
9.7 NONHOMOGENEOUS EQUATION—GREEN’S 
FUNCTION

In this section we turn to a different method of solution— Green’s function 
method, as applied to the solution of a nonhomogeneous PDE 

For the second-order, linear, but nonhomogeneous differential

equation , 

Then the particular solution y(r1) becomes

The Green’s function

is taken to be a solution of



Symmetry of Green’s Function

An important property of Green’s function is the symmetry of its two 
variables;

G(r1, r2) = G(r2, r1)

Provided that G(r, r1) satisfy self adjoint differential equations  with 
general form 



Form of Green’s Functions

assume that L is a self-adjoint differential operator of the general 
form



Spherical Polar Coordinate Expansion

As an alternate determination of the Green’s function of the Laplace 
operator

From the generating expression for Legendre polynomials



From the generating expression for Legendre polynomials

where γ is the angle included between vectors r1 and r2,







CHAPTER 10
STURM–LIOUVILLE

THEORY—ORTHOGONAL
FUNCTIONS

•In the preceding chapter we developed two linearly independent 
solutions of the second order linear homogeneous differential 
equation

•In this chapter the emphasis shifts to developing and understanding 
general properties of the solutions

•There is a close analogy between the concepts in this chapter and 
those of linear algebra. Functions here play the role of vectors , and 
linear operators that of matrices  in linear algebra .



10.1 SELF-ADJOINT ODES

If we define a linear, second-order differential operators of the general 
form

P(x) = p1(x)/p0(x) and Q(x) = p2(x)/p0(x). Hence, p0(x) must not vanish for a < 
x <b. Also if we define the linear operator as the adjoint operator 

When this condition is satisfied, (p’0(x) = p1(x), )the operator L is said to be 
self-adjoint.

In general we can always transform the non-self-adjoint operator into the 
required self-adjoint form. If we multiply L by 



Eigenfunctions, Eigenvalues

Schrödinger’s wave equation

is the major example of an eigenvalue equation in physics

•eigenvalue equation takes the more general self-adjoint form

• λ is the eigenvalue and w(x) is density function; w(x) > 0.

•A function uλ(x), which satisfies the imposed boundary conditions, 
is called an eigenfunction corresponding to λ.

•Indeed, the requirement that there be an eigenfunction often 
restricts the acceptable values of λ to a discrete set















Boundary Conditions

In the foregoing definition of eigenfunction, it was noted that the 
eigenfunction uλ(x) was required to satisfy certain imposed 
boundary conditions. 

in which u(x) and v(x) are solutions of the differential equation 
corresponding to the same or to different eigenvalues.







Hermitian Operators in QuantumMechanics

•The operator L is called Hermitian if

So that the wave functions satisfy appropriate boundary conditions

•Clearly, if A = A† (self-adjoint) and satisfies the aforementioned 
boundary conditions, then A is Hermitian.

•If we require L to be Hermitian, it is easy to show that L is real



Exercises :

9.7.7,  10.1.1,  10.1.10 


