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Abstract. In this paper, we present several characterization theorems on approach groups, and
ultra approach groups. In so doing, we first give necessary and sufficient conditions for an approach
structure to be compatible with group structure. We show that every ultra approach group is ultra-
uniformizable. Secondly, starting with an approach space, and its natural neighborhood system
on a group, we characterize the resulting neighborhood approach group. Finally, we show that
the category of ultra approach-Cauchy group is a topological category, and more importantly, we
show that the category of ultra approach-Cauchy groups and the category of strongly normal ultra
approach-limit groups are isomorphic.
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1. Introduction

It is observed in [15], and elsewhere that TOP, the category of topological spaces, is si-
multaneously bireflectively and bicoreflectively embedded in AP, the category of approach
spaces. This shows, however, that it makes not much difference notions like limits, colimits,
initial structure that we may consider either in TOP or in AP. But it does make dif-
ference whether we make initial structures of copg-metric approach spaces in pqMET,
the set of all copg-metrics or in AP. This is so, because of the facts that in the first place,
the domain of the ordinary metric space object (X,d: X x X — [0, 00]) belonging to the
category pgMET™ and the distance space object (X,Aq: X x 2% — [0,00]) known as
metric distance space, being member of the category AP, are essentially different; and, in
the second place, they are also different from categorical viewpoint.

Given the importance of the preceding paragraph, a vast scale of research articles appeared
over the years on studying various aspects of approach spaces, and their equivalence struc-
tures. A tiny part of the work cited in this paper cf. [4, 6-8, 13, 14, 17, 18, 20], whereas
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the vast majority of research carried out in these ever-growing area are not mentioned here
just because the present paper is not directly linked to those works. It is pointed out in
[9, 14, 19, 21], the importance of non-archimedean approach structures or ultra approach
structures. We find it interesting to study the compatibility of the non-Archimedean ap-
proach structures with group structures, particularly, ultra approach-Cauchy structures,
ultra approach limit structures, and so on; although we do not intend to study non-
Archimedean metric group or ultra metric group structures here in this paper.

The idea of approach group along with its uniformization first appeared in [18], and later,
we modified this concept further in [4] in a wider context. Furthermore, we identified
this approach group with some other structures cf. [2, 3]. In this paper, we characterize
approach groups vis-a-vis ultra approach groups, and study some of their related results.
Thus, we concentrate on three main issues in relation with approach groups, such as, (a)
ultra approach groups and some of their characterizations including ultra uniformization
of ultra approach groups which however have not been considered in [18] although the
idea of ultra approach spaces, and ultra uniform spaces are crept inside in [14] in addition
to some other papers; (b) considering natural connection of neighborhood system with
approach spaces, we characterize approach group by compatible neighborhood system on
group structure; (c) considering approach-Cauchy structures, we show that for a group,
there is a one-to-one correspondence between ultra approach-Cauchy group structures and
strongly normal ultra approach limit group structures, the idea of strong normality first
appeared in [5]; in fact, we prove here that the category of ultra approach-Cauchy groups
and the category of strongly normal ultra approach limit groups are isomorphic.

We arrange these findings as follows. In Section 2, we consider some basic facts that are
used in the sequel. We present the notion of ultra approach groups in Section 3, provide
characterization theorems, and ultra uniformization of ultra approach groups. Using the
notion of neighborhood system as defined in approach space, we give characterization the-
orem on approach group in Sectiond. Relation between approach groups and approach
limit groups are discussed in Section 5. Finally, we describe the connection between ultra
approach-Cauchy groups and strongly normal approach-Cauchy groups in Section 6.

2. Preliminaries

We denote the set of all filters F, G, ... on a set X by F(X). The point filter of a point
x € X is defined by # = {A C X : x € A}, or by [z]. The set F(X) is ordered by set
inclusion, i.e., we write F < G if F C G.

If (F;);c; is a family of filters on a set X, then for a filter U on J, the compressed

operator K (U, (IFj)jEJ) is defined by [15]

K (U, (Fj)jej> =Vvyeu /\jEV IF;.

If F,G € F(X), then the product filter F x G =< {F x G|F € F,G € G} >, i.e., we
have {F' x G|F € F,G € G} as a basis for F x G.
For F,G € F(X) we define
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FOG=m(F xG) and F~! =i(F).

Noting that m (F' x G) = {ay|lz € F,y € G} = FOG, we have {FOG|F € F,G € G} asa
basis for F ® G. Similarly, we find {F~!|F € F} as a basis for F~!, where F~! = {z7 !z €
Throughout the text for a group (X, -), we consider e as the identity element.

Lemma 1. Let X and Y be groups, F,G,H € F(X) and f : X — Y a group homomor-
phism, then we have

(i) FOF'<éandF 'oF<eé;

(ii)) ©©@)'=(@)od=2¢

(i) 7=

(i) 1= (i)

(w) (FOG) oH=F0o (G oH);

(vi) (F 17! =F;

(vii) (FoOG)'=GltoF;

(viii) éOF=Foeé="F;

(iz) (FAG)'=F1AG;

(r) (FAG)OH=(FoH)A(GOoH);

(i) F<ioOG&a (i) 'OF<G (resp. F<GoioFo (1) '<G);
(zii)  f(FOG)=f(F)o f(G);

(iii)  [EY) = (F(F))L.

A subset © C [0, 00]¥ is called an ideal in [0, 00]¥ if for any &;,& € Q, & V& € Q and
that for any ¢ € Q with v < ¢ implies v € Q, where the lattice [0, 00]¥ is equipped with
the point-wise order.

Definition 1. [15] A collection of ideals Q = (Q()),cx in [0,00]% indexed by the points
of X is called an approach system on X if and only if the following conditions are fulfilled:
(AS1)Vz € X, Vv € Q(x): v(z) =0.

(AS2) Yz € X,VYv € [0,00]%,Ve > 0,VN < oo, there exists v¥ € Q(x) such that v A N <
vN + € implies v € Q(z).

(AS3) Vx € X, Vv € Q(x),Ve > 0, N < oo there exists (v;) € [[,cx 2(2) such that for any
Y,z € X:v(y) AN <w(2) + v2(y) + e

For any = € X, v € Q(z) is called a local distance in x, and the value v(¢) of a local
distance v € Q(x) at a point ¢ € X is interpreted as the distance from x to t according
to v. Fach local distance makes its own measurement of the distance other points in the
space are away from the given point.

A subset B C [0, 00]¥ is called a ideal basis in [0, 0o]¥ if for any 31, B2 € B thereisa § € B
such that 81 vV 3o < 8.

Definition 2. [15] A collection of ideal bases B = (B(z)),cx in [0,00]% is called an
approach basis if and only if the following statements are true.

(AB1)Vx € X, Vp € B(z): B(z) =0.
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(AB2) Vx € X, V3 € B(x), Ye > 0,VN < oo, there exists (3.),cx € [[.ex B(2) such that
Vy,z € X:B8(y) AN < B.(2) + B.(y) + €
Definition 3. [15] If Q is an approach system, then B = (B(x)),cx is called a basis for

Q if and only if the following are satisfied.

(Ab1) Vx € X, B(x) is a basis for an ideal.

(Ab2) Yo € X: Q(x) = B(x), where B(x) = {v € [0,00]%|Ve > 0,YN < coI¢ € B(x) :
vAN <E+e}

Definition 4. [15] A function )\ : F(X) — [0,00]% is called a limit operator if and only
if the following conditions are fulfilled:

(AL1)Vz € X : X\()(z) = 0;

(AL2)VF,G € F(X),z € X : F < G implies A\(G)(z) < \(F)(x);

(AL3) Y (By);e; € F(X) w € X 2 X (N Fy) (@) = V; A (F)) (2);

(AL4) VG € F(X),(F)),cx € F(X)X,z € X : A (n G, (Fy)yex)) (z) < MG)(z) +
Vyex A (Fy) (y)-

Then the pair (X, \) is called an approach space.

A map f: (X,\) — (Y, N) between two approach spaces is called a contraction if

N (f(F) (f(z)) < AMF)(z), Vo € X.
The category of approach spaces and contraction mappings is denoted by AP.

Theorem 1. [15] Let (fj X — (Xj,Qj)jej) be a structured source in AP. Then an
approach basis on X for the unique initial lift of this source in AP is given by

B(z) = {Vjexvio fil K €2, Vj € K : v € QU (f;(x))}, Yz € X.

Given an approach space (X,\), one defines for @ € [0,00] and x € X, the a-
neighborhood filter at € X given in [13] by

= MF € F(X)[AF)(2) < a}.
Remark 1. In an approach space (X, \), VF € F(X), Vx € X and Ya € [0, 00]:
AF)(z) <asF>TUL.
[13]
Theorem 2. [13] Let (X,\) € | AP|. The system U = (Ug)zex,aelo,00] has the following
properties:

(U0) U2 € F(X) for all z € X and o € [0, 00];

(U1) UL < &, for all z € X and a € [0, 00];

(U2) U2, <k (Ug, ((Ug)yex)), forallz € X and a, 8 € [0, 00);
(U3) 0 <« < B implies UE < U%;

(U4) For all ) # A C [0,00]: \/ oea Us = U% 4.

We call the system U as the corresponding neighborhood system of the approach space
(X, )N).



T.M.G. Ahsanullah, Fawzi Al-Thukair / Eur. J. Pure Appl. Math, 17 (3) (2024), 1762-1778 1766

If (X,-) is a group and v € [0,00]%, then for any z € X, we write z ® v : X — [0, 00],
y = xOv(y) = v(zy). Similarly, we also write vOz : X — [0,00], y = vOz(y) = v(yx).
If v € [0,00]%, then v~ ! : X — [0, 00] is defined by v~!(z) = v(z~!). If B C [0, 00]¥, put
x®B={r®v|veB} Notethat (xr ©B) =20 (B).

Now for the convenience of the reader, we recall some essential categorical terms that are
needed in the sequel, for the details, we refer to [1].

A functor F: € — © is a morphism between categories, consists of mappings between
objects of € and objects of D (sometimes we write as |€| to denote the objects of €) and
the mapping between morphisms of € and morphisms of ® such that (i) if f: S — T,
then F(f): €(S) — D(T); (ii)) F(f og) = F(f) o F(g), whenever f o g is defined; (iii)
F(ids) = idr(g). The functor F is called an embedding if it is injective on objects. If € is
a category, then by a concrete category over €, we understand a pair (&, F), where € is a
category and F: & — € is a faithful functor.

A construct is a concrete category over SET, the category of sets, and we consider the ob-
jects of a construct as structured set (.59, ), and morphisms are suitable mappings between
the underlying sets. A construct is called topological if it allows initial constructions, that
is, for any source (fj: S — (5j,¢;)) ¢ > there is a unique structure ¢ on S such that a
mapping g: (T, 8) — (S,¢) is a morphism if and only if for each j € J the composition
fiog: (T,B) — (Sj,j) is a morphism, where (7, ) is a structured set.

A functor F: € — © between categories € and ® is called an isomorphism if there is a
functor H: D — C such that H o F = id¢ and F o H = idp. Two categories € and © are
said to be isomorphic if there is an isomorphism.

3. Approach groups, characterizations and ultra uniformization

Definition 5. [15] Let X be a set. A family of ideals (Q(z)),cx in [0,00]% is called an
ultra approach system on X if and only if for oll x € X, the following properties are
satisfied:

(AS1) Vv € Q(z): v(xz) = 0.

(AS2) Vv € [0,00]% : (Ve > 0,YN < oo, WY € Q(z) s.t. vAN < v +e) implies v € Q(x).
(AS3) Vv € Q(x),Ve > 0,YN < 00,3 a family (Q(2)),cx such that v, € Q.,Vz € X and
that Vy € X, v(y) AN < vg(2) Vi(y) +e.

Definition 6. [15] If (X, Q) and (X',Q) are approach spaces (resp.ultra approach spaces),
then a map f : (X,Q) — (X', Q) is called contracting at € X if and only if for all
voe QY(f(x)), for all € > 0 and for all N < oo there exists a v € Q(x) such that
(Vof)yAN<v+e

The map f is called a contraction if and only if it is contracting in each r € X.

Definition 7. [1/] A family of ideals Z in [0,00]X*X is called an ultra approach unifor-
mity on X if and only if the following properties are satisfied:

(uAU1)VE € EVr € X: &(z,x) = 0.

(uAU2) Y€ € [0, 00X %X (Ve > 0,VN < 00,3¢N € = s.t. EAN < EN +¢) implies € € .
(uAUS3) VE € E:£° € E, where £°(z,y) = {(y,x), V(z,y) € X x X.
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(uWAU4) V&€ € Z,¥e > 0,VN < 00,3¢N € E s.t. Va,y,2 € X: &(z,2) AN < V(z,y) vV
&Ny, z) + e

If (X, Z) is an ultra approach uniform space, then the underlying approach system of = is
given by Q(z) = {£{(z,.)|{ € E}, or by Q,.

Definition 8. Let (X,-) be a group, and Q = ((x)),cx be a family of ultra approach
system on X. Then the triple (X, Q= (Q(x)):cex) is called an ultra approach group if
and only if the following conditions are fulfilled:

(UAG1) the mapping m : X x X — X, (x,y) — xy is a contraction;

(UAG2) the inversion 7: X — X,z o~ 1 is a contraction.

Lemma 2. If (X, Q= (Q(x))xeX) is an approach group, then for any a € X, L, the left
(resp. R, the right) translation is a homeomorphism. That is, bijective and bi-contraction.

Proof. This goes almost in the same way as in the proof of Proposition 2.3 [18] with
Ly: X =X,z ax.

Proposition 1. Let (X, Q= (Q(l’))xex) be an approach group. Then for any x € X,
Q) ={voL,1|lveQe)} (respectively, Q(x) ={voR,-1|v € Qe)}).

Proof. Let v € X. If v € Q(e), then v € Q(L,-1(x)). Since L, -1 is a contraction,
by definition, we have v o £,-1 € Q(z). Conversely, if vo L,-1 € Q(x), then vo L,-1 €
Q(Ly(e)), which by definition of contraction yields that (voL,-1) o L, € Q(e). But
(voL,-1)o L, =v, and hence v € (e). This shows that v € Q(e) © vo L,-1 € Q(x).
The other part follows exactly the same way.

group and Q = (Q(z)),cx be an approach system on X.

Theorem 3. Let (X,-) be a
Q= (Q(x))mEX) is an approach group if and only if the following are

Then the triple (X, -
fulfilled:

(a) Vz € X: Q(z) = {z o vy € Qe)}, where 27 O v = vo L, 1 (alternatively,
Qz)={vozlveQl)}, wherevor ' =voR,-1);

(b) Vv € Q(e), Ve > 0, VN < oo, there exists p € Qe), v I AN < pu+e de j3: X —
X,z — 271 is contracting at e;

(c) Vv € Qe),Ve > 0,VN < oo, there exists pu € Q(e) such that

Ve,y € X: v(zy) AN < p(z)Vu(y)+e, i.e. m: (z,y) — xy is contracting at (e,e) € X X X ;
(d) Vv € Q(e), Ve > 0, VN < oo, Vo € X, there exists u € Q(e) such that (:U 0§20 xil) A
N < p+e, ie Inty:zw— xza~! is contracting at e.

Proof. If (X, Q= (Q(a;))mex) is an approach group, then (a) follows from the Propo-
sition 1, and (b) follows from the Definition 3.1 [15], while (c) follows the Definition. As for
(d), we employ the Theorem 3.4(b) [15] since Int, = L, oR -1, and both the translations
are contraction maps. To show the converse, assume that (a)-(d) are true. First, we show
that the inversion map 7: X — X,z — 27! is a contraction. Let x € X, v € Q(y(x)),
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e >0, and N < oo, we want to find a 6 € Q(x) (say) such that (v oj) AN < 6+ e. Since
v € Q(y(x)), there exists a u € Q(e) such that v = x ® u. Consequently, due to axiom (b),
there exists a 1 € Q(e) such that u=* AN < puj+e€. Then for any z € X, (vo7) (2)AN =
(o p)og(z) AN =plzz")AN =pt (za7 ) AN < (e +e= (1 @2 ) (2) +e
= (Vo)) AN <0 +¢ with 6 := pu; ®x~1, 0 € Q(z). Thus we have proved that for any
veQ(y(zx)), Ve > 0,VN < oo, there exists a § € Q(z) such that (v o)) AN < 0+e¢, that is,
7: X = X,z — x~ ! is contracting at x, and hence it is contracting in each z, and so, the
inversion 7 : X — X is a contraction. To prove that the map m : (z,y) — xy is contacting
in (a,b) € X x X, we employ axioms (a)-(d) in conjunction with Theorem 3.4 [15] to the
contracting maps m, L,-1, Ly-1,L, and Int, which are respectively contracting at (e, e),
a, b, and e, to get the compositions: m(a,b) = [L4 0 Inty omo (L,—1 X Ly-1)](a,b) = ab.
Thus, we have the m : X x X — X, (z,y) — zy is a contraction map.

Theorem 4. Let (X,-) be a group, and B be a family of ideals in [0,00]% such that the
following are fulfilled:

(1) B is an ideal basis, such thatV v € B: v(e) = 0;

(2) Vv € B, Ve > 0, VN < oo, there exists u € B such that v "' AN < p+¢;

(3) Vv € B,Ye > 0,VN < oo, there exists u € B such that

Vae,y € X: v(zy) AN < p(z) V u(y) + €

(4) Vv € B, Ve > 0, YN < o0, Va € X, there exists p € B such that

(m@u@x_l) AN < p+e.

Then there exists a unique approach system such that B is a basis for the approach system
at e and compatible with group structure of X. This approach system is given by: A(zx) =
Hztovive Bl = {voztiveB}).

Proof. In view of the preceding theorem, we only prove (AS3), for this we proceed as
follows.
Let ¢ =2 ' ov € A(z) with v € B, let ¢ > 0, and N < co. Choose 1 € B such that
vizy) AN < n(z)Vnly) +e If & =210n, then E(y) AN = (z7'ov) (y) AN =
vie 'y ) AN =v(z 2z ly) AN <z t2) Vin(z7ly) + e = &(2) VE(Y) + e

Proposition 2. FEvery ultra approach group is ultra approach uniformizable.

Proof. Let (X,-,€Q) be an ultra approach group. Define
v X x X —[0,00], (z,y) = vz, y) = v(z"ly)
and
' =< {y €[0,00]*X|v €.} >.
(uAUL) Let x € X and v € I'. Then there is a v € Q. such that v(z,z) = y(z,z) =
v(e) =0.
(uAU3) Let € > 0 and v € I". Then there exists v € €. such that y(z,y) = y(z,y) =
v(z~'y). Since by contraction of 7, one obtains v; o r € Q, yields that v~! € Q.. Thus,
we have 7*(z,y) = v(y,2) = u(y,z) = v~ '(z7'y) = (v iz, y). So, v* € T.
(uAU4) Let v € T be such that v(z,y) = v(x,y) = v(z~'y). Then for each ¢ > 0
and N < oo, there exists v € Q. such that v(zy) AN < vV¥(z) v vN(y). If we put
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7 (w,y) = v (a7 ly), then

vz, y) AN =v(a'y) AN

=v (wilzzfly) AN

<y (@ 12) VN ()

<V (@, 2) VAN () + €.

The underlying ultra-approach structure of I' is given by
@ ={v(z, ) e}

={y(,z)|lyel}

={voLl,1lv e Q}.

In fact, v(z,.)(y) = v(z,y) = v(z~ly) =vo L,1(y), for any y € X. Thus by Proposition
1, we have Q) = Q,.

4. Characterization of approach groups by neighborhood systems

Definition 9. Let (X ) be a group, (X, A) be an approach space, andU = (Ug),.c x aefo,00]
be a corresponding neighborhood system of the approach space (X, \). Then the triple

<Xa '7u = (Ug)xEX,OcE[O,OO])
following are fulfilled:
(NAGM) [Uzl\//ﬁ <U%oUY, Vo,y € X and Va, B € [0, 00].
(NAGI) U= " < (Uz)~L.

Theorem 5. Let (X,-) be a group and U = (U2)

is called a neighborhood approach group if and only if the

a€[0,00],wEX be the neighborhood approach

system corresponding to approach space (X,\). Then (X,‘,Z/{ = (ng)ae[o,oo],meX> s a
neighborhood approach group if and only if the following axioms are fulfilled.

(1) U¢, € F(X), Ya € [0,1];

(2) US < é, Ya € |0, 00];

(3) U, <k (Ug, (Ug)yex>,Va,5 e [0, 00];

(4) if 0 < o < B, then Ug <Ug;

(5) Ug{ = VOz<ﬂ U%;

(6) Utys S UG ©UG, Va,B € [0, o0];

(7) Us < (Ug) ™"

(8) Va € [0,1], Ve € X: UZ =20 U, =U¢ O 4.

Proof. Let (X,-,Z/l = (Uﬁ)ae[O’ooLxeX) be a neighborhood approach group. Then

T

conditions (1)-(7) follow immediately. We prove only (8). Since # > U%, we have & ®
Ue > U2 o U > U, = UL Next, we have: U = é 0 UZ = (20 (¢)7!) 0 UZ =
(@) (@)L oU2) > &0 (U2)1ol) > ie (tuzfj1 @Ug) > i@ UL, = & ©UE. This
ends the proof that U7 = & © U¢,. Similarly, one can obtain the right part. Hence the
results follows.

Conversely, assume that all the conditions (1)-(8) are true.

We need to show that (X, U= (Ug)ae[o’oomex) is a neighborhood approach group. As
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it is already a neighborhood approach space, we first prove the condition (NAGM). Let
o, € [0,00] and x,y € X. Then by using Lemma 1 repeatedly we get:

IUZZ\//B =7y O UZ{VB

=(@0y o UZ\/B

—i0 (§OUsy)

<io(§o (Vs oUs)) (by (6)

= ° ((z:/@IUg) @Ug)

=3 1°c ((Ugcay') @Ug)
=(zol)o (ycatug)
=UZ ® U% (again by applying (8)).

To prove (NAGI), note that by applying (7), (8) and Lemma 1, we have:
U)'=@ol) T =Wy 0@ 2 UL o @) " =T

(applying (8))

5. Ultra approach limit group and its relationship with neighborhood
approach group

Definition 10. [}/ Let (X, ) be a group and (X, \) be an ultra approach limit space. We
call the triple (X, -, \) an ultra-approach limit group if the following axzioms are satisfied:
(uALM) VF,GeF(X),z,y€ X : M(FoG)(zy) < AF)(z) VAG)(y).

(uALI) VFeF(X),z € X : A(F 1) (z71) < \(F)(x).

One can notice from [4] that the conditions (WALM) and (uALI) can be replaced by a
single condition, i.e., for all F,G € F(X),z,y € X : AF O G)(zy~ 1) < AF)(z) V A(G)(y).

Theorem 6. If (X,-,\) is an ultra approach limit group, then

<X, Uy = (Ug)ae[o,oo],xEX> s a neighborhood approach group, where

U2 = A{F € F(X) | \(F)(z) < a}, for any a € [0,00] and x € X.

Conversely, if (X, U= (Ug)ae[o,w}’me){> is a neighborhood approach group, then (X, -, \y)

is an ultra-approach limit group, where M\y(F)(z) = A{a € [0,00]|UZ < F}, for any
FeF(X), and x € X.

Proof. Let (X,-,A) be an ultra approach limit group. For a, 8 € [0,00], and z,y € X,
we put F = U, and G = Uj;. Then
A (Ug ® Ug) (zy)
=AFOG)(zy)
< AF)(z) vV AG)(y) (by (WALM))
<aVp.
This implies that A (Uﬁ ©) U%) (ry) < aV  which in view of Remark 1 yields that U ®
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U > Uil ie., the condition (NAGM) is proved. The condition (NAGI) is an immediate

consequence of Lemma 3.7 [13].

Conversely, in view of Lemma 3.4[13], we only show condition (WALM). Assume that
(NAGM) is true. Let F,G € F(X), and z,y € X. Then

Mu(F)(@) V e (G)(y)

= (AMa € [0,00] [UZ < F}) v (A8 € [0,00] 0% < G})

= MaV B e0,00]|U; <F,Uj <G} (by using Lemma 2.8[4])

> N{aV B e|0,o0] |Uav,8 <F® G} (as because Uf{/ﬁ <z @U% <F ® G, and with the
assumption that F © G exists, so is Uj, ® Uj by using Lemma 4.2[4])

= M\ (F © G) (xy), showing the condition (WALM) is proved. The last condition follows
immediately by using (NAGI) coupled with Lemma 3.7[13].

Corollary 1. Let (X, U = (0% )ae[o o] xeX) be a neighborhood approach group. Then
for any a € [0,00] and x € X: UL =20 U, =U¢ O 7.

Proof. Let x € X and « € [0,00]. Then in view of the preceding theorem, Lemma 1
and Lemma 3.8[4], we have

= MF € F(X) | MF)( )<a}

= MFeFX)|A((#) 1 OF) (e) <}

= N{F eF(X )|(:U) ®F>Ue}(by Remark 1)
= MF e F(X)|F > & 0 U3}

=i U,

Similarly, one can show that U} = U, © @.

If we denote uApLimGrp as the category of all ultra-approach limit groups and N Ap-
Grp, the category of neighborhood approach groups associated with approach spaces,
then if follows from [13] in conjunction with the Lemma 3.7[13] and the Theorem 6 above,
these two categories are isomorphic, we leave details for the interested reader. However,
the functors in question, say for instance, § and & are connected as described below:

uApLimGrp — NApGrp

5 (X, ) — (X, Uy)
f — f
and
NApGrp — uApLimGrp
(GRS (X,,U) — (X,',)\u)
f — f

6. Ultra approach-Cauchy groups, Ultra approach limit groups and
Strongly normal ultra approach limit

In the light of the Section 5[4], we add some results in this section; specifically, our main
aim here is to show that the categories uApChyGrp (the category of ultra approach-



T.M.G. Ahsanullah, Fawzi Al-Thukair / Eur. J. Pure Appl. Math, 17 (3) (2024), 1762-1778 1772

Cauchy groups) and SNuApLimGrp (the category of strongly normal ultra approach
limit groups) are isomorphic.

Definition 11. [17] Let X be a set. A mapping Y : F(X) — [0, 00| is called an approach-
Cauchy structure if and only if the following conditions are fulfilled:

(AChy1) Y(&) = 0;

(AChy2) F < G implies Y(G) < Y(F) for all F,G € F(X);

(AChy3) Y(FAG) < YT(F) + Y(G).

Then the pair (X, Y) is called an approach-Cauchy space.

A mapping f: (X,T) — (X', Y’) between approach-Cauchy spaces is called approach-
Cauchy contraction if and only if for all F € F(X), Y'(f(F)) < T(F).

The category of all approach-Cauchy spaces and approach-Cauchy contractions is denoted
by ApChy.

Definition 12. Let (X, ) be a group and (X,Y) be an approach-Cauchy space. Then the
triple (X,-,Y) is called an approach-Cauchy group if and only if for all F,G € F(X):
T(FoG!) <Y(F)+T(G).

The category of all approach-Cauchy groups and approach-Cauchy contractions which are
homomorphisms denoted by ApChyGrp.

Definition 13. [4, 17] A map T : F(X) — [0,00] is called an ultra approach-Cauchy
structure on X if and only if the following axioms are fulfilled:

(uAChyl) Vx € X: Y (&) = 0;

(uAChy2) VF,G € F(X) with F < G, T(G) < YT(F),

(uAChy3) VF,G € F(X), if FV G exists, then T(FNG) < YT(F) v Y(G).

A mapping f: (X,T) — (Y, Y) between ultra approach-Cauchy spaces is called Ultra
approach-Cauchy contraction or Cauchy contraction if and only if for all F € F(X),
T'(F(F)) < T(F).

The category of all ultra approach-Cauchy spaces and contractions is denoted by uApChy.

Definition 14. Let Y : F(X) — [0, 00] be an ultra approach-Cauchy structure on a group
(X,-), then the triple (X, -, ) is called an ultra approach-Cauchy group if and only if the
mapping h : (X x X, T x T) = (X, Y), (z,y) = a1y is a contraction, (or, equivalently,
VF,GeF(X), T(FoG) <TEF) VIYG).)

Note that VF € F(X), T(F~1) < Y(F), and VF,G € F(X), T (F® G) < T(F) VY (G), are
also hold good.

The category of ultra approach-Cauchy groups and Cauchy contractive homomorphisms is
denoted by uApChyGrp.

Proposition 3. uApChyGrp is a topological category.

Proof. Let (X, -) be a group, fj: X — X, a group homomorphism, and (X}, -, (T;);es)
be a family of ultra approach-Cauchy groups. Consider asource S = (f;: X — (Xj,-,Y;))
Then in view of the Section 5[17] the ultra approach-Cauchy structure on X is given for
any F € F(X), by T(F) = V,c; T;(f(;(F))). It is proved in [17] that the source S has

jeJ’
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initial structure and that the pair (X,Y) is an ultra approach-Cauchy space. It remains
to be checked the following single condition:

Thus, for any F,G € F(X), we have

TFOG) = Ve Vies (HEOG) = Ve, 15 (H(F) © £5(6) )

<V Tyes(FE) YV ey T5(£(G)) = T(E) V T (G), for all j € J.

Finally, we show that for any ultra approach-Cauchy group (Y,-, Y’), a group homomor-
phism ¢g: (Y,-,Y) — (X,-,T) is a contraction if and only if for all j € J, the map
fiog: (Y, Y) — (Xj,-,T;) is a contraction. But the composition f; o g is clearly
contraction, while the contraction of g follows at once from [17].

Recall that an ultra approach limit group, [3], is a triple (X, -, ) consisting of a group
(X,-) and an ultra approach limit structure A : F(X) — [0, 00]* meaning for all 2 € X,
Az) =0, for all F,G € F(X) with F < G implies A(G) < A\(F) and A(FAG) = A\(F)VA(G),
such that the group operation h : X x X — X, (z,y) — zy ! is a contraction, i.e.,
VF,G € F(X), \(FOG™) (zy') < A(F)(z) V A(G)(y). With each ultra approach limit
group (X, -, ), there is associated a natural ultra approach-Cauchy structure defined as
follows:

Th: F(X) = [0,00],F = T\(F) =X (FLOF) (e) VA(FOF ) (e).

On the other hand, every ultra approach Cauchy group (X,-,T) gives rise to an ultra
approach limit structure given by:

Ar 2 F(X) = [0,00]%, F = Ay (F)(z) = Y (FN ).

Lemma 3. [}] Let (X,-,\) be an ultra approach limit group, F € F(X) and x € X. Then
A(F)(x) = M[z] "' O F)(e) = AMF & [z]71)(e).

Proposition 4. If (X, -, \) is an ultra approach limit group, then
Ty :F(X) — [0,00] defined by

Tr(F) = A (F_l @F) (e) VA (IF @F_l) (e), VF € F(X)

gives rise to an ultra approach-Cauchy structure.

Proof. (uAChy1) For any € X, Tx(2) = A (¢7 @ &) (e)VA (2 ©@&71) (e) = A(€)(e) V
Aé)(e) = 0.
(uUAChy2) If F < G, then since F"' ©F < G~! ©® G, we have T)(G) < T\ (F).
(uAChy3) Let F,G € F(X) such that FVG exists, then F"1©G < ¢ and also, G 1OF < ¢,
hence upon using these we have
TA(F) vV TA(G)

=AF1OF) (e VAFOF 1) (e)V(G'OG)(e) VA(GOG™)(e)
=ANEFTOF) () V(GTOG) (]VINFOF 1) (e) VA (GOG™) (e)]
>A(F'OG)(e)VA(GTOF) (e)

Th (]FQG)

— ) ((IF NG 'eEn G)> (€) V A ((IF NG) e (FN G)—l) (e)
=A(F'oF)NF'oG)N(G'oF)N(GoG))(e)V
AMEOF)NFG)A(GoF)A(Go6™)) (e
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“D(FOF) (@ VAFOF) (VA (G OG) (@) VAGoG) (@)
VAF1LTOG) () VA(GOF ) (e)] VNG ToF) () VA(FOGT)(e)]
< TAF) VIAG) VTA(G) VTAF) = Ta(F) vV TA(G).

Definition 15. An ultra approach limit group (X, -, \) is called strongly normal if and only
if for al F,G € F(X), \(FOGOF ) (e) SA(FOF 1) (e) VA(F ! OF) (e) VAG)(e).

Proposition 5. Let (X, -, \), and (X', -, \') be strongly normal ultra approach limit groups.
If f: X — X' is a group homomorphism, then the following assertions are equivalent:
(i) f: (X,\) — (X', X) is a contraction;

(it) f: (X,YT\) — (X', Tx) is Cauchy contraction.

Proof. Assume (i) holds. Then using Lemma 1, for any F € F(X),
Tu(FE) = X (fF) 1 0 F(F)) (WA ((F) © FF) ) ((e)) = X (FE O ) (f(e)V
N(fEQF)(fle)) SMEFTOF)(e) VAFOF)(e) = Ta(F), ie., Ta(f(F)) < TA(F).
Now assume (ii), and let F € IF(X) and x € X. Then upon using Lemma 3, we get
N (fIE)(f(x)) = /\’([f( N~Ho FE) (f(e) VN (f(IF) © [f(@)] ") (f(e))
<N (([f@IAFENT O (@) A L) (fe) VN (FI) ALf()] O (FE) ALF@)) ) (f(e))
= T (f(F)ALf (2 )]) < Ta(FA[a]) = M(EFA[2]) " O FA[]) () VA(FA[Z]) O (FA[2]) ") (e)
AFLoF) (e = 27 12) VAFOF) (e = 27 1) < AF)(z) VAFH(2™1) < AF)(z) VA(F)(z)
A(F)(z), which proves that X (f(F))(f(x)) < A(F)(x), i.e., f: X — X' is a contraction.

Lemma 4. If (X,-,Y) is a ultra approach-Cauchy group, then (X,-,Ay) is an ultra
approach-limit group.

Proof. In view of the Proposition 5.16 [17], we only need to show that the group
operation h : X x X — X, (z,y) — zy~! is a contraction. If F,G € F(X) and z,y € X,
then by the Lemma 1(iii), we have
(FoG! )ﬂ:ny l=FoGYH)n@Eoeyg!)>Fni)o (G ny™t).

Upon using (uAChy2), we get
Y(FoGH)n(Eey?))
<T(Fni)o (G tnyt))
= ((Fm':) ® (Gmy)*l)
<TFNz)VY(Gny)

= Ar(F)(x) v A(G)(y)-

Consequently, we have

MFOG) (zy ) =7 <(IF® G™h) ﬁx/y_\1> < Ay (F)(2z) VA (G)(y).

Lemma 5. If (X, -, \) is an ultra approach limit group, then (X, -, T) is an ultra approach-
Cauchy group if and only if it is strongly normal approach limit groups.

Proof. Define Y(F) = A(F~ 1 ®F)(e) VAF @ F~1)(e) V A(G)(e), for all F,G € F(X)
Assume that (X, -, \) be a strongly normal approach limit group, we prove that (X,-, 1))
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is an ultra approach-Cauchy group.

In view of the Proposition 4, only we need to prove that the group operations are contrac-
tive. Since (X, -, \) is strongly normal, we have for any F,G € F(X),

TFOG) =AMTFoG) o FoG)  HEe)VA(FOG)™ o ([FoaG)))

=AFOGOGTOF ) (e)VAG 'OF 1OF6oG)(e) < AF1OF)(e) VAFOF 1) (e) Vv
AMGoOG HE)VAGoG))(e) VAG oG 1)) (e) vVAFt®F)(e) (by applying A to
[e] = [e]@[e] <G oG)

SAF LR () VAFOF () VAGOG ) (e) VAGoG)(e) = T(F) vV Y(G), proving
that T(F 0G) < T( ) (G) Finaly, for any F € F(X), we have

T(F) = A(( DT eF N VAF o E) (e

AMF o F1Y(e) v )\(JF @ (F)(e) = Y(F). This ends the prove that (X,-,T) is an ultra
approach-Cauchy group.

Thus, there are two functors 2l and B which in conjunction with the Proposition 5
yields the following:

(X,,7T) — (X, Ar)

uApChyGrp — SNApLimGrp
A
f — f

and

(X"v)\) — (X,',T)\)
f — f

Theorem 7. uApChyGrp is isomorphic to SNApLimGrp.

{SNApLimGrp — uApChyGrp
B

Proof. Observed that

SNApLimGrpE)uApChyGrp&SNApLimGrp:
(X5 A) — (X, 1)) — (X, );

then one can check that 2 0B = idsNApLimGrp, i-€-, A, = A. In fact, for any F € F(X),
and x € X, we have

Ay () () =T F/\ ]) A( © ([EAfx]) () VA(EA[z]) © FA[])) (e)
= A ([ AF CU] ) (e ( Ala]) © (F EA L) (e)

> A (([z] 71 A F [2])) (e > AF © [2]71) = A(F)(x), this is so, because of the fact
that [2] ! AF~! ( [ ) <[z ] ©F, the applying A to get Ay, > A. Conversely, for

any F € F(X) and x € X, we have

Ar, (F)(z) = TA(F A fz]) = A((FA[2]) 7 © (FA[2]) VA ((F ® (FEA[z])™)
=A(FA[z) PO EFA[])) VA(FA]) O EFETAZ]Y).

Since in one hand, (FA[z])® (F~tA[z] 1) = (FOF1)A (IF@[ I"HA ([ JOF YA o[zt
and the other (FA[z])~!® (FA[z]) = (F~

( T

b LOF) A (F O fa]) A ([z] ®F) ([z] 7' @ [2]),
one obtains

=A(([EA ]! (FA[]))VA_(gFA[:vD 12

<SA((FPOF)(e=a"1z) VAR ®[93)()A>\(F®[] (z) v A(le])(e))
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VAFoF Y(e=azz ) VAF O [z]71)(e) VA([z] AF 1) (e) V Ae](e)) < A(F)(z).

This is so, because of the fact that A(F~ ! ©F)(z~tz) < MF~1)(z7 1) VA(F(z) < AF)(z)V
A(F)(xz) = AM(F)(z), and continuing in this way, we can do other parts including applying
homogeneity. Thus, we can prove that Ay, < A, and hence Ay, = A. For the other
direction, we look at the scheme below:

uApChyGrpiSNApLimGrp&uApChyGrp:
(X) y ’r) — (X) y AT) — (Xa y T)a

then one can check that B o 2 = idyApChyGrp; i-6-, Tay = Y. In fact, for any F € F(X),
Ty (F) = Ax(F L O F)(e) VA (F©F 1) (e) = Y(F). Hence the result follows.

Corollary 2. If the underlying group is Abelian, then uApChyGrp is isomorphic to
uApLimGrp.

7. Conclusion

In this paper, from categorical perspective, we considered two isomorphisms, one

between the categories uApLimGrp (the category of all ultra-approach limit groups)
and NApGrp (the category of neighborhood approach groups associated with approach
spaces); another, between the categories uApChyGrp (the category of ultra approach-
Cauchy groups) and SNApLimGrp (the category of strongly normal approach limit
groups) besides discussing some characterizations of (ultra)-approach groups. Since ul-
tra approach structures originated from the idea of non-archimedean structure or ultra
metrics, we are interested to associate all of these structures in relation to ultra approach
metric groups, and the cop-metrizability of ultra approach groups. These questions are
yet to be established. We hope to settle these issues in one of our forthcoming papers.
It would be interesting to add some applications like those in [10-12] that are based on
rough sets and their generalizations. Since as this stage we do not see any direct rela-
tionship of our work with rough sets, one of the reasons could be that rough sets are
generalization of Zadeh’s concept of fuzzy sets whereas our findings are based on non-
fuzzy, rather it is based on non-Archimedean metric spaces; however, we will look into
this extraordinary situations in our future research. However, for better understand the
soft sets and their applications in medical science, we refer to some of the papers which
are definitely interesting in their own right such as [10-12]. However, approach spaces
have significant applications within mathematics, such as, functional analysis, and much
beyond which can be find out in [16], where one can also find plenty of examples on ap-
proach spaces, and their connected branches. For further examples on approach groups,
we refer to [4].
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