9.3 SEPARATION OF VARIABLES

*Our first technique for solution, splits the partial differential
equation of n variables into n ordinary differential equations.

*Each separation introduces an arbitrary constant
of separation.

|If we have n variables, we have to introduce n-1 constants,
determined by the conditions imposed in the problem being solved.



we manipulate the equation so it was in the form

f(y) dy = g(x) d.

In other words, we separated = and y so each variable had

its own side, including the dz and the dy that formed the derivative expression

d ; :
—y. This is why the method is called "separation of variables."
1
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Not all differential equations are like that. For example, d—y = x + y cannot be
i

brought to the form f(y) dy = g(z) d= no matter how much we try.

In fact, a major challenge with using separation of variables is to identify
where this method is applicable. Differential equations that can be solved
using separation of variables are called separable equations.



Cartesian Coordinates :
In Cartesian coordinates the Helmholtz equation becomes

a2 N 32 . a2y B
dx? ay? dz2

Ky =0

The equation separable and we can replace the function by product
of three functions

Urix, v.2) =X (x)Y(v)Z(z2)
Substitute

_d*X d*y A
YZ— 4+ XZ :

dx= dv

Dividing by ) = XYZ and rearranging terms

1d*’X 5, 1dY 1d°Z

X dx? Y dv? Z dZ?



X, ¥, and z are all independent coordinates. Therefore, each side
must be equal to a constant, a constant of separation
1d°X P
X dx?

second separation

1 d2Y s . 1d%Z

i —

Y “r:,l,f N - Z dz?

by equating each side to another constant of separation, —-m?

1 d?Y 5
? -:;!’_";'2 — M
1 d2Z

7 dz2

= K+ 1P +m?=—n’



solution should be labeled according to the choice of our constants
ILm, and n;

'.*'r’rur.rn[-"-- y.Z) = .jirlr{_i':l}’;”{_".':lZ“{::I

Subject to the conditions of the problem and to the condition k? = /?
+ m? + n?, we may choose |, m, and n as we like

the most general solution may be taken by taking a linear
combination of solutions ¢,

U= E dim '.*'r"rnrm-
j

i

The constant coefficients a,, are finally chosen to permit to satisfy
the boundary conditions of the problem, which, as a rule, lead to a
discrete set of values [, m.



Circular Cylindrical Coordinates :

unknown function ¢ dependent on p, @, and z, the Helmholtz
equation becomes

~

+k

1a [ av 1 a2y %y
2 v =0

[ IID_ _|_ 5 +
0 dp do p? dp? dz
assume a factored form for ¢,

Vip,p,.2)=Plp)P(p)Z(2)
Substituting

®Z d ( dP\ PZd*® d’Z
p +——+PO—5 +k"PPZ=0
p dp\ dp o= de- dz-

Moving the z derivative to the right-hand side yields

1 d( ﬁ‘P) 1 d*e 1 d27
p — + k===
dp

4+ .
pP dp p2® dy? Z dz?



each side equal to the same constant

d*z
T:"r_z
1 d{ dP 1 dd
{ (*D + o+ k=12
pP dp dp o=@ dp-

Setting k? +I° = n?, multiplying by p?, and rearranging terms
pd [ dP 2 1 d?d

— Rep- = —— .

Pdp\"dp P =704y

In the second separaion the right-hand side to m?

d*® .
— =—m" D
dp-
d dP 2 9 .
—|p— |+ n"p " —m )P =0
Jfjr:a‘,r::' (’ﬂ ffp) {H P m}



the most general solution of the Helmholtz equation is a linear
combination of the product solutions:

Urip, @, z) = Plp)®lp)Z(2).

ll-"':ﬁ~ w,I)= Z”mn P.r:rn{..ﬂ:'q:'ri'z{fﬁ}zn{ﬂ

A



Spherical Polar Coordinates :

Helmholtz equation, again with k? constant, in spherical polar
coordinates.

1 3 [ 00 3 1 a°
31113—(!‘ —) + — 5u19—w + — t‘f = _klf‘lllf
rlsind dr\  dr dé af sinf dg-

Wrir, @, ¢)= R(re(@)d(p)

dividing by ROQ :

1 d{ ,dR 1 d{. dO 1 d*® 5
5 re siné + S = —k
Rr=dr\ dr ()r sind d6 dé ®rlsin® g do?

By multiplying by r2sin® 6. we can isolate (1/®)(d 2 D/ f:.fq&z} to obtain

1d*’®  , ., , 1 d ( f,,:m) 1 d (. d®
——— =r"sm | -k — — re S ar— s é
D dip- r<R dr dr resmf e dJdf de




let us use —-m? as the separation constant

1 JE{I’{'-’,!JJ 2
— 5 = —Mm"
¢ de-

1 d( pdRY 1 d ( Hd@) m? 2
———I\r S111 — = —Kk~
riR dr dr rlsind@® do dd r2sin @

Multiplying by r2 and rearranging terms

Ld(2dRY | o) 1 d ( QJH)_I_ m?
Rar\' ar ) 7" " T smeeas\"" a8 ) T Gnle
Again, the variables are separated.We equate each side to a

constant, Q,
1 d p gfﬁél) m- O+ 00=0
nfdo\ """ de ) T ule =

14 (;-ffm) +r-28

I I
r<dr dr r-




general solution may be written

Vom(r0,0) =) agnRo(r)©gm (@) (e)
Q.m



Table 9.2 Solutions in Spherical Polar Coordinates”

U= Z”!m Wi
f.m

1 v2iv —0 . rl P;”:msm
- v Him = pi-l Q7 (cosh)

Jitkry | | P"icos@) | | cosmy
| ke | | O (cose) | | sinmg

ip(kr) Pl (cos#)
ky (kr) Q7" (cos )

Table 9.3 Solutions in Circular Cylindrical Coordinates®

=]

COs mip
sin mg

-\..
=

2 Vi iy =0

3. VAN k=0 Yy

cosme | P
Si0 Mg

U= Zﬂ'ma Vma

m.Ce
T (aep) COs M gl
- ?zyﬁ’—l—ﬂ'jt_.'?z[l ‘.'-r"'mcr=l m (00 }[ _ Gﬂ}[ 3 ]
N (ap) Sin M g
I (e ) COS M COS]
b V2 —a2Y=0 =] S
Kmicep) sin me Sin ]

i
o cosmy
c. Vi =0 —
' Vm l p— M ] l sifmg ]




Exercises

9.2.4
9.2.12
9.2.13

Deadline : 22 -3 -1442






