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LEARNING OUTCOMES

What you should be able to do

Sections 3.1 -3.2

e Add, subtract and scale vectors, as arrows in R? and by components in R™; compute norms, unit vectors,
distances, dot products and angles, and use their properties.

Section 6.1

e State the four inner product axioms and check them for a given rule, such as a weighted Euclidean inner
product.

e Compute inner products, norms and distances in R", M,,,,, B, and C|a, b], and simplify expressions such as (u —
2v, 3u + 4v).

Section 6.2

e Use the Cauchy-Schwarz and triangle inequalities, find the angle between two vectors, and decide whether two
vectors are orthogonal for a given inner product.

Section 6.3

e Recognize orthogonal and orthonormal sets and bases, find coordinates relative to them with inner products,
and apply the Gram-Schmidt process.
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SECTIONS 3.1 - 3.2 (KEY RESULTS)

Vectors in R": Length, Distance and Dot Product

GOAL See vectors as arrows in R? and as n-tuples in R", and measure them: length, distance, dot product and angle.
The dot product is the model for the inner products of Section 6.1,

1 Vectors as arrows: addition, subtraction and scalar multiples
Vectors in R™ and the rules for their operations

Norm (length) and unit vectors

Distance in R"

The dot product and its properties

S U1 A W N

Cauchy-Schwarz, angles and the triangle inequality
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3.1 - GEOMETRIC VECTORS

Vectors as arrows

In 2-space and 3-space a vector is drawn as an ARROW: its tail is the INITIAL POINT and its tip is the TERMINAL
POINT. Only its length and its direction matter.

e Arrows with the same length and direction are EQUIVALENT:
they represent the SAME vector, wherever they are drawn.

(1,2)
e The ZERO VECTOR 0 has length 0: its initial and terminal v

points coincide. v

e Unless we say otherwise, a vector starts at the origin. Its
terminal point then has the coordinates of the vector, so
(v4,v,) can be read as a POINT or as a VECTOR. *

The vector from P, to P,

Terminal point minus initial point: P;P, = (x5 — X1, Y2 — Y1, Z2 — Z1).

Example 1: P,(2,—1,4), P,(7,5,—8): PP, = (7 =2, 5—(=1), =8 — 4) = (5,6, —12).
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3.1 - VECTOR ADDITION AND SUBTRACTION

Adding and subtracting vectors geometrically

Yy
V—W
(-3,2)
v
\\\\\ "
Addition Subtraction
PARALLELOGRAM RULE: draw v and w from the same v—w =V + (—w), where —w has the length of w and
point; v + w is the diagonal of the parallelogram they the opposite direction. With v and w drawn from the
form. TRIANGLE RULE: put the tail of w at the tip of v; same point, v — w is the arrow from the tip of w to the
then v + w runs from the tail of v to the tip of w. Both tip of v.

givev+w=w+v. (1,4) — (4,2) = (-3,2)

(1,3) + (4,2) = (5,5)
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3.1 - SCALAR MULTIPLICATION

Scalar multiples of a vector

SCALAR MULTIPLE For a scalar k, the vector kv has length |k| times the length of v. It has the direction of v
if k > 0 and the opposite direction if k < 0; Ov = 0. In components, k(v,,v,) = (kvy, kv,).

y -, allkv
/
\"
/ X
/
/
/
/
/
(a) some multiples of v (b) all multiples: a line
v =(1,2): 2v = (2,4), —1/2v=(-1/2,-1), (v =-v=(-1,-2)

v and kv are PARALLEL (collinear). The multiples of a nonzero v fill the line through the origin in the direction of v.
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3.1 - DEFINITIONS 1-3

Vectors in R"

DEFINITION R" is the set of all ordered n-tuples v = (v4, v,, ..., v,,) of real numbers. Two vectors are EQUAL
when all their corresponding components are equal. For v,w in R™ and a scalar k:
1) v+w=;+wy, v +w,, ..., v, +W,)
2) kv = (kvq, kv,, ..., kv,) and —v = (—v;, —vy, ..., =)
3) v—-w=v+(—wW) = (v — Wy, Uy — Wy, ..., U, — Wy)
Example 3: v=(1,-3,2), w=(42,1)
v+w=(5—-123), 2v = (2,—6,4), —w = (—4,-2,-1), v—w=(-3,-51)

For n > 3 we cannot draw the arrows, but the algebra is the same. A vector may also be written as a row
[v; v, -+ v, ]orasacolumn, as in the old slides.
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3.2 - DEFINITION 1 - THEOREM 3.2.1

The norm (length) of a vector

DEFINITION 1 The NORM (length, magnitude) of v = (v, v5, ..., ;) in R™ is the number || v = \/v? + vZ + - + v2.

Examples )
I (=32DI1=Vv9+4+1=+14

(v1, v2)

1 (0,-2,1,4,-2)I=v0+4+1+16+4=V25=5

X

THEOREM 3.2.1 Forvin R™ and a scalar k: In R? the formula is the Theorem of
@ Ilvi=o0 Pythagoras.

(b) Ivi=0ifand onlyifv=0
(© kv il=lkl v

Proof of (¢): | kv llI= k2v? + -+ k2v2 =Vk2 \JvZ + -+ vZ =kl v =
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3.2 - UNIT VECTORS

Unit vectors and normalizing

A vector of norm 1 is a UNIT VECTOR. If v # 0, then u = v is the unit vector in the direction of v: by

vl

Theorem 3.2.1(c), lu lI=ll v II/ll v I= 1. Finding u is called NORMALIZING v.

Example: normalize v = (3,—1,2)

3. 1 2)
V14" V14 V14

1
Ivi=Vo+1+4=v14 u=—(3-1,2 =<
ﬂ( )

| ull= 9+1+4—1

WIS T e T 1a T

The STANDARD UNIT VECTORS of R™ are e; = (1,0,...,0), ..., e, =(0,...,0,1), and v = v;e; + -+ + v, e,; for
example (7,3,—4,5) = 7e, + 3e, — 4e; + 5e,.
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3.2 - DEFINITION 2

Distance in R"

DEFINITION 2 The DISTANCE between u = (u4, ...,u,) and v = (v, ...,v,) in R™ is
du,v) =lu—vill=(u —v)2+ (uy — )% + -+ (uy, — v,)2%

In R* and R3 this is the usual distance between the points u X2
and v: the length of the arrow u — v from the tip of v to the S u_v
. ~
tip of u. SN length d(u,v)

Example 4: u = (1,3,-2,7), v=(0,7,2,2)
du,v) =1 =024+ @B =72+ (-2-2)24+(7-2)2 =58

By Theorem 3.2.1: d(u,v) =0, d(u,v) =0ifand only ifu =,
and d(u,v) =d(v,u). X1
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3.2 - DEFINITION 3

The dot product in R? and R?

DEFINITION 3 If u and v are nonzero vectors in R? or R3 and 8 is the angle between them, 0 < 8 < 7, their
DOT PRODUCT is u-v=[ullllvilcosf.lfu=00orv=0,thenu-v=0.

From the angle to the components
The law of cosines in the triangle with sides u, v and v — u gives

Iv—ul>=lul>+IvI*=2l1ullllvlcosd

SO u-v= %(II u 1241 v I2=]l v — u [I?). Writing the norms with
components and simplifying:

u-v=uv, +u,v, in R? u-v=uv +u,v, +uzv; in R3

3.2 Norm, Dot Product, Distance Fahd M Alshammari - MATH 244 - Linear Algebra
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3.2 - DEFINITION 4

The dot product in R"

Examples

DEFINITION 4 Foru = (u4,...,u,) and v = (v4, ..., v,) in R™, the DOT PRODUCT (Euclidean inner product) is
the NUMBER u v = u;v; + uyv, + -+ + u,v,: multiply corresponding components and add.

(1,2,0,-3)-(3,-2,42) = (DB) + (2)(=2) + ()4 + (=3)(2) = -7

(=1,3,57) - (=3,-4,1,0) = (=D(=3) + ) (=4 + GO)(D) + (7)(0) = —4

Withu=v: v-v=v{+vs+--+v2=vi?so lvi=+v-v.

Written as columns, u-v = u
EUCLIDEAN n-SPACE.

3.2 Norm, Dot Product, Distance

T

v = vTu (a 1x1 matrix). R" with these operations, the norm and the dot product is

Fahd M Alshammari - MATH 244 - Linear Algebra
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3.2 - THEOREMS 3.2.2 AND 3.2.3

Properties of the dot product

THEOREM 3.2.3 Also:
@0-v=v-0=0
(b) ( u+v) - w=u-w+v-w
Du-(v—w)=u-v—u-w
d@u—-Vv) - w=u-w—v-w
(e) k(u-v) =u- (kv)

THEOREM 3.2.2 Foru,v,w in R™ and a scalar k:
(@) u-v=v-u (symmetry)
(b)u-(v+w)=u-v+u-w (distributive)
(c) k(u-v) = (ku) -v (homogeneity)
(d)v-v=0andv-v=0ifand only if v=0 (positivity)

Proof of 3.2.2(c): k(u-v) = k(uyvy + -+ u,v,) = (kuy)v, + -+ (ku,))v,, = (ku) - v. For (d): v-v =| v |I?, then
Theorem 3.2.1. The other parts are proved in the same way.

Theorem 3.2.2 is the model: its four properties become the AXIOMS of an inner product in Section 6.1.

3.2 Norm, Dot Product, Distance Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE

Calculating with dot products

Letu = (2,-2), v=(58) and w = (—4,3). Then
@ u-v=(2)(5)+(-2)(8) =-6

(b) (u-v)w=—6w = —6(—4,3) = (24,—18)

(© u-(2v) =2(u-v)=2(-6) = —12

d) IwiPt=w-w=(-4)(—4)+ (3)(3) = 25

e u-(v-2w)=u-(5-(-8),8—6)=u-(13,2) =(2)(13)+ (-2)(2) =26—4 =22

In (b) the answer is a VECTOR: the number u - v times w. An expression such as u - (v - w) makes no sense: v-w is
a number, and a dot product needs two vectors.

3.2 Norm, Dot Product, Distance Fahd M Alshammari - MATH 244 - Linear Algebra

14



3.2 - THEOREM 3.2.4

The Cauchy-Schwarz inequality and angles in R"

THEOREM 3.2.4 (Cauchy-Schwarz) Foru,vin R™ |u-v| <[lullll v I.Itis proved in Section 6.2, for every
inner product.

So —1< IIul;';’vll < 1 for nonzero u, v, and the ANGLE 6 between them is defined by
u-v
cosf = ) 0<f6<m
falll vl
6
'U 'LI u
u-v=0 u-v=0 u'v<o
0=0<n/2 0=nm/2 n2<6=n
e B B B _ o -12 B . L :
Example: u = (—4,0,2,—-2), v =(2,0,—1,1): cosf = N 1,50 8 = m (indeed u = —2v). The angle with the zero

vector is not defined.
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3.2 - THEOREMS 3.2.5 AND 3.2.6

The triangle inequality and the parallelogram equation

THEOREM 3.2.5 Foru,v,w in R™: THEOREM 3.2.6 (parallelogram equation) Foru,v
(@ llu+vi<llull+lvI (triangle inequality) in R™:
(b) d(u,v) < d(u,w) + d(w,v) lu+v 2+l a—v?=2(1 w12+l v I?)

u+ vl = Jul + vl

Key step:add llutv’=llull®+2u-v+| v |?

Key step of (a), by Cauchy-Schwarz: || u+ v [|I?=||
ull?4+2u-v+ivIiEsial>+2lallll v+l v*=
(RYEIRADES
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SECTION 6.1
Inner Products

GOAL Extend the dot product of R™ to any vector space. Four properties of the dot product become the axioms of
an inner product, and every inner product brings its own length and distance.

1 The dot product as the model

The inner product axioms
Weighted Euclidean inner products
Norm, distance and unit circles

Inner products on M,,,,, B, and C|a, b]

S U1 A W N

Algebraic properties of inner products
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FROM THE DOT PRODUCT TO INNER PRODUCTS

The dot product is the model

Section 3.2 measured everything with the dot product: || v I= V-V, d(u,v) =llu—v |, cosd = ——. Its four

basic properties become axioms: e
Dot product on R" (Theorems 3.2.2, 3.2.3) Inner product on V' (Definition 1)
Symmetry u-v=v-u (u,v) = (v,u)
Additivity (u+v) - w=u-w+v-w (u+v,w) = (u,w)+ (v,w)
Homogeneity (ku) - v=k(u-v) (ku,v) = k(u,v)
Positivity v-v=>0,and=0onlyforv=20 (v,v) > 0,and=0onlyforv=0

Section 6.1 keeps these four properties as AXIOMS. Any rule (u, v) on a vector space VV that has them gives a
norm, a distance and an angle in the same way, and the results of Section 3.2 carry over (Section 6.2).
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DEFINITION 1

Inner products and inner product spaces

DEFINITION 1 An INNER PRODUCT on a real vector space V is a rule that assigns a real number (u, v) to each
pair of vectors u,v in V so that, for all u,v,w in VV and all scalars k:

1) (u,v) =(v,u) (symmetry)

2) (u+v,w)=(uw)+(v,w) (additivity)

3) (ku,v) = k(u,v) (homogeneity)

4) (v,v)=>0,and (v,v) =0ifand only if v=0 (positivity)
A real vector space with an inner product is a REAL INNER PRODUCT SPACE.

Example: the Euclidean inner product
(,v) =u-v=1uv; + -+ u,v, satisfies the four axioms (Theorems 3.2.2 and 3.2.3). It is the EUCLIDEAN
(standard) inner product, and R™ with it is EUCLIDEAN n-SPACE.

To show that a rule is NOT an inner product, one counterexample to one axiom is enough.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE 1

A weighted Euclidean inner product on R

Show that (u,v) = 3u;v; + 2u,v, is an inner product on R2. Let w = (wy,w,) be a third vector.

Axiom 1 Axiom 3

Swapping u and v gives 3v,u, + 2v,u,, the same number. (ku,v) = 3(kuy)v, + 2(kuy,)v, = k(u,v)
Axiom 4

Axiom 2

(v,v) = 3v{ 4+ 2v5 = 0, and it is 0 only when v; =

(u+v,w) = 3(uy + vwy + 2(uy + v3)w, v, = 0, that is, when v = 0.

= (3U1W1 + ZuZWZ) + (3U1W1 + 2172W2)
= (u,w) + (v, w)

The weights 3 and 2 are what matter: both are POSITIVE. Here w,, w, are the components of w, not weights.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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WEIGHTED INNER PRODUCTS

When does a weighted sum give an inner product?

WEIGHTED EUCLIDEAN INNER PRODUCT If wy,w,, ..., w,, are POSITIVE real numbers (the weights), then
(u,v) = wyuy vy + wou,v, + -+ + wyu, v, is an inner product on R™. All weights equal to 1 give the Euclidean
inner product.

A rule that is NOT an inner product
On R3, (u,v) = u;v; — 2u,v, + uzv; has a negative weight. Axioms 1-3 hold, but for v = (1,2,1):

(v,v) = (D@D -22)@)+(MD(A) =-6<0

so the positivity axiom fails, and the rule is not an inner product.
A zero weight fails too: for (u,v) = u;v; on R?, the vector v = (0,1) # 0 has {(v,v) = 0.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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DEFINITION 2 - THEOREM 6.1.1

Norm and distance in an inner product space

DEFINITION 2 In a real inner product space V, the NORM of vis || v [I=/(v, V), and the DISTANCE between
uandvis d(u,v) =[lu—v [|=/(u—v,u—v). Avector of norm 1 is a UNIT VECTOR.

THEOREM 6.1.1 Foru,vinV and a scalar k:
(@) Il v I= 0, with equality if and only if v = 0;
(b) l kv = k| I v II;
(c) d(u,v) =d(v,u);
(d) d(u,v) = 0, with equality if and only if u = v.

Proof of (b)

| kv I2= (kv, kv) = k(v,kv) = k{(kv,v) = k?(v,v) = k? || v |I? (homogeneity, symmetry, homogeneity), and Vk2 =
|k|]. =

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE 2

Norm and distance depend on the inner product

Takeu = (1,0) and v=(0,1) in R?, sou—v = (1,-1).

Euclidean: u;v, + u,v, Weighted: 3u,v; + 2u,v,
Il J12+02=1 V3@ +2(0)(0) =V3
d(u,v) JIZ+ (CD2=V2 V3@ +2(-1(-1) =5

The same two vectors have different norms and a different distance. When you compute a norm, a distance or an
angle, always say which inner product you are using.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra 23



DEFINITION 3 - EXAMPLE 3

Unit circles

DEFINITION 3 The UNIT CIRCLE (or unit sphere) of an inner product space VV is the set {u € V: | u ||= 1}.

o O

(a) Euclidean: x?+y?= (b) fuivi + fuava: %

N
[¥]

y_
+L=1

(@) Euclidean: || (x,v) ll= y/x2 + y2 = 1 gives the circle x? + y2 = 1.
2 2
(b) (u,v) = éulvl + iuzvzi I (x,y) lI= /x—: +y72 = 1 gives the ellipse % + y: =1.

Every point of the ellipse is at distance 1 from the origin for this inner product: the weights change what “length”

means.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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INNER PRODUCTS GENERATED BY MATRICES

Inner products on R" generated by a matrix

If A is an INVERTIBLE nxn matrix and u, v are written as columns, then (u,v) = Au - Av = vT AT Au is an inner
product on R", the inner product GENERATED BY A.

Examples 4 and 5 A matrix that is not diagonal
A = I gives the Euclidean inner product. A diagonal For A = [1 1], u=(12) v=(3-1)
matrix with entries \/wy, ..., YW, gives a weighted one: 0 2
Au = [3] Av = [ 2 ] (U, v)=6—8=—2
A=[‘/§ 0]: Au - AV = 3u,v; + 21,1, * _2
0 V2

Why A must be invertible: (v,v) =|| Av [I? is 0 only when Av = 0, and that forces v = 0 exactly when 4 is invertible.
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EXAMPLE 6

The standard inner product on M,,,

EXAMPLE 6 For matrices U,V in M,,,,, (U,V) = tr(UTV) Is an inner product, the STANDARD inner product on
M,,,,. It multiplies corresponding entries and adds them; for 2x2 matrices:

Up Uzl V1 V2
<[u3 u4] ) [vg v4]> = u1v1 + quz + U3v3 + U4v4_
_ 11 2 _[-1 0].
For U_[3 4 and V—[3 2].

(U, V) =1(=1) + 2(0) + 3(3) + 4(2) = 16

NUII=V1+4+9+ 16 =+/30, IVI=EVv1I+0+9+4=+14

The old slides write tr(ABT); it gives the same number, the sum of the products of corresponding entries.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE 7

The standard inner product on B,

EXAMPLE7 Forp=ay+a;x+--+a,x*and q=by+ b;x + -+ b,x™ in B,, the STANDARD inner product

multiplies corresponding coefficients: (p,q) = aghy + a;b; + -+ a,b,, so I p lI= \/a(z) +a%+-+ad3.

Example in P,
p=1-2x?and q = 4 — 2x + x2 have the coefficient lists (1,0, —2) and (4, —2,1).

(p,q) = (DA +(0)(=2) + (-2)(1) =2, I qll=+/4%+(=2)2+12 =421

p—q=-3+2x—3x? d(p,q) =/ (=3)2 + 22+ (=3)2 =22
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EXAMPLES 8 AND 9

The evaluation inner product on P,

EXAMPLE 8 Choose n + 1 distinct numbers x,, x4, ..., X,, (the sample points). Then (p,q) = p(x)q(x,) +
p(x1)q(xq) + -+ p(x,)q(x,,) is an inner product on B,, the EVALUATION inner product.

Positivity: if (p,p) = p(x¢)? + --- + p(x,))* = 0, then p has the n + 1 roots x,, ..., x,,. A nonzero polynomial of degree
at most n has at most n roots, so p = 0.

Example 9: sample points —2, 0, 2inP,, p=x?, q=1+x
(P, q) = p(=2)q(=2) + p(0)q(0) + p(2)q(2) = (4 (=1) + (0)(1) + (4)(3) =8

Ipll=/p(=2)2 +p(0)2 +p(2)2 =V16+ 0+ 16 =32 = 4V/2
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THEOREM 6.1.2

Algebraic properties of inner products

(@) (0,v) =(v,0) =0

(b) (u,v+w)=(u,v)+ (uw)
(©) (u,v—w)=(u,v)—(uw)
(d) (u—v,w) = (u,w) —(v,w)
(e) k(u,v) = (u, kv)

Proof of (b)

(u,v + w) = (vV+w,u)
(v,u) + (w,u)
(u,v) + (u,w)

6.1 Inner Products

THEOREM 6.1.2 For u,v,w in a real inner product space and a scalar k:

Proof of (a)

symmetry (0,v) = (0v,v) = 0(v,v) = 0 (homogeneity with
additivity k = 0); then symmetry gives (v, 0) = 0.
symmetry
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EXAMPLE 12

Calculating with inner products

Expand (u— 2v, 3u+ 4v) using only the axioms and Theorem 6.1.2:
(u— 2v, 3u + 4v) = (u, 3u + 4v) — (2v, 3u + 4v)
= (u, 3u) + (u,4v) — (2v, 3u) — (2v, 4v)
= 3(u,u) + 4(u,v) — 6(v,u) — 8(v,v)
=3lull®—=2(w,v)—=81vl?

For instance, if [u ll= 2, | v |[[= 1 and (u,v) = —1, the value is 3(4) — 2(—1) — 8(1) = 6.

It works like multiplying out (a — 2b)(3a + 4b), with (u, v) = (v,u) to combine the middle terms.

6.1 Inner Products Fahd M Alshammari - MATH 244 - Linear Algebra
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SECTION 6.2

Angle and Orthogonality in Inner Product Spaces

GOAL Prove the Cauchy—Schwarz inequality for every inner product, use it to define angles, and study orthogonality,
which now depends on the inner product in use.

1 The Cauchy-Schwarz inequality
The angle between two vectors
The triangle inequality
Orthogonal vectors

The generalized Theorem of Pythagoras

S U1 A W N

Vectors orthogonal to a set

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244 - Linear Algebra
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THEOREM 6.2.1

The Cauchy-Schwarz inequality

THEOREM 6.2.1 (Cauchy-Schwarz) If u and v are vectors in a real inner product space, then |(u,v)| <[l u [l Il
v |l

Proof
If u = 0, both sides are 0. Let u # 0. For every real number t, the positivity axiom gives

0<(tu+v, tu+v)=(uu)t?+ 2(uv)t+(v,v)

A quadratic at? + bt + ¢ with a > 0 that is never negative has no two distinct real roots, so b* — 4ac < 0:

4(u,v)? — 4(u,u){v,v) <0, thatis, (u,v)? <[ ull®|vI?

Taking square roots gives [(u,v)| <[[u ([l v(. m
Equality holds exactly when u and v are linearly dependent (Exercise 48).

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244 - Linear Algebra
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ANGLE BETWEEN VECTORS - EXAMPLE 1

The angle between two vectors

(wv)

[hall vl

For nonzero u and v, Cauchy-Schwarz gives —1 < < 1, so there is exactly one angle 8 with

(u,v)
cosf = , 0<6<m
RN

This 6 is the ANGLE between u and v (for the given inner product).

Example 1: M,,, standard inner product Cauchy-Schwarz in R3 (Euclidean)
{1 2 (-1 0 - . u=(1,-13),v=(20,-1)u-v=2+0-3 = -1,
ForU = [3 4 andV = [ 3 2] of Example 6 in 6.1: and
-1l =1<llullllvi=v11V5=+55
16 16
cosO = = ~ 0.78

V30V14 420
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THEOREM 6.2.2

The triangle inequality

THEOREM 6.2.2 For u,v,w in a real inner product space:
@ llu+vi<lull+ll v (triangle inequality for vectors)

Proof of (a)

lu+vi? =(u+v,u+v)
= (u,u) + 2(u, v) + (v,v)
=[l u lI? +2(u,v) + v [|?
<l ull* +2|¢u,v)| +I v II?
<lul+20ulllvIi+iviz= a4+l vi)?

The last step is Cauchy—-Schwarz. Take square roots. ®

(b) is (a) applied to u — w and w — v, whose sumisu —v.

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244

(b) d(u,v) < d(u,w) + d(w,v) (triangle inequality for distances)

- Linear Algebra

lu+v] < fluf| + ||
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DEFINITION 1 - EXAMPLES 2 AND 3

Orthogonal vectors

DEFINITION 1 Two vectors u and v in an inner product space are ORTHOGONAL if (u,v) = 0. For nonzero
vectors this means 6 = 1 /2; the zero vector is orthogonal to every vector.

Example 2: orthogonality depends on the inner product

u=(1,1)andv=(1,-1) u-v=1—-1 =0, so they are orthogonal for the Euclidean inner product; but for
(u,v) = 3u vy + 2uyv,, (U,v) =3 -2 =1+ 0, so they are NOT orthogonal.

Example 3: orthogonal matrices in M,, (standard inner product)

<H (1)”8 (Z)D =1(0) +0(2) +1(0) +1(0) =0

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244 - Linear Algebra

35



THEOREM 6.2.3 - EXAMPLE 5

The generalized Theorem of Pythagoras

THEOREM 6.2.3 If u and v are orthogonal vectors in a real inner product space, then
lu+v 2=l u 2+ v (1%

Proof Ju+ V] = Jul? + [v]?
| u+v|? =(u+v,u+v)
= (u,u) + 2(u, v) + (v, v)
=l u ||? +2(u,v) +ll v 1= u 1>+l v II?

since (u,v) =0. W

The proof shows more: || u + v I?=|| u I+l v [I* holds IF AND ONLY IF (u,v) = 0, as the old slides state it.
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PARALLELOGRAM IDENTITY

The parallelogram identity

PARALLELOGRAM IDENTITY For all u,v in a real inner product space:
lu+vIiF+Hlu—vi*=2ull®+2[vI>

Proof
lu+vi? = (uu)+2(uv)+(v,v)
=l u lI* +2¢u,v) +Il v ||
lu—vi? = (uu)—2(uv)+(v,v)
=l u I* =2(u,v) +Il v |I?

Add the two lines: the terms +2(u,v) cancel. ®

In a parallelogram, the squares of the two diagonals
add up to the squares of the four sides.

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244 - Linear Algebra
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ORTHOGONAL TO A SET

A vector orthogonal to several vectors

If w is orthogonal to each of u,, u,, ..., u,, then w is orthogonal to every vector in span{uy, u,, ..., u,.}.

Proof: (kju; + -+ kyu,,, w) = k;(uy, w) + -+ + k,.(u,, w) = 0 (additivity and homogeneity). ®

Example: vectors of R3 orthogonal to u; = (1,0,1) and u, = (0,1,1) (Euclidean)
X = (xq, Xy, x3) must satisfy x; + x3 = 0 and x, + x5 = 0. With x5 = t free:

(t(-1,-1,1):t € R}

Each of these vectors is orthogonal to the whole plane span{u,, u,}.
In R? (old slides): the vectors orthogonal to (4,2) are {(—t/2, t):t € R}, a line through the origin.

6.2 Angle and Orthogonality Fahd M Alshammari - MATH 244 - Linear Algebra
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SECTION 6.3
Gram-Schmidt Process

GOAL Work with bases whose vectors are mutually orthogonal. Coordinates then come from inner products, and the
Gram-Schmidt process turns any basis into an orthonormal one.

1 Orthogonal and orthonormal sets

Orthogonal sets are linearly independent

Coordinates relative to orthogonal and orthonormal bases
Removing a component: the key step

The Gram-Schmidt process

S U1 A W N

Gram-Schmidt in R3, with a weighted inner product, and in P,

6.3 Gram—-Schmidt Process Fahd M Alshammari - MATH 244 - Linear Algebra



DEFINITION 1 - EXAMPLES 1 AND 2

Orthogonal and orthonormal sets

DEFINITION 1 A set of two or more vectors in a real inner product space is ORTHOGONAL if every two
distinct vectors of the set are orthogonal. An orthogonal set in which every vector has norm 1 is
ORTHONORMAL.

Dividing each vector of an orthogonal set of NONZERO vectors by its norm (normalizing) keeps the set
orthogonal and makes it orthonormal.

Examples 1 and 2: Euclidean R3
VvV = (0,1,0), Vo = (11011)1 V3 = (1101_1): <V1,V2> = (Vl,V3> = (Vz,Vg) =0

The norms are || v; lI= 1 and || v, lI=Il v3 lI= V2, so normalizing gives the orthonormal set

w=010), u=(1/v2,0,1/¥2), uz=(1/¥2,0,-1/V2)

6.3 Gram—-Schmidt Process Fahd M Alshammari - MATH 244 - Linear Algebra 40



THEOREM 6.3.1

Orthogonal sets of nonzero vectors are linearly independent

THEOREM 6.3.1 If S = {v;,Vv,, ..., v, } is an orthogonal set of NONZERO vectors in an inner product space,
then S is linearly independent.

Proof
Suppose k,v; + k,v, + -+ k,v,, = 0. Take the inner product of both sides with v;:
ki(vy, Vi) + o+ k(v vi) + oo kg (v, Vi) = (0,v;) = 0

Every term with j # i is 0 by orthogonality, so k;(v;,v;) = 0. Since v; # 0, (v;,v;) > 0, hence k; = 0. This holds for
everyi. B

“Nonzero” matters: {(1,0), (0,0)} is an orthogonal set, but it is linearly dependent.

Every orthonormal set is linearly independent, since its vectors have norm 1.

6.3 Gram—-Schmidt Process Fahd M Alshammari - MATH 244 - Linear Algebra
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ORTHONORMAL BASES - EXAMPLE

Orthogonal and orthonormal bases

A basis that is an orthogonal set is an ORTHOGONAL BASIS; a basis that is an orthonormal set is an
ORTHONORMAL BASIS. Examples: the standard basis of R™ (Euclidean inner product), and {1, x, ..., x"} in B, with
the standard inner product (Example 3).

COROLLARY In an inner product space of dimension n, every orthogonal set of n nonzero vectors is a basis
(Theorem 6.3.1 and Theorem 4.5.4).

Example: a basis for R* with no system to solve
v, =(23,2,-2), v,=(1001), v;=(-1021), v,=(-12,-1,1)

All six dot productsare 0:v; v, =2 —-2,v; v3=—24+4—-2,v; v, =—24+6—-2—-2, v, - vg=—1+1,v, v, =
_1+1,V3V4:1_2+1

So these are four nonzero orthogonal vectors in R*: an orthogonal basis.
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THEOREM 6.3.2

Coordinates relative to an orthogonal or orthonormal basis

THEOREM 6.3.2 Let u be any vector of an inner product space V.
(@) If S = {vy, ..., v,,;} is an ORTHOGONAL basis for V, then u = wvi) o 4 <"v”22> vV, + -+ <"Vﬁ‘2> V,,.

vz 17
(b) If S is an ORTHONORMAL basis, then
u=(uvyv; +{uv,)vy, + -+ (u,v,)v,, so (u)s = ((u,vy), ..., (u, v,)).

Proof of (a)
Write u = ¢;v; + - + ¢, v,,. Then (u,v;) = ¢ (vq, Vi) + -+ + ¢, (v, Vi) = ¢;{(v;, v;) = ¢; || v; II?, because all the other
terms are 0. So ¢; = (u,v;)/ll v; II>. For (b), every llv; I=1. =

No linear system to solve: each coordinate is one inner product.
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EXAMPLES

Coordinates from inner products

Example 5 (orthonormal basis)

v, = (0,1,0), v, = (—%,o,g), v, = (%0%) form an

orthonormal basis S of R3. Foru = (1,1,1):
(u,V1> = 1' (urVZ) = - 1/51 (urVB) = 7/5

u=v;—1/5v, +7/5v;3, (w)s=(1,-1/5,7/5)

Check of Example 5: (0,1,0) —%(—g, 0, g) + g G 0)%

6.3 Gram-Schmidt Process

)

Example (old slides)

. 3 4 4 3
B == {Vl,VZ,V3} W|th Vl == (E,E,O), VZ - (_E,E,O), V3 =
(0,0,1) is an orthonormal basis of R3. For w = (5, —5,2):

(w,vq) =3-—-4=-1 —1
(w,vp) =—-4-3=-7 [w]p = [—7]
(W,V3) =2 2
21 3 28
_+E' 1, _E-I_E) = (1,1,1)
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EXAMPLE 6

An orthogonal basis: divide by the squared norms

w; = (0,2,0), w, = (3,0,3), w3 = (—4,0,4) are orthogonal (all dot products are 0) and nonzero, so they form an
orthogonal basis of R3. Write u = (1,2,4) in this basis with Theorem 6.3.2(a):

(u,wy) 4 , 3
a - 8

lwy 12 4 7 Iw, 2 18 6’ Il ws 12 32
u=w,; +5/6w, +3/8w; =(0,2,0)+(5/2,0,5/2) + (—=3/2,0,3/2) = (1,2,4)

(u,wy) 15 5 (w,wz) 12

Anton first normalizes: v; = (0,1,0), v, = L (1,0,1), v3 = - (—1,0,1), and then part (b) gives
V2 V2

u=2V1+5/\/§V2+3/\/EV3

6.3 Gram—-Schmidt Process Fahd M Alshammari - MATH 244 - Linear Algebra
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THE KEY STEP

Removing the component along a vector

Let v # 0. The vector proj,u = 2 v is the ORTHOGONAL PROJECTION of u on v, and what is left over is

lIvii?

orthogonal to v:

el wv) =22 vy =0
u-— vV, V)] =(u,v)— V,V) =
I v II2 I v Il2
More generally, if v4, ..., v, are orthogonal and nonzero, u
then
(u' Vl) v (ll, Vk) v
_ S .
vy 1277 RAE

is orthogonal to every v;: the same computation, one i at
a time, since (v;,v;) = 0 for j # i.

This is the step that the Gram—-Schmidt process repeats.
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THEOREM 6.3.5 - THE GRAM-SCHMIDT PROCESS

The Gram-Schmidt process

THEOREM 6.3.5 Every nonzero finite-dimensional inner product space has an orthonormal basis.

GRAM-SCHMIDT To turn a basis {uy, ..., u,.} into an orthogonal basis {vy, ..., v,.}:

1) Vi = Uy
_ (uz,vy)
2) v, =u, — 4!
(v Il
(usz,vy) (usz,vy)
3) V. = u,; — —
) V3 3 vaz Tt vz 2

4) Continue: vi is u; minus its components along vy, ..., Vi_1.
For an orthonormal basis {qy, ..., q,-}, normalize at the end: q; = vi /Il v Il
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EXAMPLE 8

Gram-Schmidt in R3

Euclidean R3, basis u; = (1,1,1), u, =

V1 - ll1 - (1,1,1)

V2=u2—

V3 = U3

. : NG
Normalize, with || v; 1= V3, | v, II= Y |l vs llI=

6.3 Gram-Schmidt Process

(U, vq)
IR

(uer1)V (uz, vy)
v 12 vy 12727

q: = 1/V3(1,1,1),

= (0,1,1) 2(111)— 21
1 — 4 3 )4 - 3;3)

(0,1,1), u5 = (0,0,1).

W =

)

1/3( 211 11
(001)__(111)__<_§’§’§)=(0’__'5)

2/3

Sl

q; = 1/V6(-2,1,1),

Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE

Gram-Schmidt with scaling

Euclidean R3, basis u; = (1,1,0), u, = (1,2,0), us = (0,1,2).

)

N =
N =

)

A nonzero multiple of v, is just as good: it is still orthogonal to v;. Use 2v, = (—1,1,0) to avoid fractions:

3
vi=(110), v =(120)-5(110 = (‘

1 1
vs = (0,1,2) =5 (1,1,0) =5 (=1,1,0) = (0,0,2)

q: =1/v2(1,1,0), q;=1/¥v2(-1,10), q3=(00,1)

6.3 Gram—-Schmidt Process Fahd M Alshammari - MATH 244 - Linear Algebra
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EXAMPLE

Gram-Schmidt with a weighted inner product

Let R? have (u,v) = 2u,v; + u,v,, and take the basis u; = (1,1), u, = (0,1).
v; = (1L,1), vy I17=(vy,vq) = 2(1D(D) + (1)(1) = 3

(upz,v) =20)(H)+ (1) =1

v, =(0,1)—1/3(1,1) = (-1/3,2/3)

Check: (vy,v2) = 2(1) (—3) + (1) () = 0, and Il v; 1= (v, v;) = X
2.1, 4_2
EREE
a0 =1/V3(L1D),  q,=1/V6(-12)

2x°+y?=1

VoV, = —% + g = é #+ 0: on the page they are not perpendicular. Orthogonal always means orthogonal for the
Inner product in use,
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SUMMARY

Unit 4 in one slide

3.1 -3.2 Vectorsin R"
o U V=uv+ F+uv, Ivi=+v-v, d(u,v) =]l u—v |; the dot product is the model for inner products.

6.1 Inner products

e An inner product satisfies symmetry, additivity, homogeneity and positivity, and gives the norm || v [|I= /(v, V)
and the distance d(u,v) =llu—v |.

e Examples: weighted Euclidean (positive weights), generated by an invertible matrix, tr(UTV) on My,

6.2 Angle and orthogonality

e Cauchy-Schwarz |[(u,v)| <llu [l ll v Il gives the angle, cosd = (u,v)/(ll u Il ll v II), and the triangle inequality; u, v
are orthogonal exactly when (u,v) = 0, and then [l u + v II?=]l u [I2+]| v I|2.

6.3 Orthonormal bases and Gram-Schmidt

e Orthogonal sets of nonzero vectors are linearly independent; relative to an orthogonal basis, the coordinates
are (u, v;)/Il v; II%.

e Gram-Schmidt: v, is u; minus its components along vy, ..., vi_1; normalize at the end.

Unit 4 overview Fahd M Alshammari - MATH 244 - Linear Algebra 51



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51


   ℝ 2


   ℝ n


   ℝ n


   M  n n


   P n


  C  [ a , b ]


  ⟨ 𝐮 − 2 𝐯 ,   3 𝐮 + 4 𝐯 ⟩


   ℝ n


   ℝ 2


  n


   ℝ n


   ℝ n


   ℝ n


  𝟎


  0


   (  v 1 ,  v 2 )


   P 1


   P 2


       P 1  P 2 → =  (  x 2 −  x 1 ,    y 2 −  y 1 ,    z 2 −  z 1 )


   P 1  ( 2 , − 1 , 4 )


   P 2  ( 7 , 5 , − 8 )


       P 1  P 2 → =  ( 7 − 2 ,   5 −  ( − 1 ) ,   − 8 − 4 ) =  ( 5 , 6 , − 12 )


  𝐯


  𝐰


  𝐯 + 𝐰


  𝐰


  𝐯


  𝐯 + 𝐰


  𝐯


  𝐰


  𝐯 + 𝐰 = 𝐰 + 𝐯


   ( 1 , 3 ) +  ( 4 , 2 ) =  ( 5 , 5 )


  𝐯 − 𝐰 = 𝐯 +  ( − 𝐰 )


  − 𝐰


  𝐰


  𝐯


  𝐰


  𝐯 − 𝐰


  𝐰


  𝐯


   ( 1 , 4 ) −  ( 4 , 2 ) =  ( − 3 , 2 )


  k


  k 𝐯


   | k |


  𝐯


  𝐯


  k > 0


  k < 0


    0 𝐯 = 𝟎


  k  (  v 1 ,  v 2 ) =  ( k  v 1 , k  v 2 )


  𝐯 =  ( 1 , 2 ) :     2 𝐯 =  ( 2 , 4 ) ,     −  1 / 2 𝐯 =  ( −  1 / 2 , − 1 ) ,      ( − 1 ) 𝐯 = − 𝐯 =  ( − 1 , − 2 )


  𝐯


  k 𝐯


  𝐯


  𝐯


   ℝ n


   ℝ n


  n


  𝐯 =  (  v 1 ,  v 2 , … ,  v n )


  𝐯 , 𝐰


   ℝ n


  k


  𝐯 + 𝐰 =  (  v 1 +  w 1 ,    v 2 +  w 2 ,   … ,    v n +  w n )


  k 𝐯 =  ( k  v 1 ,   k  v 2 ,   … ,   k  v n )


  − 𝐯 =  ( −  v 1 ,   −  v 2 ,   … ,   −  v n )


  𝐯 − 𝐰 = 𝐯 +  ( − 𝐰 ) =  (  v 1 −  w 1 ,    v 2 −  w 2 ,   … ,    v n −  w n )


  𝐯 =  ( 1 , − 3 , 2 )


    𝐰 =  ( 4 , 2 , 1 )


  𝐯 + 𝐰 =  ( 5 , − 1 , 3 ) ,     2 𝐯 =  ( 2 , − 6 , 4 ) ,     − 𝐰 =  ( − 4 , − 2 , − 1 ) ,     𝐯 − 𝐰 =  ( − 3 , − 5 , 1 )


  n > 3


   [    v 1      v 2     ⋯      v n   ]


  𝐯 =  (  v 1 ,  v 2 , … ,  v n )


   ℝ n


    ∥ 𝐯 ∥ =   v 1 2 +  v 2 2 + ⋯ +  v n 2


  ∥  ( − 3 , 2 , 1 ) ∥ =  9 + 4 + 1 =  14


  ∥  ( 0 , − 2 , 1 , 4 , − 2 ) ∥ =  0 + 4 + 1 + 16 + 4 =  25 = 5


  𝐯


   ℝ n


  k


  ∥ 𝐯 ∥ ≥ 0


  ∥ 𝐯 ∥ = 0


  𝐯 = 𝟎


  ∥ k 𝐯 ∥ =  | k |   ∥ 𝐯 ∥


    ∥ k 𝐯 ∥ =   k 2  v 1 2 + ⋯ +  k 2  v n 2 =   k 2     v 1 2 + ⋯ +  v n 2 =  | k |   ∥ 𝐯 ∥


  ◼


   ℝ 2


  1


  𝐯 ≠ 𝟎


    𝐮 =  1  ∥ 𝐯 ∥   𝐯  


  𝐯


  ∥ 𝐮 ∥ = ∥ 𝐯 ∥ / ∥ 𝐯 ∥ = 1


  𝐮


  𝐯


  𝐯 =  ( 3 , − 1 , 2 )


  ∥ 𝐯 ∥ =  9 + 1 + 4 =  14 ,     𝐮 =  1   14  ( 3 , − 1 , 2 ) =  (  3   14 ,   −  1   14 ,    2   14 )


  ∥ 𝐮 ∥ =   9 14 +  1 14 +  4 14 = 1


   ℝ n


   𝐞 1 =  ( 1 , 0 , … , 0 ) ,   … ,    𝐞 n =  ( 0 , … , 0 , 1 )


  𝐯 =  v 1  𝐞 1 + ⋯ +  v n  𝐞 n


   ( 7 , 3 , − 4 , 5 ) = 7  𝐞 1 + 3  𝐞 2 − 4  𝐞 3 + 5  𝐞 4


   ℝ n


  𝐮 =  (  u 1 , … ,  u n )


  𝐯 =  (  v 1 , … ,  v n )


   ℝ n


    d  ( 𝐮 , 𝐯 ) = ∥ 𝐮 − 𝐯 ∥ =     (  u 1 −  v 1 ) 2 +    (  u 2 −  v 2 ) 2 + ⋯ +    (  u n −  v n ) 2


   ℝ 2


   ℝ 3


  𝐮


  𝐯


  𝐮 − 𝐯


  𝐯


  𝐮


  𝐮 =  ( 1 , 3 , − 2 , 7 )


    𝐯 =  ( 0 , 7 , 2 , 2 )


  d  ( 𝐮 , 𝐯 ) =     ( 1 − 0 ) 2 +    ( 3 − 7 ) 2 +    ( − 2 − 2 ) 2 +    ( 7 − 2 ) 2 =  58


    d  ( 𝐮 , 𝐯 ) ≥ 0


    d  ( 𝐮 , 𝐯 ) = 0


  𝐮 = 𝐯


    d  ( 𝐮 , 𝐯 ) = d  ( 𝐯 , 𝐮 )


   ℝ 2


   ℝ 3


  𝐮


  𝐯


   ℝ 2


   ℝ 3


  𝜃


  0 ≤ 𝜃 ≤ 𝜋


    𝐮 ⋅ 𝐯 = ∥ 𝐮 ∥   ∥ 𝐯 ∥ cos 𝜃


  𝐮 = 𝟎


  𝐯 = 𝟎


  𝐮 ⋅ 𝐯 = 0


  𝐮


  𝐯


  𝐯 − 𝐮


  ∥ 𝐯 − 𝐮  ∥ 2 = ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2 − 2 ∥ 𝐮 ∥   ∥ 𝐯 ∥ cos 𝜃


    𝐮 ⋅ 𝐯 =  1 2  ( ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2 − ∥ 𝐯 − 𝐮  ∥ 2 )


  𝐮 ⋅ 𝐯 =  u 1  v 1 +  u 2  v 2    in   ℝ 2 ,     𝐮 ⋅ 𝐯 =  u 1  v 1 +  u 2  v 2 +  u 3  v 3    in   ℝ 3


   ℝ n


  𝐮 =  (  u 1 , … ,  u n )


  𝐯 =  (  v 1 , … ,  v n )


   ℝ n


    𝐮 ⋅ 𝐯 =  u 1  v 1 +  u 2  v 2 + ⋯ +  u n  v n


   ( 1 , 2 , 0 , − 3 ) ⋅  ( 3 , − 2 , 4 , 2 ) =  ( 1 )  ( 3 ) +  ( 2 )  ( − 2 ) +  ( 0 )  ( 4 ) +  ( − 3 )  ( 2 ) = − 7


   ( − 1 , 3 , 5 , 7 ) ⋅  ( − 3 , − 4 , 1 , 0 ) =  ( − 1 )  ( − 3 ) +  ( 3 )  ( − 4 ) +  ( 5 )  ( 1 ) +  ( 7 )  ( 0 ) = − 4


  𝐮 = 𝐯


    𝐯 ⋅ 𝐯 =  v 1 2 +  v 2 2 + ⋯ +  v n 2 = ∥ 𝐯  ∥ 2


    ∥ 𝐯 ∥ =  𝐯 ⋅ 𝐯


  𝐮 ⋅ 𝐯 =  𝐮 T 𝐯 =  𝐯 T 𝐮


  1 × 1


   ℝ n


  n


  𝐮 , 𝐯 , 𝐰


   ℝ n


  k


  𝐮 ⋅ 𝐯 = 𝐯 ⋅ 𝐮


  𝐮 ⋅  ( 𝐯 + 𝐰 ) = 𝐮 ⋅ 𝐯 + 𝐮 ⋅ 𝐰


  k  ( 𝐮 ⋅ 𝐯 ) =  ( k 𝐮 ) ⋅ 𝐯


  𝐯 ⋅ 𝐯 ≥ 0


  𝐯 ⋅ 𝐯 = 0


  𝐯 = 𝟎


  𝟎 ⋅ 𝐯 = 𝐯 ⋅ 𝟎 = 0


   ( 𝐮 + 𝐯 ) ⋅ 𝐰 = 𝐮 ⋅ 𝐰 + 𝐯 ⋅ 𝐰


  𝐮 ⋅  ( 𝐯 − 𝐰 ) = 𝐮 ⋅ 𝐯 − 𝐮 ⋅ 𝐰


   ( 𝐮 − 𝐯 ) ⋅ 𝐰 = 𝐮 ⋅ 𝐰 − 𝐯 ⋅ 𝐰


  k  ( 𝐮 ⋅ 𝐯 ) = 𝐮 ⋅  ( k 𝐯 )


    k  ( 𝐮 ⋅ 𝐯 ) = k  (  u 1  v 1 + ⋯ +  u n  v n ) =  ( k  u 1 )  v 1 + ⋯ +  ( k  u n )  v n =  ( k 𝐮 ) ⋅ 𝐯


    𝐯 ⋅ 𝐯 = ∥ 𝐯  ∥ 2


  𝐮 =  ( 2 , − 2 )


    𝐯 =  ( 5 , 8 )


    𝐰 =  ( − 4 , 3 )


  𝐮 ⋅ 𝐯 =  ( 2 )  ( 5 ) +  ( − 2 )  ( 8 ) = − 6


   ( 𝐮 ⋅ 𝐯 ) 𝐰 = − 6 𝐰 = − 6  ( − 4 , 3 ) =  ( 24 , − 18 )


  𝐮 ⋅  ( 2 𝐯 ) = 2  ( 𝐮 ⋅ 𝐯 ) = 2  ( − 6 ) = − 12


  ∥ 𝐰  ∥ 2 = 𝐰 ⋅ 𝐰 =  ( − 4 )  ( − 4 ) +  ( 3 )  ( 3 ) = 25


  𝐮 ⋅  ( 𝐯 − 2 𝐰 ) = 𝐮 ⋅  ( 5 −  ( − 8 ) ,   8 − 6 ) = 𝐮 ⋅  ( 13 , 2 ) =  ( 2 )  ( 13 ) +  ( − 2 )  ( 2 ) = 26 − 4 = 22


  𝐮 ⋅ 𝐯


  𝐰


  𝐮 ⋅  ( 𝐯 ⋅ 𝐰 )


  𝐯 ⋅ 𝐰


   ℝ n


  𝐮 , 𝐯


   ℝ n


     | 𝐮 ⋅ 𝐯 | ≤ ∥ 𝐮 ∥   ∥ 𝐯 ∥


    − 1 ≤   𝐮 ⋅ 𝐯  ∥ 𝐮 ∥   ∥ 𝐯 ∥ ≤ 1  


  𝐮 , 𝐯


  𝜃


  cos 𝜃 =   𝐮 ⋅ 𝐯  ∥ 𝐮 ∥   ∥ 𝐯 ∥ ,     0 ≤ 𝜃 ≤ 𝜋


  𝐮 =  ( − 4 , 0 , 2 , − 2 )


  𝐯 =  ( 2 , 0 , − 1 , 1 )


    cos 𝜃 =   − 12   24  6 = − 1


  𝜃 = 𝜋


  𝐮 = − 2 𝐯


  𝐮 , 𝐯 , 𝐰


   ℝ n


  ∥ 𝐮 + 𝐯 ∥ ≤ ∥ 𝐮 ∥ + ∥ 𝐯 ∥


  d  ( 𝐮 , 𝐯 ) ≤ d  ( 𝐮 , 𝐰 ) + d  ( 𝐰 , 𝐯 )


    ∥ 𝐮 + 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 + 2   𝐮 ⋅ 𝐯 + ∥ 𝐯  ∥ 2 ≤ ∥ 𝐮  ∥ 2 + 2 ∥ 𝐮 ∥   ∥ 𝐯 ∥ + ∥ 𝐯  ∥ 2 =    ( ∥ 𝐮 ∥ + ∥ 𝐯 ∥ ) 2


  𝐮 , 𝐯


   ℝ n


  ∥ 𝐮 + 𝐯  ∥ 2 + ∥ 𝐮 − 𝐯  ∥ 2 = 2  ( ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2 )


    ∥ 𝐮 ± 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 ± 2   𝐮 ⋅ 𝐯 + ∥ 𝐯  ∥ 2


   ℝ n


   M  n n


   P n


  C  [ a , b ]


    ∥ 𝐯 ∥ =  𝐯 ⋅ 𝐯


    d  ( 𝐮 , 𝐯 ) = ∥ 𝐮 − 𝐯 ∥


    cos 𝜃 =   𝐮 ⋅ 𝐯  ∥ 𝐮 ∥   ∥ 𝐯 ∥


   ℝ n


  V


  𝐮 ⋅ 𝐯 = 𝐯 ⋅ 𝐮


  ⟨ 𝐮 , 𝐯 ⟩ = ⟨ 𝐯 , 𝐮 ⟩


   ( 𝐮 + 𝐯 ) ⋅ 𝐰 = 𝐮 ⋅ 𝐰 + 𝐯 ⋅ 𝐰


  ⟨ 𝐮 + 𝐯 , 𝐰 ⟩ = ⟨ 𝐮 , 𝐰 ⟩ + ⟨ 𝐯 , 𝐰 ⟩


   ( k 𝐮 ) ⋅ 𝐯 = k  ( 𝐮 ⋅ 𝐯 )


  ⟨ k 𝐮 , 𝐯 ⟩ = k ⟨ 𝐮 , 𝐯 ⟩


  𝐯 ⋅ 𝐯 ≥ 0


  = 0


  𝐯 = 𝟎


  ⟨ 𝐯 , 𝐯 ⟩ ≥ 0


  = 0


  𝐯 = 𝟎


  ⟨ 𝐮 , 𝐯 ⟩


  V


  V


  ⟨ 𝐮 , 𝐯 ⟩


  𝐮 , 𝐯


  V


  𝐮 , 𝐯 , 𝐰


  V


  k


  ⟨ 𝐮 , 𝐯 ⟩ = ⟨ 𝐯 , 𝐮 ⟩


  ⟨ 𝐮 + 𝐯 , 𝐰 ⟩ = ⟨ 𝐮 , 𝐰 ⟩ + ⟨ 𝐯 , 𝐰 ⟩


  ⟨ k 𝐮 , 𝐯 ⟩ = k ⟨ 𝐮 , 𝐯 ⟩


  ⟨ 𝐯 , 𝐯 ⟩ ≥ 0


  ⟨ 𝐯 , 𝐯 ⟩ = 0


  𝐯 = 𝟎


  ⟨ 𝐮 , 𝐯 ⟩ = 𝐮 ⋅ 𝐯 =  u 1  v 1 + ⋯ +  u n  v n


   ℝ n


  n


   ℝ 2


    ⟨ 𝐮 , 𝐯 ⟩ = 3  u 1  v 1 + 2  u 2  v 2  


   ℝ 2


  𝐰 =  (  w 1 ,  w 2 )


  𝐮


  𝐯


  3  v 1  u 1 + 2  v 2  u 2


     ⟨ 𝐮 + 𝐯 , 𝐰 ⟩  = 3  (  u 1 +  v 1 )  w 1 + 2  (  u 2 +  v 2 )  w 2    =  ( 3  u 1  w 1 + 2  u 2  w 2 ) +  ( 3  v 1  w 1 + 2  v 2  w 2 )    = ⟨ 𝐮 , 𝐰 ⟩ + ⟨ 𝐯 , 𝐰 ⟩


  ⟨ k 𝐮 , 𝐯 ⟩ = 3  ( k  u 1 )  v 1 + 2  ( k  u 2 )  v 2 = k ⟨ 𝐮 , 𝐯 ⟩


  ⟨ 𝐯 , 𝐯 ⟩ = 3  v 1 2 + 2  v 2 2 ≥ 0


  0


   v 1 =  v 2 = 0


  𝐯 = 𝟎


  3


  2


   w 1 ,  w 2


  𝐰


   w 1 ,  w 2 , … ,  w n


    ⟨ 𝐮 , 𝐯 ⟩ =  w 1  u 1  v 1 +  w 2  u 2  v 2 + ⋯ +  w n  u n  v n  


   ℝ n


  1


   ℝ 3


    ⟨ 𝐮 , 𝐯 ⟩ =  u 1  v 1 − 2  u 2  v 2 +  u 3  v 3  


  𝐯 =  ( 1 , 2 , 1 )


  ⟨ 𝐯 , 𝐯 ⟩ =  ( 1 )  ( 1 ) − 2  ( 2 )  ( 2 ) +  ( 1 )  ( 1 ) = − 6 < 0


  ⟨ 𝐮 , 𝐯 ⟩ =  u 1  v 1


   ℝ 2


  𝐯 =  ( 0 , 1 ) ≠ 𝟎


  ⟨ 𝐯 , 𝐯 ⟩ = 0


  V


  𝐯


    ∥ 𝐯 ∥ =  ⟨ 𝐯 , 𝐯 ⟩


  𝐮


  𝐯


    d  ( 𝐮 , 𝐯 ) = ∥ 𝐮 − 𝐯 ∥ =  ⟨ 𝐮 − 𝐯 , 𝐮 − 𝐯 ⟩


  1


  𝐮 , 𝐯


  V


  k


  ∥ 𝐯 ∥ ≥ 0


  𝐯 = 𝟎


  ∥ k 𝐯 ∥ =  | k |   ∥ 𝐯 ∥


  d  ( 𝐮 , 𝐯 ) = d  ( 𝐯 , 𝐮 )


  d  ( 𝐮 , 𝐯 ) ≥ 0


  𝐮 = 𝐯


  ∥ k 𝐯  ∥ 2 = ⟨ k 𝐯 , k 𝐯 ⟩ = k ⟨ 𝐯 , k 𝐯 ⟩ = k ⟨ k 𝐯 , 𝐯 ⟩ =  k 2 ⟨ 𝐯 , 𝐯 ⟩ =  k 2 ∥ 𝐯  ∥ 2


    k 2 =  | k |


  ◼


  𝐮 =  ( 1 , 0 )


  𝐯 =  ( 0 , 1 )


   ℝ 2


  𝐮 − 𝐯 =  ( 1 , − 1 )


   u 1  v 1 +  u 2  v 2


  3  u 1  v 1 + 2  u 2  v 2


  ∥ 𝐮 ∥


    1 2 +  0 2 = 1


   3  ( 1 )  ( 1 ) + 2  ( 0 )  ( 0 ) =  3


  d  ( 𝐮 , 𝐯 )


    1 2 +    ( − 1 ) 2 =  2


   3  ( 1 )  ( 1 ) + 2  ( − 1 )  ( − 1 ) =  5


  V


    { 𝐮 ∈ V : ∥ 𝐮 ∥ = 1 }


  ∥  ( x , y ) ∥ =   x 2 +  y 2 = 1


   x 2 +  y 2 = 1


  ⟨ 𝐮 , 𝐯 ⟩ =  1 9  u 1  v 1 +  1 4  u 2  v 2


    ∥  ( x , y ) ∥ =     x 2 9 +    y 2 4 = 1


     x 2 9 +    y 2 4 = 1


  1


   ℝ n


  A


  n × n


  𝐮 , 𝐯


    ⟨ 𝐮 , 𝐯 ⟩ = A 𝐮 ⋅ A 𝐯 =  𝐯 T  A T A 𝐮  


   ℝ n


  A


  A = I


    w 1 , … ,   w n


  A =  [     3  0   0   2 ] :   A 𝐮 ⋅ A 𝐯 = 3  u 1  v 1 + 2  u 2  v 2


  A =  [    1  1   0  2 ]


    𝐮 =  ( 1 , 2 )


  𝐯 =  ( 3 , − 1 )


  A 𝐮 =  [    3   4 ] ,     A 𝐯 =  [    2   − 2 ] ,     ⟨ 𝐮 , 𝐯 ⟩ = 6 − 8 = − 2


  A


  ⟨ 𝐯 , 𝐯 ⟩ = ∥ A 𝐯  ∥ 2


  0


  A 𝐯 = 𝟎


  𝐯 = 𝟎


  A


   M  n n


  U , V


   M  n n


    ⟨ U , V ⟩ = tr  (  U T V )  


   M  n n


  2 × 2


   ⟨  [     u 1   u 2    u 3   u 4 ] ,  [     v 1   v 2    v 3   v 4 ] ⟩ =  u 1  v 1 +  u 2  v 2 +  u 3  v 3 +  u 4  v 4


    U =  [    1  2   3  4 ]


    V =  [    − 1  0   3  2 ]


  ⟨ U , V ⟩ = 1  ( − 1 ) + 2  ( 0 ) + 3  ( 3 ) + 4  ( 2 ) = 16


  ∥ U ∥ =  1 + 4 + 9 + 16 =  30 ,     ∥ V ∥ =  1 + 0 + 9 + 4 =  14


  tr  ( A  B T )


   P n


  𝐩 =  a 0 +  a 1 x + ⋯ +  a n  x n


  𝐪 =  b 0 +  b 1 x + ⋯ +  b n  x n


   P n


    ⟨ 𝐩 , 𝐪 ⟩ =  a 0  b 0 +  a 1  b 1 + ⋯ +  a n  b n


    ∥ 𝐩 ∥ =   a 0 2 +  a 1 2 + ⋯ +  a n 2


   P 2


  𝐩 = 1 − 2  x 2


  𝐪 = 4 − 2 x +  x 2


   ( 1 , 0 , − 2 )


   ( 4 , − 2 , 1 )


  ⟨ 𝐩 , 𝐪 ⟩ =  ( 1 )  ( 4 ) +  ( 0 )  ( − 2 ) +  ( − 2 )  ( 1 ) = 2 ,     ∥ 𝐪 ∥ =   4 2 +    ( − 2 ) 2 +  1 2 =  21


  𝐩 − 𝐪 = − 3 + 2 x − 3  x 2 ,     d  ( 𝐩 , 𝐪 ) =     ( − 3 ) 2 +  2 2 +    ( − 3 ) 2 =  22


   P n


  n + 1


   x 0 ,  x 1 , … ,  x n


    ⟨ 𝐩 , 𝐪 ⟩ = p  (  x 0 ) q  (  x 0 ) + p  (  x 1 ) q  (  x 1 ) + ⋯ + p  (  x n ) q  (  x n )  


   P n


  ⟨ 𝐩 , 𝐩 ⟩ = p    (  x 0 ) 2 + ⋯ + p    (  x n ) 2 = 0


  𝐩


  n + 1


   x 0 , … ,  x n


  n


  n


  𝐩 = 𝟎


  − 2 ,   0 ,   2


   P 2


    𝐩 =  x 2


    𝐪 = 1 + x


  ⟨ 𝐩 , 𝐪 ⟩ = p  ( − 2 ) q  ( − 2 ) + p  ( 0 ) q  ( 0 ) + p  ( 2 ) q  ( 2 ) =  ( 4 )  ( − 1 ) +  ( 0 )  ( 1 ) +  ( 4 )  ( 3 ) = 8


  ∥ 𝐩 ∥ =  p    ( − 2 ) 2 + p    ( 0 ) 2 + p    ( 2 ) 2 =  16 + 0 + 16 =  32 = 4  2


  𝐮 , 𝐯 , 𝐰


  k


  ⟨ 𝟎 , 𝐯 ⟩ = ⟨ 𝐯 , 𝟎 ⟩ = 0


  ⟨ 𝐮 , 𝐯 + 𝐰 ⟩ = ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐮 , 𝐰 ⟩


  ⟨ 𝐮 , 𝐯 − 𝐰 ⟩ = ⟨ 𝐮 , 𝐯 ⟩ − ⟨ 𝐮 , 𝐰 ⟩


  ⟨ 𝐮 − 𝐯 , 𝐰 ⟩ = ⟨ 𝐮 , 𝐰 ⟩ − ⟨ 𝐯 , 𝐰 ⟩


  k ⟨ 𝐮 , 𝐯 ⟩ = ⟨ 𝐮 , k 𝐯 ⟩


     ⟨ 𝐮 , 𝐯 + 𝐰 ⟩  = ⟨ 𝐯 + 𝐰 , 𝐮 ⟩   symmetry    = ⟨ 𝐯 , 𝐮 ⟩ + ⟨ 𝐰 , 𝐮 ⟩   additivity    = ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐮 , 𝐰 ⟩   symmetry


  ⟨ 𝟎 , 𝐯 ⟩ = ⟨ 0 𝐯 , 𝐯 ⟩ = 0 ⟨ 𝐯 , 𝐯 ⟩ = 0


  k = 0


  ⟨ 𝐯 , 𝟎 ⟩ = 0


    ⟨ 𝐮 − 2 𝐯 ,   3 𝐮 + 4 𝐯 ⟩  


     ⟨ 𝐮 − 2 𝐯 ,   3 𝐮 + 4 𝐯 ⟩  = ⟨ 𝐮 , 3 𝐮 + 4 𝐯 ⟩ − ⟨ 2 𝐯 , 3 𝐮 + 4 𝐯 ⟩    = ⟨ 𝐮 , 3 𝐮 ⟩ + ⟨ 𝐮 , 4 𝐯 ⟩ − ⟨ 2 𝐯 , 3 𝐮 ⟩ − ⟨ 2 𝐯 , 4 𝐯 ⟩    = 3 ⟨ 𝐮 , 𝐮 ⟩ + 4 ⟨ 𝐮 , 𝐯 ⟩ − 6 ⟨ 𝐯 , 𝐮 ⟩ − 8 ⟨ 𝐯 , 𝐯 ⟩    = 3 ∥ 𝐮  ∥ 2 − 2 ⟨ 𝐮 , 𝐯 ⟩ − 8 ∥ 𝐯  ∥ 2


  ∥ 𝐮 ∥ = 2


  ∥ 𝐯 ∥ = 1


  ⟨ 𝐮 , 𝐯 ⟩ = − 1


  3  ( 4 ) − 2  ( − 1 ) − 8  ( 1 ) = 6


   ( a − 2 b )  ( 3 a + 4 b )


  ⟨ 𝐮 , 𝐯 ⟩ = ⟨ 𝐯 , 𝐮 ⟩


  𝐮


  𝐯


     | ⟨ 𝐮 , 𝐯 ⟩ | ≤ ∥ 𝐮 ∥   ∥ 𝐯 ∥


  𝐮 = 𝟎


  0


  𝐮 ≠ 𝟎


  t


  0 ≤ ⟨ t 𝐮 + 𝐯 ,   t 𝐮 + 𝐯 ⟩ = ⟨ 𝐮 , 𝐮 ⟩  t 2 + 2 ⟨ 𝐮 , 𝐯 ⟩ t + ⟨ 𝐯 , 𝐯 ⟩


  a  t 2 + b t + c


  a > 0


   b 2 − 4 a c ≤ 0


  4 ⟨ 𝐮 , 𝐯  ⟩ 2 − 4 ⟨ 𝐮 , 𝐮 ⟩ ⟨ 𝐯 , 𝐯 ⟩ ≤ 0 ,   that is,   ⟨ 𝐮 , 𝐯  ⟩ 2 ≤ ∥ 𝐮  ∥ 2   ∥ 𝐯  ∥ 2


   | ⟨ 𝐮 , 𝐯 ⟩ | ≤ ∥ 𝐮 ∥   ∥ 𝐯 ∥


  ◼


  𝐮


  𝐯


  𝐮


  𝐯


    − 1 ≤   ⟨ 𝐮 , 𝐯 ⟩  ∥ 𝐮 ∥   ∥ 𝐯 ∥ ≤ 1


  𝜃


  cos 𝜃 =   ⟨ 𝐮 , 𝐯 ⟩  ∥ 𝐮 ∥   ∥ 𝐯 ∥ ,     0 ≤ 𝜃 ≤ 𝜋


  𝜃


  𝐮


  𝐯


   M 22


  U =  [    1  2   3  4 ]


  V =  [    − 1  0   3  2 ]


  cos 𝜃 =  16   30    14 =  16   420 ≈ 0 . 78


   ℝ 3


  𝐮 =  ( 1 , − 1 , 3 )


  𝐯 =  ( 2 , 0 , − 1 )


  𝐮 ⋅ 𝐯 = 2 + 0 − 3 = − 1


   | − 1 | = 1 ≤ ∥ 𝐮 ∥   ∥ 𝐯 ∥ =  11    5 =  55


  𝐮 , 𝐯 , 𝐰


  ∥ 𝐮 + 𝐯 ∥ ≤ ∥ 𝐮 ∥ + ∥ 𝐯 ∥


  d  ( 𝐮 , 𝐯 ) ≤ d  ( 𝐮 , 𝐰 ) + d  ( 𝐰 , 𝐯 )


     ∥ 𝐮 + 𝐯  ∥ 2  = ⟨ 𝐮 + 𝐯 , 𝐮 + 𝐯 ⟩    = ⟨ 𝐮 , 𝐮 ⟩ + 2 ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐯 , 𝐯 ⟩    = ∥ 𝐮  ∥ 2 + 2 ⟨ 𝐮 , 𝐯 ⟩ + ∥ 𝐯  ∥ 2    ≤ ∥ 𝐮  ∥ 2 + 2  | ⟨ 𝐮 , 𝐯 ⟩ | + ∥ 𝐯  ∥ 2    ≤ ∥ 𝐮  ∥ 2 + 2 ∥ 𝐮 ∥   ∥ 𝐯 ∥ + ∥ 𝐯  ∥ 2 =    ( ∥ 𝐮 ∥ + ∥ 𝐯 ∥ ) 2


  ◼


  𝐮 − 𝐰


  𝐰 − 𝐯


  𝐮 − 𝐯


  𝐮


  𝐯


  ⟨ 𝐮 , 𝐯 ⟩ = 0


  𝜃 = 𝜋 / 2


  𝐮 =  ( 1 , 1 )


  𝐯 =  ( 1 , − 1 )


    𝐮 ⋅ 𝐯 = 1 − 1 = 0


  ⟨ 𝐮 , 𝐯 ⟩ = 3  u 1  v 1 + 2  u 2  v 2


    ⟨ 𝐮 , 𝐯 ⟩ = 3 − 2 = 1 ≠ 0


   M 22


   ⟨  [    1  0   1  1 ] ,  [    0  2   0  0 ] ⟩ = 1  ( 0 ) + 0  ( 2 ) + 1  ( 0 ) + 1  ( 0 ) = 0


  𝐮


  𝐯


    ∥ 𝐮 + 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2


     ∥ 𝐮 + 𝐯  ∥ 2  = ⟨ 𝐮 + 𝐯 , 𝐮 + 𝐯 ⟩    = ⟨ 𝐮 , 𝐮 ⟩ + 2 ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐯 , 𝐯 ⟩    = ∥ 𝐮  ∥ 2 + 2 ⟨ 𝐮 , 𝐯 ⟩ + ∥ 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2


  ⟨ 𝐮 , 𝐯 ⟩ = 0


  ◼


  ∥ 𝐮 + 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2


  ⟨ 𝐮 , 𝐯 ⟩ = 0


  𝐮 , 𝐯


    ∥ 𝐮 + 𝐯  ∥ 2 + ∥ 𝐮 − 𝐯  ∥ 2 = 2 ∥ 𝐮  ∥ 2 + 2 ∥ 𝐯  ∥ 2


     ∥ 𝐮 + 𝐯  ∥ 2  = ⟨ 𝐮 , 𝐮 ⟩ + 2 ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐯 , 𝐯 ⟩    = ∥ 𝐮  ∥ 2 + 2 ⟨ 𝐮 , 𝐯 ⟩ + ∥ 𝐯  ∥ 2   ∥ 𝐮 − 𝐯  ∥ 2  = ⟨ 𝐮 , 𝐮 ⟩ − 2 ⟨ 𝐮 , 𝐯 ⟩ + ⟨ 𝐯 , 𝐯 ⟩    = ∥ 𝐮  ∥ 2 − 2 ⟨ 𝐮 , 𝐯 ⟩ + ∥ 𝐯  ∥ 2


  ± 2 ⟨ 𝐮 , 𝐯 ⟩


  ◼


  𝐰


   𝐮 1 ,  𝐮 2 , … ,  𝐮 r


  𝐰


  span {  𝐮 1 ,  𝐮 2 , … ,  𝐮 r }


    ⟨  k 1  𝐮 1 + ⋯ +  k r  𝐮 r ,   𝐰 ⟩ =  k 1 ⟨  𝐮 1 , 𝐰 ⟩ + ⋯ +  k r ⟨  𝐮 r , 𝐰 ⟩ = 0


  ◼


   ℝ 3


   𝐮 1 =  ( 1 , 0 , 1 )


   𝐮 2 =  ( 0 , 1 , 1 )


  𝐱 =  (  x 1 ,  x 2 ,  x 3 )


   x 1 +  x 3 = 0


   x 2 +  x 3 = 0


   x 3 = t


  {   t  ( − 1 , − 1 , 1 ) : t ∈ ℝ   }


  span {  𝐮 1 ,  𝐮 2 }


   ℝ 2


   ( 4 , 2 )


  {  ( −  t / 2 ,   t ) : t ∈ ℝ }


   ℝ 3


   P 2


  1


   ℝ 3


   𝐯 1 =  ( 0 , 1 , 0 ) ,      𝐯 2 =  ( 1 , 0 , 1 ) ,      𝐯 3 =  ( 1 , 0 , − 1 ) :     ⟨  𝐯 1 ,  𝐯 2 ⟩ = ⟨  𝐯 1 ,  𝐯 3 ⟩ = ⟨  𝐯 2 ,  𝐯 3 ⟩ = 0


  ∥  𝐯 1 ∥ = 1


  ∥  𝐯 2 ∥ = ∥  𝐯 3 ∥ =  2


   𝐮 1 =  ( 0 , 1 , 0 ) ,      𝐮 2 =  (  1 /   2 ,   0 ,    1 /   2 ) ,      𝐮 3 =  (  1 /   2 ,   0 ,   −  1 /   2 )


  S = {  𝐯 1 ,  𝐯 2 , … ,  𝐯 n }


  S


   k 1  𝐯 1 +  k 2  𝐯 2 + ⋯ +  k n  𝐯 n = 𝟎


   𝐯 i


   k 1 ⟨  𝐯 1 ,  𝐯 i ⟩ + ⋯ +  k i ⟨  𝐯 i ,  𝐯 i ⟩ + ⋯ +  k n ⟨  𝐯 n ,  𝐯 i ⟩ = ⟨ 𝟎 ,  𝐯 i ⟩ = 0


  j ≠ i


  0


   k i ⟨  𝐯 i ,  𝐯 i ⟩ = 0


   𝐯 i ≠ 𝟎


  ⟨  𝐯 i ,  𝐯 i ⟩ > 0


   k i = 0


  i


  ◼


  {  ( 1 , 0 ) ,  ( 0 , 0 ) }


  1


   ℝ n


  { 1 , x , … ,  x n }


   P n


  n


  n


   ℝ 4


   𝐯 1 =  ( 2 , 3 , 2 , − 2 ) ,    𝐯 2 =  ( 1 , 0 , 0 , 1 ) ,    𝐯 3 =  ( − 1 , 0 , 2 , 1 ) ,    𝐯 4 =  ( − 1 , 2 , − 1 , 1 )


  0


   𝐯 1 ⋅  𝐯 2 = 2 − 2


   𝐯 1 ⋅  𝐯 3 = − 2 + 4 − 2


   𝐯 1 ⋅  𝐯 4 = − 2 + 6 − 2 − 2


   𝐯 2 ⋅  𝐯 3 = − 1 + 1


   𝐯 2 ⋅  𝐯 4 = − 1 + 1


   𝐯 3 ⋅  𝐯 4 = 1 − 2 + 1


   ℝ 4


  𝐮


  V


  S = {  𝐯 1 , … ,  𝐯 n }


  V


    𝐮 =   ⟨ 𝐮 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1 +   ⟨ 𝐮 ,  𝐯 2 ⟩  ∥  𝐯 2  ∥ 2  𝐯 2 + ⋯ +   ⟨ 𝐮 ,  𝐯 n ⟩  ∥  𝐯 n  ∥ 2  𝐯 n


  S


    𝐮 = ⟨ 𝐮 ,  𝐯 1 ⟩  𝐯 1 + ⟨ 𝐮 ,  𝐯 2 ⟩  𝐯 2 + ⋯ + ⟨ 𝐮 ,  𝐯 n ⟩  𝐯 n


       ( 𝐮 ) S =  ( ⟨ 𝐮 ,  𝐯 1 ⟩ , … , ⟨ 𝐮 ,  𝐯 n ⟩ )


  𝐮 =  c 1  𝐯 1 + ⋯ +  c n  𝐯 n


    ⟨ 𝐮 ,  𝐯 i ⟩ =  c 1 ⟨  𝐯 1 ,  𝐯 i ⟩ + ⋯ +  c n ⟨  𝐯 n ,  𝐯 i ⟩ =  c i ⟨  𝐯 i ,  𝐯 i ⟩ =  c i ∥  𝐯 i  ∥ 2


  0


   c i = ⟨ 𝐮 ,  𝐯 i ⟩ / ∥  𝐯 i  ∥ 2


  ∥  𝐯 i ∥ = 1


  ◼


   𝐯 1 =  ( 0 , 1 , 0 )


   𝐯 2 =  ( −  4 5 , 0 ,  3 5 )


   𝐯 3 =  (  3 5 , 0 ,  4 5 )


  S


   ℝ 3


  𝐮 =  ( 1 , 1 , 1 )


  ⟨ 𝐮 ,  𝐯 1 ⟩ = 1 ,     ⟨ 𝐮 ,  𝐯 2 ⟩ = −  1 / 5 ,     ⟨ 𝐮 ,  𝐯 3 ⟩ =  7 / 5


  𝐮 =  𝐯 1 −  1 / 5  𝐯 2 +  7 / 5  𝐯 3 ,        ( 𝐮 ) S =  ( 1 , −  1 / 5 ,  7 / 5 )


  B = {  𝐯 1 ,  𝐯 2 ,  𝐯 3 }


   𝐯 1 =  (  3 5 ,  4 5 , 0 )


   𝐯 2 =  ( −  4 5 ,  3 5 , 0 )


   𝐯 3 =  ( 0 , 0 , 1 )


   ℝ 3


  𝐰 =  ( 5 , − 5 , 2 )


     ⟨ 𝐰 ,  𝐯 1 ⟩  = 3 − 4 = − 1   ⟨ 𝐰 ,  𝐯 2 ⟩  = − 4 − 3 = − 7   ⟨ 𝐰 ,  𝐯 3 ⟩  = 2        [ 𝐰 ] B =  [    − 1   − 7   2 ]


     ( 0 , 1 , 0 ) −  1 5  ( −  4 5 , 0 ,  3 5 ) +  7 5  (  3 5 , 0 ,  4 5 ) =  (  4 25 +  21 25 ,   1 ,   −  3 25 +  28 25 ) =  ( 1 , 1 , 1 )


   𝐰 1 =  ( 0 , 2 , 0 )


   𝐰 2 =  ( 3 , 0 , 3 )


   𝐰 3 =  ( − 4 , 0 , 4 )


  0


   ℝ 3


  𝐮 =  ( 1 , 2 , 4 )


    ⟨ 𝐮 ,  𝐰 1 ⟩  ∥  𝐰 1  ∥ 2 =  4 4 = 1 ,       ⟨ 𝐮 ,  𝐰 2 ⟩  ∥  𝐰 2  ∥ 2 =  15 18 =  5 6 ,       ⟨ 𝐮 ,  𝐰 3 ⟩  ∥  𝐰 3  ∥ 2 =  12 32 =  3 8


  𝐮 =  𝐰 1 +  5 / 6  𝐰 2 +  3 / 8  𝐰 3 =  ( 0 , 2 , 0 ) +  (  5 / 2 , 0 ,  5 / 2 ) +  ( −  3 / 2 , 0 ,  3 / 2 ) =  ( 1 , 2 , 4 )


   𝐯 1 =  ( 0 , 1 , 0 )


   𝐯 2 =  1   2  ( 1 , 0 , 1 )


   𝐯 3 =  1   2  ( − 1 , 0 , 1 )


  𝐮 = 2  𝐯 1 +  5 /   2    𝐯 2 +  3 /   2    𝐯 3


  𝐯 ≠ 𝟎


     proj 𝐯 𝐮 =   ⟨ 𝐮 , 𝐯 ⟩  ∥ 𝐯  ∥ 2   𝐯  


  𝐮


  𝐯


  𝐯


   ⟨ 𝐮 −   ⟨ 𝐮 , 𝐯 ⟩  ∥ 𝐯  ∥ 2 𝐯 ,   𝐯 ⟩ = ⟨ 𝐮 , 𝐯 ⟩ −   ⟨ 𝐮 , 𝐯 ⟩  ∥ 𝐯  ∥ 2 ⟨ 𝐯 , 𝐯 ⟩ = 0


   𝐯 1 , … ,  𝐯 k


  𝐮 −   ⟨ 𝐮 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1 − ⋯ −   ⟨ 𝐮 ,  𝐯 k ⟩  ∥  𝐯 k  ∥ 2  𝐯 k


   𝐯 i


  i


  ⟨  𝐯 j ,  𝐯 i ⟩ = 0


  j ≠ i


  {  𝐮 1 , … ,  𝐮 r }


  {  𝐯 1 , … ,  𝐯 r }


   𝐯 1 =  𝐮 1


   𝐯 2 =  𝐮 2 −   ⟨  𝐮 2 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1


   𝐯 3 =  𝐮 3 −   ⟨  𝐮 3 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1 −   ⟨  𝐮 3 ,  𝐯 2 ⟩  ∥  𝐯 2  ∥ 2  𝐯 2


   𝐯 k


   𝐮 k


   𝐯 1 , … ,  𝐯  k − 1


  {  𝐪 1 , … ,  𝐪 r }


     𝐪 k =  𝐯 k / ∥  𝐯 k ∥


   ℝ 3


   ℝ 3


     𝐮 1 =  ( 1 , 1 , 1 )


   𝐮 2 =  ( 0 , 1 , 1 )


   𝐮 3 =  ( 0 , 0 , 1 )


   𝐯 1 =  𝐮 1 =  ( 1 , 1 , 1 )


   𝐯 2 =  𝐮 2 −   ⟨  𝐮 2 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1 =  ( 0 , 1 , 1 ) −  2 3  ( 1 , 1 , 1 ) =  ( −  2 3 ,  1 3 ,  1 3 )


   𝐯 3 =  𝐮 3 −   ⟨  𝐮 3 ,  𝐯 1 ⟩  ∥  𝐯 1  ∥ 2  𝐯 1 −   ⟨  𝐮 3 ,  𝐯 2 ⟩  ∥  𝐯 2  ∥ 2  𝐯 2 =  ( 0 , 0 , 1 ) −  1 3  ( 1 , 1 , 1 ) −   1 / 3  2 / 3  ( −  2 3 ,  1 3 ,  1 3 ) =  ( 0 , −  1 2 ,  1 2 )


  ∥  𝐯 1 ∥ =  3


  ∥  𝐯 2 ∥ =    6 3


  ∥  𝐯 3 ∥ =  1   2


   𝐪 1 =  1 /   3  ( 1 , 1 , 1 ) ,      𝐪 2 =  1 /   6  ( − 2 , 1 , 1 ) ,      𝐪 3 =  1 /   2  ( 0 , − 1 , 1 )


   ℝ 3


     𝐮 1 =  ( 1 , 1 , 0 )


   𝐮 2 =  ( 1 , 2 , 0 )


   𝐮 3 =  ( 0 , 1 , 2 )


   𝐯 1 =  ( 1 , 1 , 0 ) ,      𝐯 2 =  ( 1 , 2 , 0 ) −  3 2  ( 1 , 1 , 0 ) =  ( −  1 2 ,  1 2 , 0 )


   𝐯 2


   𝐯 1


  2  𝐯 2 =  ( − 1 , 1 , 0 )


   𝐯 3 =  ( 0 , 1 , 2 ) −  1 2  ( 1 , 1 , 0 ) −  1 2  ( − 1 , 1 , 0 ) =  ( 0 , 0 , 2 )


   𝐪 1 =  1 /   2  ( 1 , 1 , 0 ) ,      𝐪 2 =  1 /   2  ( − 1 , 1 , 0 ) ,      𝐪 3 =  ( 0 , 0 , 1 )


   ℝ 2


    ⟨ 𝐮 , 𝐯 ⟩ = 2  u 1  v 1 +  u 2  v 2


   𝐮 1 =  ( 1 , 1 )


   𝐮 2 =  ( 0 , 1 )


   𝐯 1 =  ( 1 , 1 ) ,     ∥  𝐯 1  ∥ 2 = ⟨  𝐯 1 ,  𝐯 1 ⟩ = 2  ( 1 )  ( 1 ) +  ( 1 )  ( 1 ) = 3


  ⟨  𝐮 2 ,  𝐯 1 ⟩ = 2  ( 0 )  ( 1 ) +  ( 1 )  ( 1 ) = 1


   𝐯 2 =  ( 0 , 1 ) −  1 / 3  ( 1 , 1 ) =  ( −  1 / 3 ,  2 / 3 )


  ⟨  𝐯 1 ,  𝐯 2 ⟩ = 2  ( 1 )  ( −  1 3 ) +  ( 1 )  (  2 3 ) = 0


  ∥  𝐯 2  ∥ 2 = ⟨  𝐯 2 ,  𝐯 2 ⟩ = 2 ⋅  1 9 +  4 9 =  2 3


   𝐪 1 =  1 /   3  ( 1 , 1 ) ,      𝐪 2 =  1 /   6  ( − 1 , 2 )


   𝐯 1 ⋅  𝐯 2 = −  1 3 +  2 3 =  1 3 ≠ 0


   ℝ n


  𝐮 ⋅ 𝐯 =  u 1  v 1 + ⋯ +  u n  v n


    ∥ 𝐯 ∥ =  𝐯 ⋅ 𝐯


    d  ( 𝐮 , 𝐯 ) = ∥ 𝐮 − 𝐯 ∥


  ∥ 𝐯 ∥ =  ⟨ 𝐯 , 𝐯 ⟩


  d  ( 𝐮 , 𝐯 ) = ∥ 𝐮 − 𝐯 ∥


  tr  (  U T V )


   M  n n


   | ⟨ 𝐮 , 𝐯 ⟩ | ≤ ∥ 𝐮 ∥   ∥ 𝐯 ∥


  cos 𝜃 = ⟨ 𝐮 , 𝐯 ⟩ /  ( ∥ 𝐮 ∥   ∥ 𝐯 ∥ )


  𝐮 , 𝐯


  ⟨ 𝐮 , 𝐯 ⟩ = 0


  ∥ 𝐮 + 𝐯  ∥ 2 = ∥ 𝐮  ∥ 2 + ∥ 𝐯  ∥ 2


  ⟨ 𝐮 ,  𝐯 i ⟩ / ∥  𝐯 i  ∥ 2


   𝐯 k


   𝐮 k


   𝐯 1 , … ,  𝐯  k − 1

