Chapter 7

Logical Agents




Introduction

* Previously, we saw problem-solving agents: know things, but only in a
very limited, inflexible sense

* Knowledge-based agents: use processes of reasoning that operate on
internal representations of knowledge

* Develop logic as a general class of representations to support knowledge-
based agents



Knowledge-based agents

* Basic component of a knowledge-based agent is its knowledge base,
or KB

* Knowledge base: is a set of sentences expressed in a language called a
knowledge representation language and represents some assertion

about the world
—

* Example sentence: @ = It is raining
 Add new sentences to the KB: TELI} |
Involve inference
* Query what is known: Ask

Inference Engine




Example

Automated taxi
* goal: take a passenger from San Francisco to Marin County

* KB: contains knowledge that the Golden Gate Bridge is the only
link between the two locations

* Then: we can expect it to cross the Golden Gate Bridge because it knows
that that will achieve its goal




KB-Agent

function KB-AGENT( percept) returns an action
persistent: KB, a knowledge base
t, a counter, initially 0, indicating time agent perceived the given percept
at the given time

TELL(KB,MAKE-PERCEPT-SENTENCE( percept, t
action <|ASK(KB, MAKE-ACTION-QUERY(%)) asks what action should be done

TELL(K B, MAKE-ACTION-SENTENCE(action, t)\ at the current time

tt+1 constructs a sentence asserting
return action that the chosen action was
executed

v




KB agents construction

1. Declarative approach: Starting with an empty KB, the agent
designer can TELL sentences one by one until the agent knows how

to operate in its environment

2. Procedural approach: encodes desired behaviors directly as
program code

e Usually combine the two



Wumpus World

Wumpus world: a cave consisting of
rooms connected by passageways.

* The terrible Wumpus eats anyone
who enters its room

 Wumpus can be shot by an agent,
but the agent has only one arrow

* Some rooms contain pits that will
trap anyone who wanders into
these

* One room has a heap of gold



Wumpus World PEAS description

Environment:

* Squares adjacent to the
Wumpus are smelly

e Squares adjacent to the pit are
breezy

e Sensors: Stench, Breeze, Glitter,
Bump, Scream

e Actions: turn Left, turn Right,
Forward, Grab, Release, Shoot
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Sensors:

Exploring the Wumpus world

1,4 2.4 3,4 4,4 = Agent 1,4 2.4 3,4 4.4
B =Breeze
G = Glitter, Gold
OK = Safe square
1,3 2,3 3,3 4,3 P =Pit 1,3 2,3 3,3 4,3
S = Stench
V = Visited
W = Wumpus
1,2 2,2 3,2 4,2 1,2 2,2 3,2 42
P?
OK OK
1.1 2,1 3,1 4.1 1,1 2,1 3,1 41
3 ) ) 3 ] ) 3 P? 3
A% B
OK OK OK OK
(a) (b)

Figure 7.3 The first step taken by the agent in the wumpus world. (a) The initial situation,
after percept [None, None, None, None, None]. (b) After moving to [2,1] and perceiving
[None, Breeze, None, None, None].



Sensors:

Exploring the Wumpus world

1,4 2,4 3,4 4,4 = Agent 1,4 24 |34 4,4
B =Breeze P
G = Glitter, Gold
OK = Safe square
Uit Wi s Bre 4,3 P =Pit 1.3 wi 2 3,3 p? 4,3
S = Stench
. S G
V = Visited B
W = Wumpus
1,2 2,2 3,2 4,2 1,2 S 2,2 3,2 4,2
S A% A%
OK OK OK OK
1,1 2,1 B 3,1 P! 4,1 1,1 2,1 B 3,1 P 4,1
A% vV A% A%
OK OK OK OK
(a) (b)

Figure 7.4 Two later stages in the progress of the agent. (a) After moving to [1,1] and then
[1,2], and perceiving [Stench, None, None, None, None|. (b) After moving to [2,2] and
then [2,3], and perceiving [Stench, Breeze, Glitter, None, None].
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Logic in general

Logics are formal languages for representing information such that

conclusions can be drawn

* Syntax defines how the sentences in the language are constructed
* Called well-formed sentences

define the "meaning" of sentences;
* define truth of a sentence in a possible world or model

* Example: the language of arithmetic
* Syntax: x + 2 = yis a sentence; x2 + y > {} is not a sentence
: X + 2 = yis true iff the number x + 2 is no less than the number y
:x+2=yistrueinaworldwherex =7,y =1
:x + 2 = yisfalseinaworldwherex =0,y =6
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Models of sentencea: x +y = 4

Real World Models

mq myp ms3

x=4y=0 x=3,y=1 x=2y=2

my ms Mg

x=1y=3 x=0y=4 x=1y=4

Model m satisfies a, or m is a model of «
Model m does not satisfy a, or m is not a model of «
M(a) is the set of all models of a

4 women(x) + 0 men(y) =4
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Logical reasoning: entailment

* Logical entailment between sentences: a sentence /o/lows logically
from another sentence

* Mathematically: « = [
* a &= [ iff, in every model in which « is true, [ is also true:
akE=pfiffM(a) € M(B)

* Example: a: x = 0 entails the sentence f:xy =0
* In any model where x is zero, xy is also zero (regardless of the value of y)
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Wumpus world models

Possible models for the presence of
pits in squares [1,2], [2,2], and [3,1]

23 = 8 possible models
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Wumpus world models

Possible models for the presence of
pits in squares [1,2], [2,2], and [3,1]

23 = 8 possible models

KB = percepts + rules of the Wumpus
world
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Wumpus World

aq = “Thereis no pitin [1,2]”
a, = “There is no pitin [2,2]

2 PIT

%)
"l &
3

KB E a4 in every model in
which KBisT, ¢ isalsoT

KB ¥ a, in some models in
which KBis T, a, is F
(a) (b) The agent cannot conclude

Figure 7.5  Possible models for the presence of pits in squares [1,2], [2,2], and [3,1]. The that there is no pit in [2,2]
KB corresponding to the observations of nothing in [1,1] and a breeze in [2,1] is shown by

the solid line. (a) Dotted line shows models of a; (no pit in [1,2]). (b) Dotted line shows
models of as (no pit in [2,2]).
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Wumpus World inference

ay N Logical inference:
\\
\ | This inference algorithm is
—gm /:' called model checking,
- because it enumerates all

possible models to check
that a is true in all models
in which KB is true:

PIT

P

e o

M(KB) € M ()

(a) (b)

Figure 7.5  Possible models for the presence of pits in squares [1,2], [2,2], and [3,1]. The
KB corresponding to the observations of nothing in [1,1] and a breeze in [2,1] is shown by
the solid line. (a) Dotted line shows models of a; (no pit in [1,2]). (b) Dotted line shows
models of as (no pit in [2,2]).
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Inference and entailment

 To understand entailment and
inference:

* the set of all consequences of KB
is a haystack, a is a needle

* Entailment: The needle being in
the haystack

* Inference: Finding the needle

18



Inference

* If an inference algorithm i can derive a from KB: “« is derived from
KB by i”

KB |—iC(

or . If an inference algorithm derives only
entailed sentences

* Soundness is highly desirable.
* Model checking is a sound algorithm

. If an inference algorithm can derive any sentence that
is entailed

* Also highly desirable



Propositional logic: Syntax

* Propositional logic is the simplest logic
of propositional logic defines the allowable sentences
consist of a single proposition symbol

* A proposition may be True or False
* Examples: P, Q, R, W; 3 and North

* Complex sentences are constructed from , using
parentheses and logical connectives.
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Propositional logic: Syntax

The proposition symbols P, P, etc are sentences

« —S is a sentence (negation)

* S. A S, is asentence (conjunction)

* S, Vv S, isasentence (disjunction)

* S, =5, is asentence (implication)

* S, <& S, is asentence (biconditional)



A BNF (Backus—Naur Form) grammar of
sentences in propositional logic

Sentence
AtomicSentence

ComplexSentence

OPERATOR PRECEDENCE

d

AtomicSentence | ComplexSentence
True | False| P| Q| R| ...

( Sentence )

- Sentence

Sentence N\ Sentence
Sentence V Sentence
Sentence = Sentence

Sentence < Sentence

_IJ /\7 VJ :J<‘l:>



Propositional logic: Semantics

. define the rules for determining the truth of a sentence
with respect to a particular model

* In propositional logic, a model simply fixes the truth value—T or F—
for every proposition symbol

* Next, compute T or F for all sentences



Propositional logic: Semantics

. if the sentences in the
knowledge base make use of the
proposition symbols Py 5, P, 5,
and P3 1, then one possible
model is

Note: 3 symbols of T or F, 23 worlds
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Propositional logic: Semantics

Compute T or F for Complex sentences:

P Q - P PAQ PvVvQ P = Q P & Q
false false true false false true true
false true true false true true false
true false false false true false false
true true false true true true true

Note: P = Q (if P then Q)
P = () says: “If Pis true, then | am claiming that Q is true. Otherwise, | am making no claim.”
* The only way for this sentence to be 7a/seis if P is true but Q is false.
* PL does not require any relation of causation or relevance between P and (
* The sentence “5 is odd implies Tokyo is the capital of Japan” is a true sentence even though it is odd
* Animplication is true whenever its antecedent is false

* For example, “5is even implies Sam is smart” is true, regardless of whether Sam is smart



Propositional logic: Semantics

Compute T or F for Complex sentences:

P Q - P PAQ PvVvQ P = Q P & Q
false false true false false true true
false true true false true true false
true false false false true false false
true true false true true true true

Note: P & (

* True whenever both P = @Q and Q = P aretrue

e Often written as “P if and only if Q.”
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Wumpus World KB

Symbols:

* P, is true if there is a pit in [x, y].

. ny is true if there is a Wumpus in [x, y], dead or alive.
* B, y is true if the agent perceives a breeze in [x, y|.

* S,y is true if the agent perceives a stench in [x, y].



Wumpus World KB

Sentences: True in all Wumpus worlds
* There is no pitin [1,1]:
_Ipl,l

* A square is breezy if there is a pit in a neighboring square. This must
be stated for each square; for now, we include just the relevant
squares: -

Bl;]- < (Pl,Z \ PZ,l) L f; LD
B,1 & (P11 VP, VP3,) e - ﬁ




Wumpus World KB

Sentences: From agent percepts

* Now we include the breeze percepts for the first two squares visited
in the specific world the agent is in:

_IBl,l
B34
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B R APy

Bi1 & (P1,2 \ P2,1)
By, & (P1,1 VP, VP3,1)

Model-checking approach -y

B

e i.e. whether KB = a for some sentence «
* Example: is =P, , entailed by our KB?

First algorithm for inference is a model-checking approach:

* Enumerate the models and check that « is T in every model in which KB is
* Models are assignments of T or F to every proposition symbol

* Our example symbols: By 1, By 1, P11, P12, P, 1, P, 5, and P3 4

 Seven symbols: 27 = 128 possible worlds

* Time complexity: 0(2™)
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Model-checking approach

Bin By Pin P Py Py P3n Ry Ry R Ry Rs KB

false  false false false false false false true {true true true false false

false  false false false false false true true true false true false false

Pitin Ps - is F false true false false false false false true {true false true true false

1,2

false true false | false| false | false| true true {true true true true true

false true false | false| false | true | false true true true true true true

false true false | false| false | true | true true true true true true true

M ayb.e ‘there false true false false true false false true false false true true false
is a pitin P, ,, _ _ _ _ _ _ _ _
sometimes it , : ; : : , : : :

is T and true true true true true true true false true true false true false

sometimes F

Figure 7.9 A truth table constructed for the knowledge base given in the text. KB is true if
R; through Ry are true, which occurs in just 3 of the 128 rows (the ones underlined in the
right-hand column). In all 3 rows, P, - 1s false, so there is no pitin [1,2]. On the other hand,

there might (or might not) be a pit in [2,2].

KBisT
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Example: Model-checking approach

A B C Kb *
(AvC)A(Bv -0 AvB
False False False False False
False False True False False
False True False False True
False True True True True
True False False True True
True False True False True
True True False True True
True True True True True




Example: Model-checking approach

A B C Kb *
(AvC)A(Bv -0 AvB
False False False False False
False False True False False
False True False False True
False True True True True
True False False True True
True False True False True
True True False True True
True True True True True
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Theorem Proving approach

Second Algorithm: entailment can be done by theorem proving

* applying rules of inference directly to the sentences in the KB to
construct a proof of the desired sentence without consulting models

* Can be more efficient than model checking

1. Logical equivalence
2. Validity

3. Satisfiability



1. Logical equivalence

Two sentences are
logically equivalent
iff they are T in the
same models

a=piffa E L and
fEa

(aAB) = (BA«a) commutativity of A
(aVvpB) = (BVa) commutativity of V
((aANB)ANy) = (e AN(BA7)) associativity of A
((avB)Vy) = (aV(BVr7y)) associativity of V
—(—a) = a double-negation elimination
(¢ = B) = (=B = —a) contraposition
(¢ = B) = (—aV B) implication elimination
(¢ & B) = ((@ = B)A(B = «a)) biconditional elimination
—(aAB) = (maV -F) DeMorgan
—(aV B) = (—aA—B) DeMorgan
(@A (BV7y) = ((aANB)V (aAy)) distributivity of A over V
(aV(BA7Y) = ((aVB)A(aVy)) distributivity of V over A

Figure 7.11 Standard logical equivalences. The symbols a, 3, and ~ stand for arbitrary
sentences of propositional logic.



2. Validity

* A sentence is if itis T in a//models. For example, the sentence P
V =P is valid.

are also known as tautologies
* Every sentence is logically equivalent to

For any sentences o and [/, « &= [ iff the sentence (& = f) is valid
» every valid implication sentence describes a legitimate inference



3. Satisfiability

* A sentence is satisfiable if it is true in model
* A sentence is satisfiable if it is true in some model e.g., AvB
* A sentence is unsatisfiable if it is true in no models e.g., AA—A

* The sentence (R{ A R, A R; A R, A Rc)is satisfiable because
there are three models in which it is true

: the problem of determining the satisfiability of
sentences in propositional logic

@
~Py 4 8 L=

Bi; e (PyyVPyy) — B
By © (P11 VPyy VP3,) = O ~1e
o z [ee
32,1 L= e I =




Validity and satisfiability

is valid iff IS
e Contrapositively: « is iff is not valid
* We also have the following useful result:

* o &= [ iff the sentence (a N =) is

* Proving 8 from a by checking the of (@ A —f) corresponds
proof by contradiction: assume [ is F, shows that this leads to a contradiction
with a.



Theorem proving

* Rule 1: Modus Ponens (Latin for mode that affirms)

a = ,B, 2 “raining implies soggy courts”, “raining”
,8 Infer: “soggy courts”

* Rule 2: Modus Tollens (Latin for mode that denies)

a = ,8, _':B “raining implies soggy courts”, “courts not soggy”
Infer: “not raining”
o (04

e Rule 3: And-Elimination
C(l /\az /\/\Oln

i
* Rules: Figure 7.11 slide 33
e Later: Resolution Rule
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_Ipl,l
Bi1 < (P1,2 \ P2,1)

Example Bo & (Pri V Poz V P3a)

_IBl,l
BZ,l

* To R,, apply Biconditional Elimination

(31,1 = (P1,2 \ P2,1)) A ((P1,2 \ P2,1) = B1,1)
* And-Elimination:
(P1,2 \4 P2,1) = By 4
* Logical equivalence for contrapositives:
_IBl,1:> _I(Pl,z V PZ,l)
* Modus Ponens with Rg and the percept R,:
_I(Pl,z V P2,1)
* De Morgan’s rule:
_IP1’2 /\ _IP2’1



Theorem proving

* Previous example: proof by hand

e Can apply any of the search algorithms in Chapter 3 to find a sequence of
steps that constitutes a proof

* INITIAL STATE: the initial KB

* ACTIONS: all the inference rules applied to all the sentences that match the
top half of the inference rule

e RESULT: the result of an action is to add the sentence in the bottom half of
the inference rule

* GOAL: the goal is a state that contains the sentence we are trying to prove



Monotonicity

* Logical systems have the monotonicity property

* The set of entailed sentences can only /ncrease as information is
added to KB

* For any sentences a and §:
o if = a, then =



_IP1’1
B < (P1,2 \% P2,1)
B,; & (P1,1 VP, VP3,1)

Continued example .,

B

(31,1 = (P1,2 \% P2,1)) A ((P1,2 \% P2,1) = 31,1)
(P1,2 \% P2,1) = Bi1

* The agent returns from [2,1] to [1,1] then

|1,2], where it perceives a stench, but no By 1= (P2 V Py1)
breeze. (P12 V Pyy)
_IP1’2/\_IP2'1
=By, , By, o (P11 VP, VPi3) S —
e Using the same process as before, we derive:
_|P2 2 , _|P1 3 1,3““ 23 3,3 43

* Biconditional elimination to R, followed by g 2z |2
Modus Ponens with Rs, to obtain the fact that Sl
there is a plt N [1,1], [2,2], or [3,1 1,1 21 5 [31 5[4

P11 VP, VP3y oK | oK




Rl: _IP1’1
RZ: Bl,l L (Pl,Z Vv PZ,I)
R3: BZ,l (= (Pl,l VvV PZ,Z \Y P3’1)

Resolution Rule K B

RS: B2,1

, , Re:(Byy = (PuaVPy1))A((PL2VPy1) =By
* The resolution Rule: the literal =P, , (R3) R;Ep:vp“?: B:) (P2vPes) = B1s)

resolves with the literal P, , (R5) to give the | r:=Bii==(P;vP,)
resolvent: Ro:=(Pr2 V Pa1)

RlO:_IPLZA_IPZ,l
Rig: P11 V P3q

1,4 2,4 3.4 4.4
* Do the same for R : By, |28 33 |42
Ri7t P34 i R PRI
DSK OK
1,1 21 5 (31 5 |4
v v
OK 0K
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Unit resolution rule

V-V, m

l1V"'V

* [y V-V I are called

V0.V ..V
I

[; and m are complementary literals

of literals

45



Full resolution rule

LV Vi, m{V--Vm,

l1 V V li—l V li_|_1 V V lk le ij_1 ij+1 V an

l; and m; are complementary literals

46



Special forms

Conjunctive Normal Form (CNF—universal)
conjunction of disjunctions of literals
clauses
Eg., (A W —IB) N (B VvV -C'V _1.D)

Disjunctive Normal Form (DNF—universal)
disjunction of conjunctions of literals

terms
Eg, (AANB)V(AAN-C)V(AAN-D)V (~BA-C)V(—~BA-D)

Horn Form (restricted)
conjunction of Horn clauses (clauses with < 1 positive literal)

Eg., (AV-B)A(BV-CV-D)
Often written as set of implications:
B = Aand (CAD) = B

47



Resolution

* Properties of the resolution rule:
* Sound
 Complete (yields to a complete inference algorithm)

* The resolution rule forms the basis for a family of complete inference
algorithms

e Resolution rule is used to either confirm or refute a sentence, but it cannot
be used to enumerate true sentences

* Resolution can be applied only to disjunctions of literals. How can it lead
to a complete inference procedure for all propositional logic?

* Turns out any knowledge base can be expressed as a conjunction of disjunctions
(conjunctive normal form, CNF).

e E.g,(Av-B)A(Bv-Cv-D)



Inference procedures based on resolution

* Use the principle of proof by contradiction:

* To show that KB &= «, we show that (KB A —a) is unsatisfiable
The process:

1. Convert KB A =« to CNF

2. Resolution rule is applied to the resulting clauses

3. Process continues until one of two things happens:
a) There are no new clauses that can be added, in which case KB # «
b) Two clauses resolve to yield the empty clause, in which case



KB Rl: 81’1 L) (Pl’z V Pz’l)
RZ: _IBl,l

Exa m p | e Want to prove a:| =P, ,

1. (Biy = (P VP1)) A((PrzV P2y) = Byy)

2. (=By1V (PizVP1)) A(=(PrzV P2y) VB )

3. (=By1 VP12V Py ) A((<Prz A—Py1) V By )

4. (=By1 VP VP )A (P2 VB 1) A(=aPy1 VB y)
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KB Rl: Bl,l L) (Pl,z V PZ,l)
Rz: _|B1'1

Exa m p | e Want to prove a:| =P, ,

“Py, v B =By vPiav Py “PiavB) =B, P, -
S ]
]
"By, vP2vEB, Piawv Py v Py "By, v Py vB) P2 v P ""_'PJ.I‘ Py .

Figure 7.14 Partial application of PL-RESOLUTION to a simple inference in the wumpus
world to prove the query —F; 5. Each of the leftmost four clauses 1n the top row 1s paired
with each of the other three, and the resolution rule is applied to yield the clauses on the
bottom row. We see that the third and fourth clauses on the top row combine to yield the
clause —P; 5, which is then resolved with P, 5 to yield the empty clause, meaning that the

query is proven.

51



Resolution: Inference procedure

function PL-RESOLUTION( KB, o) returns true or false
inputs: KB, the knowledge base, a sentence in propositional logic
«, the query, a sentence in propositional logic

clauses <+ the set of clauses in the CNF representation of KB N -«
new < { }
while true do
for each pair of clauses C;, C; in clauses do
resolvents < PL-RESOLVE(C;, ()
if resolvents contains the empty clause then return true
new «— new U resolvents
if new C clauses then return false
clauses +— clauses | J new
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Students

Inference for Horn clauses: Forward chaining

0
* ldea: fire any rule whose P = Q
premises are satisfied in LaM = P P
the KB, BAL = M
. . AANP = L M
e add its conclusion to the KB, )
: : AB = L
until query is found ) L
B
* Forward chaining is sound A B
and complete for Horn KB (a) (b)
Figure 7.16 (a) A set of Horn clauses. (b) The corresponding AND—OR graph.
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Forward chaining example: Prove Q

P = Q

LAM = P
BANL = M
ANP = L
AANB = L
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Forward chaining example: Prove Q

P = Q

LAM = P
BANL = M
ANP = L
AANB = L
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Forward chaining example: Prove Q

P = Q

LAM = P
BANL = M
ANP = L
AANB = L
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Forward chaining example: Prove Q

P = Q
LAM = P
BANL = M
ANP = L
AANB = L
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Students

Inference for Horn clauses: Backward
Chaining

* ldea: work backwards from the query Q

* Check if Q is known already, or prove by backward chaining all
premises of some rule concluding Q

* Avoid loops:
* Check if new subgoal is already on the goal stack

* Avoid repeated work: check if new subgoal has already been proved true, or
has already failed



- P = Q

LM = P
BAL = M

Backward Chaining example: Prove @ Anr

AANB = L

A, B Q
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- P = Q

LM = P
BAL = M

Backward Chaining example: Prove @ Anr

AANB = L

A B Q P=0Q
A, B P,Q
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- P = Q

LM = P
BAL = M

Backward Chaining example: Prove @ Anr

AANB = L

A B Q P=0Q
A B P,Q LAM>=P
A, B L, M, P, Q
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- P = Q

LANM = P

BAL = M

Backward Chaining example: Prove @ Anr

AANB = L

A B Q P=0Q
A B P,Q LAM=P
A’B LIMIPIQ A/\BﬁL

A, B, L M, P Q
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Students P

Backward Chaining example: Prove inr o

A, B Q P=90Q

A, B P,Q LAM=P
A, B L, M, P,Q AANB=1L
A, B, L M, P, Q BAL=>M

A B, L M P,Q
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Students

Backward Chaining example: Prove Q

A, B
A, B
A, B
A, B, L
A B L M
A, B L M,P

P, Q
L, M, P,Q
M, P, Q

P, Q

P=0
LAM=P
AANB =L
BAL=>M
LAM>=P

P =Q
LANM = P
BANL = M
AANP = L
AANB = L
A

B




Students

Backward Chaining example: Prove Q

A, B
A, B
A, B
A, B, L
A B L M
A B L M,P
A, B, L M,P Q

P, Q
L, M, P,Q
M, P, Q

P, Q

P=0
LAM=P
AANB =L
BAL=>M
LAM=P

P=0Q

P =Q
LANM = P
BANL = M
AANP = L
AANB = L
A

B




Students

Forward vs. backward chaining

* FC is data-driven, automatic, unconscious processing,
* e.g., object recognition, routine decisions

* May do lots of work that is irrelevant to the goal

* BCis goal-driven, appropriate for problem-solving,
* e.g., Where are my keys? How do | get into a PhD program?

* Complexity of BC can be much less than linear in size of KB
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