
CHAPTER 9 - DIFFERENTIAL EQUATIONS

9.1 PARTIAL DIFFERENTIAL EQUATIONS

•Almost all the elementary and numerous advanced parts of theoretical 
physics are formulated in terms of differential equations, specially second 
order differential equations.   

•Differential equations in one variable (abbreviated ODEs), 

differential equations  in two or more variables (abbreviated  PDEs).

•Thus, ODEs and PDEs appear as linear operator equations,

Lψ = F,

where F is a known (source) function,

L is a linear combination of derivatives, 

and ψ is the unknown function or solution.

•Any linear combination of solutions is again a solution if F = 0 
(homogeneous PDEs.)



Examples of PDEs

1. Laplace’s equation, ∇2ψ = 0.

2. Poisson’s equation, ∇2ψ =−ρ/ε0.

3. time-independent  and time-dependent diffusion equations

5. The time-dependent wave equation, ∂2ψ = 0.

6. The Klein–Gordon equation, ∂2ψ =−μ2ψ

8. The Schrödinger wave equation, 



General techniques for solving second-order PDEs

•Separation of variables, where the PDE is split into ODEs that are 
related by common constants .

•Conversion of a PDE into an integral equation using Green’s 
functions applies to inhomogeneous PDEs,

•Other analytical methods, such as the use of integral transforms 



Classes of PDEs and Characteristics

Linear PDEs : can be represented by a linear operator 

which can be reduced to three classes according to whether the 
discriminant D = ac − b2 > 0, = 0, or < 0. 

Nonlinear PDEs : The simplest nonlinear wave equation, results if the 
speed of propagation, c, is not constant but depends on the wave ψ.



Boundary Conditions 

Solutions usually are required to satisfy certain conditions.

•initial conditions 

•Boundary conditions

boundary conditions may take three forms:

1. Cauchy boundary conditions. The value of a function and normal 
derivative specified on the boundary

2. Dirichlet boundary conditions. The value of a function specified 
on the boundary

3. Neumann boundary conditions. The normal derivative (normal 
gradient) of a function specified on the boundary.



A summary of the relation of these three types of boundary conditions to 
the three types of two-dimensional partial differential equations is given in 
Table



9.2 FIRST-ORDER DIFFERENTIAL EQUATIONS

consider here differential equations of the general form

It is first order ordinary  differential equation , it may or may not be linear

Separable Variables

the special form of Eq. (9.16)  

Note that this separation of variables technique does not require that the 
differential equation be linear. 



Example 9.2.1

We want to find the velocity of the falling parachutist as a function 
of time





Exact Differential Equations

This equation is said to be exact if can find function ϕ(x, y) =

constant and dϕ = 0 :

The necessary and sufficient condition for our equation to be exact is

If ϕ(x, y) exists, then the solution is

ϕ(x, y) = C. 



•It may well turn out that Eq. (9.16) is not exact and the previous 
condition is not satisfied.

•In this case, there always exists at least one or more of integrating 
factors α(x, y) such that.

is exact. 

Unfortunately, an integrating factor is not always obvious or easy to 
find.

•A differential equation in which the variables have been separated 
is automatically exact.

•An exact differential equation is not necessarily separable.



Linear First-Order ODEs

•If f (x, y) in Eq. (9.16) has the form −p(x)y + q(x), then Eq. (9.16) becomes;

•Equation (9.25) is the most general linear first-order ODE; the linearity refers to 
the y and dy/dx. (There are no higher powers, that is, y2, and no products, 
y(dy/dx)).

•Equation (9.25) may be solved exactly; the complete general solution of the 
linear, first-order differential is 

With integrating factor α(x) 






