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Linear Differential Equations with Constant Coefficients

@ Homogeneous Linear Differential Equations with Constant Coefficients
@ Second Order Homogeneous Linear Differential Equation (LDE) with
Constant Coefficients
@ Characteristic Equation

© Nonhomogeneous Linear Differential Equations with Constant
Coefficients
@ Undetermined Coefficient Method
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Homogeneous Linear Differential Equations with

Constant Coefficients
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Homogeneous Linear Differential Equations with Constant

Coefficients

The homogeneous linear differential equations with constant coefficients
has the general form

@,y F ay YV ot ary +agy =0,

where a,,, ..., a;, aq are real constants, and a,, # 0.
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Second Order Homogeneous Linear Differential equation

with Constant Coefficients

To solve second order linear differential equations with constant
coefficients
ay"+by +cy=0,

we assume
mx

y=e

and we get
am?+bm+c=0

this is called characteristic equation
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Characteristic Equation

There are three cases for the roots of the characteristic equation

am?+bm+c=0

@ Two distinct real roots m,, m,, then the general solution is
1> 2
Yy = Clemlac + cng,Qx

@ Repeated real root my, then the general solution is

mix mix

Y =ce + crxe

© Conjugate complex roots m; = a + i3, my = o« — i3, then the
general solution is

Yy = ¢y ¥ cos fx + cy e sin fx
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y' =5y +6y=0

Ibraheem Alolyan Differential Equations Math - KSU 7/34



Homogeneous LDE with Constant Coefficients

Solve the differential equation

y' =5y +6y=0

Solution

Y = c % + cye3”
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y//+2yl :0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y//+2yl :0

Solution

y=c +cy, e
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” — 10y’ + 25y =0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” — 10y’ + 25y =0

Solution
y = c,e" + cyx e
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” — 6y +13y =0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” — 6y +13y =0

Solution

y = e3%(c; cos2x + ¢, sin 2x)

Ibraheem Alolyan Differential Equations Math - KSU 10/34



Higher Order Homogeneous LDE with Constant

Coefficients

The characteristic equation of

@,y F g y "V o+ ary +agy =0,

a,m*+a, ;m"t+-+am+a,=0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” +3y" +3y +y=0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

y” +3y" +3y +y=0

Solution

— T T 2 T
Yy=c e’ +cre’+czrie
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

Yy + 2" +y=0
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Homogeneous LDE with Constant Coefficients

Solve the differential equation

Yy + 2" +y=0

Solution
Y =1Cy COST + Cy SINT + C3T COST + cyxsinT
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Homogeneous LDE with Constant Coefficients

Find the differential equation where the roots of the characteristic
equation are

m=1,1,-1,0,0
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Homogeneous LDE with Constant Coefficients

Find the differential equation where the roots of the characteristic
equation are

m=1,1,-1,0,0

Solution
y(5) o y(4) o y/// 4 y// =0
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Homogeneous LDE with Constant Coefficients

Find the differential equation where the roots of the characteristic
equation are

m=—1,—1,0,3 +2i,3 — 2i
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Homogeneous LDE with Constant Coefficients

Find the differential equation where the roots of the characteristic
equation are

m=—1,—1,0,3 +2i,3 — 2i

Solution
y(5) _ 4y(4) + 2y/// + 20y” + 133// -0
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Homogeneous LDE with Constant Coefficients

Find a linear differential equation with constant coefficients having
solutions

1,5z,2cosx,3sinz
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Homogeneous LDE with Constant Coefficients

Find a linear differential equation with constant coefficients having
solutions

1,5z,2cosx,3sinz

Solution
y(4) + y// =0
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Homogeneous LDE with Constant Coefficients

Find a linear differential equation with constant coefficients having
solutions

237 4 sin 2z + cos 2z
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Homogeneous LDE with Constant Coefficients

Find a linear differential equation with constant coefficients having
solutions

237 4 sin 2z + cos 2z

Solution
y” —3y" +4y — 12y =0
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Nonhomogeneous Linear Differential Equations

with Constant Coefficients
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Nonhomogeneous Linear Differential Equations

The linear differential equations with constant coefficients has the general
form
a, Y™+ an Yy + et ayy + agy = g(2),

where a,,, ..., a,, aq are real constants, and a,, # 0.
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Nonhomogeneous Linear Differential Equations

To find a general solution to this problem

@ We first find the general solution ¥, to the homogeneous equation
Y™+ ap Yy e ayy +agy =0

e We find any particular solution y, of the nonhomogeneous equation.
@ The general solution is
Y=Yt Yp
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Undetermined Coefficient Method

This method is used to find a particular solution y,, to

Y™+ a, Yy o agy +agy = gl(2),

where g(x) is one of the following functions
@ constant k,

polynomial,

606])

sin Sx

cos Bx

2z

or finite sums and product of these functions ( ze** sin z)
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Undetermined Coefficient Method

g(x) =2
g(x)=2>—=x
o(a) =z — e
g(z) = 2? sin 3z
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Undetermined Coefficient Method

To find the particular solution of
@yt ap gV F ot ary +agy = g(a),
We first find the solution y, of the homogeneous equation
@,y a1y T+t ary +agy =0,
by substituting y = ¢™*, then we obtain the characteristic equation
a,m" +...+am+ay =0

then we have the following cases:
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Undetermined Coefficient Method

Solve the differential equation

y/l o 4y — 63x
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Undetermined Coefficient Method

Solve the differential equation

y/l o 4y — 63x

Solution
3z

e
y:clezx—l-ch*%—i-?
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Undetermined Coefficient Method

Solve the differential equation

Yy’ — 4y = 4z — 8z
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Undetermined Coefficient Method

Solve the differential equation

Yy’ — 4y = 4z — 8z

Solution

y20162m+026_21—x2+2x—§
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Undetermined Coefficient Method

Case 1: g(x) = Caler®
@ If r is not a root of

a,m"+..+am+ay =0
the the particular solution is
y, = (Ag+ Ajz + ... Ajak)e™
@ |If r is a simple root, then the the particular solution is
y, = o(Ayg + Ayz + ... Ajak)e™
© If ris a root of multiplicity g, then the the particular solution is

Yy, = 29 (Ag + Ajx + ... ApaF)er”
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Undetermined Coefficient Method

Case 2: g(x) = Cx¥e*® cos(Bz) or g(x) = CxFe®® sin(px)

@ If o+ iS5 is not a root of
a,m"+..+am+ay =0
the the particular solution is
y, = (Ag+A z+... Apa®)e™ cos(Bx)+(By+Bya+... Bpa®)e™ sin(fx)
@ If o+ ifis a simple root, then the the particular solution is
y, = o(Ag + ... Apa®)e™ cos(Bx) + x(By + ... Bya®)e®” sin(fx)
Q If o+ iS5 is a root of multiplicity g, then the the particular solution is

y, = T Ay + ... Apa¥)e?” cos(Bx) + x4(By + ... Bah)e®” sin(fx)
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Undetermined Coefficient Method

Solve the differential equation

y” — 4y = 5ze3®
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Undetermined Coefficient Method

Solve the differential equation

y” — 4y = 5ze3®

Solution
6€3m

5

y=c; e +cye 2 4 e’ —
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Undetermined Coefficient Method

Solve the differential equation

y/l o 4y — 62x
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Undetermined Coefficient Method

Solve the differential equation

y/l o 4y — 62x

Solution .
y=rc e +cye "+ Za:e%
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Undetermined Coefficient Method

Solve the differential equation

Yy’ —y=—2x%+5+ 2e"
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Undetermined Coefficient Method

Solve the differential equation

Yy’ —y=—2x%+5+ 2e"

Solution
y=c e’ +cye +222 — 1+ ze”
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Undetermined Coefficient Method

Solve the differential equation

"

y” —y" = —10sin2x
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Undetermined Coefficient Method

Solve the differential equation

"

y” —y" = —10sin2x

Solution
Yy =c e’ 4+ cy + 2sin 2z — cos 2x
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Undetermined Coefficient Method

Determine the form of a particular solution of
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Undetermined Coefficient Method

Determine the form of a particular solution of

Solution
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Undetermined Coefficient Method

Determine the form of a particular solution of

Yy’ — 6y 4+ 9y = (222 —1)e®
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Undetermined Coefficient Method

Determine the form of a particular solution of

Yy’ — 6y 4+ 9y = (222 —1)e®

Solution
yp - (AO + Al.%' + Azxz)e_w
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Undetermined Coefficient Method

Determine the form of a particular solution of

y” + 4y = x cos(2x)
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Undetermined Coefficient Method

Determine the form of a particular solution of

y” + 4y = x cos(2x)

Solution
Y, = (Ao + Ayx) cos 2z + x(By + By x)sin 2

Ibraheem Alolyan Differential Equations Math - KSU 34/34



Undetermined Coefficient Method

Determine the form of a particular solution of

Yy’ — 6y’ + 9y = 622 + 2 — 12x3e3*
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Undetermined Coefficient Method

Determine the form of a particular solution of

Yy’ — 6y’ + 9y = 622 + 2 — 12x3e3*

Solution

Yy, = (Ag + Az + Aya®) + 2%(By + By 4 Bya® + Bya®)e ™
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