,)=T(0, 1, 0)=(=2,1) T(e))=T(1 ){ }
0

0
T'(e;)=T1(0, 0, 1)=(0, 0) T(eg)=T(0)={O}
1
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A= :T(el) T(ez) T(e:s)]
=20
2 10
« Check:
Aot =2 0] | [x-2y
Y152 1 oY T [ 2xry
_Z_ _Z_

e, T(x,y,z)=(x-2y,2x+ )

= Note: a more direct way to construct the standard matrix

1 -2 0] « 1x— 2)/ 10z % The first (secoqd) row actually |
A= ) i 0 represents the linear transformation

< 2x+1y+0z function to generate the first (second)
component of the target vector
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Example: Finding the standard matrix of a linear transformation

The linear transformation 7 : R> — R’ is given by projecting

each point in R” onto the x - axis. Find the standard matrix for T

Solution:
T(x,y)=(x,0)

1 0
A=[T(e) T(e,)|=[T(1, 0) T(0, 1)]{0 0}

Notes:

(1) The standard matrix for the zero transformation from R” into R™
1s the mxn zero matrix

(2) The standard matrix for the identity transformation from R” into
R" 1s the nxn 1dentity matrix 7,

Fahd Alshammari - Math 244 - 14471 53



11/13/2025

« Composition of 7:R"—R" with T,:R"—RP:
T(V)=T,(T,(v)), veR’
This composition 1s denoted by 7' =T, o7,

Composition of Transformations

Theorem: Composition of linear transformations

Let7, : R" > R" and 7, : R — R” be linear transformations

with standard matrices 4, and 4, ,then

(1) The composition 7 : R" — R”, defined by T(v) =T, (7;(v)),
1s still a linear transformation

(2) The standard matrix A for 7 is given by the matrix product
A=A4,4
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Proof:

(1) (7' 1s a linear transformation)
Let u and v be vectors in R” and let ¢ be any scalar. Then
T'(u+v) =TT (u+v)) =T,(T,(n) + T;(v))
=L(LH(W)+TL,(T(V) =T(a) + T(v)
T(ev) = Ty(T,(ev) = Ty(cT, (V) = Ty (T, (V) = ¢T(¥)

(2) (4,4, 1s the standard matrix for 7')
T(v)=T,(T;(v)) =T,(4,v) = 4,4,V = (4,4,)v

Note:
Iiol, #1, 01,



Example: The standard matrix of a composition

Let 7 and 7, be linear transformations from R’ into R’ s.t.

T, (x,3,2) = (2x+ 3,0, x+2)
Tz(x,y,z)z(x—y, Z, y)

Find the standard matrices for the compositions 7' =7, o T,

andT'=7 oT,
Solution:

21 0

A4 =10 0 0] (standard matrix for 7))
1 0 1
1 -1 0

A, =10 0 1| (standard matrix for 7))
0 1 O
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1ol

The standard matrix for T

1

1

-1 02

1

140 0 O

A4 =[0 0

A=

The standard matrix for 7"

—1

1

1

0

1

2

0O 0 0[O0 O

A=A A,



= The matrix of 7 relative to the bases B and B *:
T.V->w (a linear transformation)
B={v,v,,---,v.}  (anonstandard basis for V)

The coordinate matrix of any v relative to B 1s denoted by [v],

if v can be represeted as ¢,v, +¢c,v, +---+c¢,v, , then [v], =

A matrix A4 can represent 7 if the result of 4 multiplied by a
coordinate matrix of v relative to B 1s a coordinate matrix of v

relative to B’, where B’ 1s a basis for /. That 1s,

[T7(V)],. = ALV,

where A4 1s called the matrix of T relative to the bases B and B

)
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= Transformation matrix for nonstandard bases (the generalization
of Theorem, 1n which standard bases are considered) :

Let V' and W be finite - dimensional vector spaces with bases B and B,

respectively, where B ={v,,v,,---,v }

If T:V — W 1s a linear transformation s.t.

_an_ _a12— _aln‘
a a 4
[T(Vl)]B' = .21 R [T(V2)]B’ — :22 R [T(Vn)]B. _ 2n
_aml_ _amz_ _amn_

then the m x n matrix whose n columnscorrespond to [T (v, )] »
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_an dp, d, |

a, a a,,

A= [[T(Vl)]B’ [T(v)]p - [T(Vn)]B'] = 7 - ;
_aml amZ amn_

is such that [T (v)] , = A[v], for every vin ¥/

> The above result state that the coordinate of 7(v) relative to the basis B’
equals the multiplication of 4 defined above and the coordinate of v
relative to the basis B.

> Comparing to the result in Thm. (7(v) = 4v), it can infer that the
linear transformation and the basis change can be achieved in one step
through multiplying the matrix 4 defined above
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Example: Finding a matrix relative to nonstandard bases

Let T: R> — R’ be a linear transformation defined by
T(x,%,) = (X + X5, 2%, — X;)

Find the matrix of T relative to the basis B ={(1, 2), (-1, 1)}

and B'={(1, 0), (0, 1)}

Solution:
7(1,2)=(3,0)=3(1,0)+0(0,1)
T'(-1,1)=(0,-3)=0(1,0)-3(0,1)

[7(1,2)], = m [T(-1,1)], = [_03}

the matrix for 7 relative to B and B’

A=[rq,2], |[r (1,2)]Bv]=[(3) _03}
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Example:
For the L.T. T:R* — R’ given in Example 5, use the matrix 4

to find 7(v), where v = (2, 1)

Solution:
v=012,D)=1(1,2)-1(-1,1) B=A{(,2), (-1}
— [V]B = |:_11j|

= [T(v)], = 4lv], = [(3) _03}[—1 1} B m

= T(v)=3(L,0)+3(0,1)=(3,3)  B'=1{(1,0),(0,1)!

« Check:
7'2,H)=2+1L,22)-1)=(3,3)
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Notes:

(1) In the special case where V =W (1.e., T:V —>V)and B=B",

the matrix A4 1s called the matrix of 7 relative to the basis B

(2) If T:V — V 1s the 1dentity transformation
B={v,v,,---,v }: abasis for VV

— the matrix of 7 relative to the basis B

01 - 0
a=[[rw), [T, -~ [Tl J=|. . =1




Transition Matrices and Linear Transformations

V-V (a linear transformation)
B={v,v,,---,v } (abasisof V)

B'={w,w,,---,w_} (abasisof )

A=|[T(v)], [T(v)], - [T(v,)], | (matrix of T relative to B)

A'= [[T(Wl)]B, [T(Wz)]B, [T(Wn):B,:| (matrix of 7 relative to B')
T, =A4|v],, and [T(V)], = 4'[v],

2 Py = |:[W1 ]B [W2 ]B [Wn ]B} ( transition matrix from B' to B)

P = P, = [[V1 ]B, [V2 ]B, [Vn ]B,] ( transition matrix from B to B')

~v]y =B [v], and [v], = 5 B[V,
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» Two ways to get from [V]B. to [T (V)]
(1) (direct): A'[v], =[T(v)],

B'*

(2) (indirect): , P, A P [ V], =[T(V)]; = A'= , P,A, B,

mdirect

(Basis B)

(Basis B)

direct
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Example: Finding a matrix for a linear transformation
Find the matrix 4" for 7 : R* > R’
T'(x,x,)=02x—-2x,,—x, +3x,)

reletive to the basis B'={(1,0), (1,1)}
Solution:

W A'=|[17@, 0], [7@, D], ]

T(1,0)=(2,-1)=3(1,0)-1(1,1) = [T(1,0)], = {_31_
T(1,1)=(0,2)=-2(1,0)+2(1,1) = [T, D], = {_22—

= A'=[[rq,0], [rq, 1)]3']:[_31 _22}
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(2) standard matrix for 7" (matrix of 7T relative to B = {(1, 0), (0, 1)})

A= [T(l, 0) T7(0, 1)]: [_21 _32}

transition matrix from B' to B
5 Solve a(1, 0) + b(0, 1) = (1, 0) =

1 1 °
sy = [[(1’ O)]B [(1’ 1)]B:| - |:0 1:| X gz;lfg ;((1{’0(;)+ d0,)=(,1)=

. : d)=(1,1
transition matrix from B to B' ©d=1

_1} % Solve a(1, 0) + b(1, 1)=(1, 0) =

B'PB :[[(19 O)]B- [(O, 1)]3.:|:|:(1) | (a, b)=(1,0)

5 Solve ¢(1, 0) + d(1, 1) = (0, 1) =
matrix of 7 relative B'

(c,d)=(-1,1)
| 1 172 =201 11 [3 =2
A=el =10 1 3o 11514 2
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Example: Finding a matrix for a linear transformation
Let B={(-3, 2), (4, —2)} and B'={(-1, 2), (2, —2)} be basis for

7
R*,and let 4 = { 7} be the matrix for 7 : R* — R* relative to B.

Find the matrix of 7T relative to B'

Solution:
Because the specific function is unknown, it is difficult to apply the direct
method to derive 4, so we resort to the indirect method where A’ =5.Py 4 zPj.

o« . . 3 _2
transition matrix from B' to B: P, = [[(—1, 2], [@ —2)]3} = {2 _J

o . _1 2
transition matrix from B to B': by = [[(—3, 2)],3' [(4’ _2)]3'] :{ 9) 3}

matrix of 7 relative to B':

| 1 22 793 2] [2 1
A=l sl =l 5 55 7)l2 <174 3
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Example: (Finding a matrix for a linear transformation)

For the linear transformation 7 : R* — R” given in last Example, find [V] .

[T(v)],,and [T (v)],., for the vector v whose coordinate matrix is

Solution:

[T(v)]B=A[v]B={ }{ } {
7], = B [T), { M { }

2
or [T(V)], = A[v], - { ! 1 1
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