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EXPECTATIONS INVOLVING INDEPENDENT R. V. 'S  

 

 

Q1) Let 𝑋1, 𝑋2 and 𝑋3 be independent r.v.'s with means 4, 9, 3 and variances 3, 7, 5 

respectively. For 𝑌 = 2𝑋1 − 3 𝑋2 + 4 𝑋3 and 𝑍 = 𝑋1 + 2 𝑋2 − 𝑋3, find:  

a. E(Y) and E(Z).  

b. V(Y) and V(Z).  

Solution : 

 𝐸(𝑋1) = 4 , 𝑉𝑎𝑟(𝑋1) = 3 

 𝐸(𝑋2) = 9 , 𝑉𝑎𝑟(𝑋2) = 7 

 𝐸(𝑋3) = 3 , 𝑉𝑎𝑟(𝑋3) = 5 

a) 𝐸(𝑌) = 𝐸(2𝑋1 − 3𝑋2 + 4𝑋3) = 2𝐸(𝑋1) − 3𝐸(𝑋2) + 4𝐸(𝑋3) 

= 2(4) − 3(9) + 4(3) =  8 − 27 + 12 = −7   

 𝐸(𝑍) = 𝐸(𝑋1 + 2𝑋2 − 𝑋3) = 𝐸(𝑋1) + 2𝐸(𝑋2) − 𝐸(𝑋3) 

= 4 + 2(9) − 3 = 4 + 18 − 3 = 19 

b) Since  𝑋1, 𝑋2 𝑎𝑛𝑑 𝑋3 are independent  

𝑉(𝑌) = 𝑉(2𝑋1 − 3𝑋2 + 4𝑋3) = 4 𝑉(𝑋1) + 9 𝑉(𝑋2) + 16 𝑉(𝑋3) 

= 4(3) + 9(7) + 16(5) = 12 + 63 + 80 = 155 

𝑉(𝑍) = 𝑉(𝑋1 + 2𝑋2 − 𝑋3) = 𝑉(𝑋1) + 4𝑉(𝑋2) + 𝑉(𝑋3) 

= 3 + 4(7) + 5 = 3 + 28 + 5 = 36 

  

Q2) If X and Y are independent r.v.'s with E(X)=3, E(Y)=5, V(X)=2, and V(Y)=5, find:  

a. E(XY)  

b. 𝐸(𝑋2 𝑌)  

Solution : 

X and Y are independent  

a) 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) = 3(5) = 15  

b) 𝐸(𝑋2 𝑌) = 𝐸(𝑋2)𝐸(𝑌) = 11(5) = 55 

Where  𝑉(𝑋) = 𝐸(𝑋2 ) − [𝐸(𝑋)]2     ⟺   2 = 𝐸(𝑋2 ) − 32     ⟺  𝐸(𝑋2 ) = 2 + 9 = 11  
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Q3) Let  X and Y are independent r.v's with p.d.f     𝑓(𝑥)  =  𝑒−𝑥 ;  𝑥 >  0,  

  𝑓(𝑦)  =   𝑒−𝑦 ;  𝑦 >  0, find :  

a. E(X) and V(X).  

b. E(Y) and V(Y).  

c. E(XY).  

d. 𝐸(𝑋2  𝑌3 ).  

 Solution : 

a)  𝑬(𝑿) = ∫ 𝑥 𝑒−𝑥∞

0
 𝑑𝑥 =

Γ(2)

12 = 1   [𝑏𝑦 𝑢𝑠𝑒 ∫ 𝑥𝑎 𝑒−𝑏 𝑥  𝑑𝑥
∞

0
=

Γ(𝑎+1)

𝑏𝑎+1  , Γ(𝑎) = (𝑎 − 1)! ] 

Or by use Integration by Parts  ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

Let 𝑢 = 𝑥 →     𝑑𝑢 = 𝑑𝑥    ,        𝑑𝑣 = 𝑒−𝑥   𝑑𝑥  →    𝑣 = − 𝑒−𝑥   

 𝐸(𝑋) = ∫ 𝑥 𝑒−𝑥∞

0
 𝑑𝑥 = [−𝑥 𝑒−𝑥]0

∞ + ∫ 𝑒−𝑥∞

0
𝑑𝑥 = [ −𝑒−𝑥]0

∞ = 1 

   𝑬(𝑿𝟐) = ∫ 𝑥2 𝑒−𝑥∞

0
𝑑𝑥 =

Γ(3)

13 = 2    

or use integration by parts 

  ⇒ 𝐿𝑒𝑡 𝑢 = 𝑥2 →  𝑑𝑢 = 2𝑥 𝑑𝑥 ,    𝑑𝑣 = 𝑒−𝑥  𝑑𝑥 →    𝑣 = − 𝑒−𝑥    

 𝐸(𝑋2 ) = [−𝑥2𝑒−𝑥]0
∞ + 2 ∫ 𝑥𝑒−𝑥∞

0
𝑑𝑥 =  0 + 2𝐸(𝑋) = 2(1) = 2 

 𝑽(𝑿) = 𝐸(𝑋2 ) − [𝐸(𝑋)]2 = 2 − 1 = 1  

b) Same solution in part (a) ,   𝐸(𝑌) = 1     , 𝑉(𝑌) = 2  

 

c) As X and Y are independent  ⇒ 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) = 1 

 

d) As X and Y are independent  ⇒ 𝐸(𝑋2𝑌3 ) = 𝐸(𝑋2 )𝐸(𝑌3 ) = 2(6) = 12 

𝑤ℎ𝑒𝑟𝑒 𝐸(𝑌3 ) = ∫ 𝑌3  𝑒−𝑦∞

0
𝑑𝑦 =

Γ(4)

14 = 6    

or use integration by parts 

  ⇒ 𝐿𝑒𝑡 𝑢 = 𝑦3 →  𝑑𝑢 = 3𝑦2 𝑑𝑦 ,    𝑑𝑣 = 𝑒−𝑦  𝑑𝑦 →    𝑣 = − 𝑒−𝑦   

 𝐸(𝑌3 ) = [−𝑦3𝑒−𝑦]0
∞ + 3 ∫ 𝑦2𝑒−𝑦∞

0
𝑑𝑦 =  0 + 3𝐸(𝑌2 ) = 3(2) = 6 
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Q4) A r.v. has 𝑓(𝑥) =
1

2
 𝑒−|𝑥|  ;  𝑓𝑜𝑟 −  ∞ <  𝑥 <  ∞ , find E(X) and V(X).  

 Solution : 

 

we know the definition of absolute value is  |𝑥| = {
 𝑥,           𝑥 > 0 
−𝑥,        𝑥 < 0 

   

 ⇒     𝑓(𝑥) = {

1

2
𝑒−𝑥   ,           𝑥 > 0 

1

2
𝑒𝑥     ,            𝑥 < 0 

  

𝐸(𝑋) =
1

2
[∫ 𝑥𝑒𝑥

0

−∞

𝑑𝑥 + ∫ 𝑥𝑒−𝑥   𝑑𝑥
∞

0

] =
1

2
[𝐾1 + 𝐾2 ] =

1

2
[−1 + 1] = 0 

 𝐾1:  𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛  𝑥 = −𝑧 ⇒   𝑑𝑥 = −𝑑𝑧  ;    −∞ < 𝑥 <  0   

new limits of  integration  𝑤ℎ𝑒𝑛  𝑥 = 0  ⇒   𝑧 = 0 

             𝑤ℎ𝑒𝑛  𝑥 = −∞  ⇒   𝑧 = ∞  

 𝐾1 =  ∫ (−𝑧 )𝑒−𝑧0

∞
(−𝑑𝑧 ) = − ∫ 𝑧 𝑒−𝑧∞

0
𝑑𝑧 =  

Γ(2)

12
= −𝟏 

 𝐾2 : ∫ 𝑥𝑒−𝑥   𝑑𝑥
∞

0
= Γ(2) = 1  

Or by use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢  

Let 𝑢 = 𝑥 →    𝑑𝑢 = 𝑑𝑥  ,   𝑑𝑣 = 𝑒𝑥   𝑑𝑥  →    𝑣 = 𝑒𝑥    

 𝐾1 = [𝑥 𝑒𝑥 ]−∞
0 − ∫ 𝑒𝑥0

−∞
𝑑𝑥 = −𝟏 

 

 𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐  

𝐸(𝑋2 ) =
1

2
[∫ 𝑥2𝑒𝑥

0

−∞

𝑑𝑥 + ∫ 𝑥2𝑒−𝑥  𝑑𝑥
∞

0

] =
1

2
[𝐾3 + 𝐾4 ] =

1

2
[2 + 2] = 2 

 𝐾3 : 𝑏𝑦  𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛  𝑥 = −𝑧 →   𝑑𝑥 = −𝑑𝑧  ;  −∞ < 𝑥 <  0 ⇒   0 < 𝑧 < ∞  

 𝐾3 = ∫ (𝑧2 )𝑒−𝑧∞

0
𝑑𝑧 = 

Γ(3)

13 = 2 

𝑦 = 0.5𝑒𝑥  𝑦 = 0.5𝑒− 𝑥  

 ∞  −∞ 
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 𝐾4 =  ∫ 𝑥2𝑒−𝑥   𝑑𝑥
∞

0
= Γ(3) = 2 

∴ 𝑉(𝑋) = 2 − 0 = 2 

Q5) Let 𝑋1, 𝑋2, … , 𝑋𝑛 be independent and identically distributed having mean 𝜇 and  

variance 𝜎2. Show that 𝐸[∑ (𝑋𝑖 − �̅�)2𝑛
𝑖=1 ] = (𝑛 − 1)𝜎2.  

 Solution :  

 ∑ (𝑋𝑖 − �̅�)2𝑛
𝑖=1 = ∑ (𝑋𝑖

2 − 2𝑋𝑖 �̅� + �̅�2 )𝑛
𝑖=1 = ∑ 𝑋𝑖

2𝑛
𝑖=1 −  2�̅� ∑ 𝑋𝑖

𝑛
𝑖=1 + ∑ �̅�2𝑛

𝑖=1  

 = ∑ 𝑋𝑖
2𝑛

𝑖=1 −  2�̅� (𝑛�̅�) + 𝑛�̅�2    ;     ∵   𝑛�̅� = ∑ 𝑋𝑖
𝑛
𝑖=1  

 = ∑ 𝑋𝑖
2𝑛

𝑖=1 −  𝑛�̅�2    

 ∴ 𝐿. 𝐻. 𝑆 = 𝐸[∑ (𝑋𝑖 − �̅�)2𝑛
𝑖=1 ] = 𝐸[∑ 𝑋𝑖

2𝑛
𝑖=1 −  𝑛�̅�2] = 𝐸[∑ 𝑋𝑖

2𝑛
𝑖=1 ] − 𝐸[𝑛�̅�2 ] 

 =  ∑ 𝐸(𝑋𝑖
2 )𝑛

𝑖=1 − 𝑛𝐸(�̅�2 ) = 𝑛 𝑬(𝑿𝟐) − 𝑛 𝑬(�̅�𝟐) 

 ∵  𝑉(𝑋) = 𝐸(𝑋2 ) − [𝐸(𝑋)]2 ⟹ 𝜎2 = 𝐸(𝑋2) − 𝜇2 ⟹  𝐸(𝑋2 ) = 𝜎2 + 𝜇2 

 ∵  𝑉(�̅�) = 𝐸(�̅�2 ) − [𝐸(�̅�)]2 ⟹
𝜎2

𝑛
= 𝐸(�̅�2 ) − 𝜇2 ⟹  𝐸(�̅�2 ) =

𝜎2

𝑛
+ 𝜇  

= 𝑛(𝜎2 + 𝜇2) − 𝑛 (
𝜎2

𝑛
+ 𝜇2) =  𝑛𝜎2 + 𝑛𝜇2 − 𝜎2 − 𝑛𝜇2 = 𝜎2(𝑛 − 1) = 𝑅. 𝐻. 𝑆 

Or    ∑ (𝑋𝑖 − �̅�)2𝑛
𝑖=1 = (𝑛 − 1) 𝑆2 ⇒   𝐸[∑ (𝑋𝑖 − �̅�)2𝑛

𝑖=1 ] = 𝐸[(𝑛 − 1) 𝑆2] 

    = (𝑛 − 1)𝐸(𝑆2) = (𝑛 − 1)𝜎2    (Because 𝑆2 is unbiased estimator for 𝜎2) 

Note: 

For any distribution has 𝜇 𝑎𝑛𝑑 𝜎2. Then �̅� =
1

𝑛
 ∑ 𝑋𝑖

𝑛
𝑖=1  has 

 𝐸(�̅�) =
1

𝑛
 ∑ 𝐸(𝑋𝑖 )𝑛

𝑖=1 =
𝑛

𝑛
𝐸(𝑋) = 𝜇 

 𝑉(�̅�) =
1

𝑛2 𝑉(∑ 𝑋𝑖
𝑛
𝑖=1 ) =

1

𝑛2
∑ 𝑉(𝑋𝑖 )𝑛

𝑖=1 =
𝑛

𝑛2 𝑉(𝑋) =
1

𝑛
𝑉(𝑋) =

1

𝑛
𝜎2 

 

Q6) If we have  

a. 𝑓(𝑥) =
1

𝑏−𝑎
       ; 𝑎 ≤ 𝑥 ≤ 𝑏  

b. 𝑓(𝑥) =  𝜆𝑒−𝜆𝑥        ;  𝑥 >  0   

c. 𝑓(𝑥) =
1

√2𝜋 𝜎
exp [−

1

2𝜎2 (𝑥 − 𝜇)2]     ;  −∞ < 𝑥 < ∞ 

Find E(X) and V(X).  

Solution : 

a) 𝑓(𝑥) =
1

𝑏−𝑎
       ; 𝑎 ≤ 𝑥 ≤ 𝑏  



 

 Bayan Almukhlif                                                                      | بيان المخلف                      5
  

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
𝒃

𝒂

=
𝟏

𝒃 − 𝒂
 ∫ 𝒙 𝒅𝒙 

𝒃

𝒂

=
𝟏

(𝒃 − 𝒂)
[
𝒙𝟐

𝟐
]

𝒂

𝒃

=
𝟏

𝟐(𝒃 − 𝒂)
(𝒃𝟐 − 𝒂𝟐)

=
𝟏

𝟐(𝒃 − 𝒂)
(𝒃 + 𝒂)(𝒃 − 𝒂) =

𝒃 + 𝒂

𝟐
 

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
𝒃

𝒂

=
𝟏

𝒃 − 𝒂
 ∫ 𝒙𝟐 𝒅𝒙 

𝒃

𝒂

=
𝟏

(𝒃 − 𝒂)
[
𝒙𝟑

𝟑
]

𝒂

𝒃

=
(𝒃𝟑 − 𝒂𝟑)

𝟑(𝒃 − 𝒂)

=
(𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑(𝒃 − 𝒂)
=

(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑
  

𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 =  
(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑
−

(𝒃 + 𝒂)𝟐

𝟒
 

= (
𝟒

𝟒
)

𝟏

𝟑
(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐) − (

𝟑

𝟑
)

𝟏

𝟒
(𝒃𝟐 + 𝟐𝒂𝒃 + 𝒂𝟐) 

=
𝟏

𝟏𝟐
 (𝒃𝟐 − 𝟐𝒂𝒃 + 𝒂𝟐) =

𝟏

𝟏𝟐
(𝒃 − 𝒂)𝟐 

 

b) 𝑓(𝑥) =  𝜆𝑒−𝜆𝑥        ;  𝑥 >  0   

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
∞

𝟎

= 𝝀 ∫ 𝒙 𝑒−𝜆𝑥  𝒅𝒙 
∞

𝟎

= 𝝀 
𝚪(𝟐)

𝝀𝟐
=

𝟏

𝝀
 

[𝑏𝑦 𝑢𝑠𝑒 ∫ 𝑥𝑎 𝑒−𝑏 𝑥  𝑑𝑥
∞

0

=
Γ(𝑎 + 1)

𝑏𝑎+1  , Γ(𝑎) = (𝑎 − 1)! ] 

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
∞

𝟎

= 𝝀 ∫ 𝒙𝟐 𝑒−𝜆𝑥  𝒅𝒙 
∞

𝟎

= 𝝀
𝚪(𝟑)

𝝀𝟑
=

𝟐

𝝀𝟐
     

𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 =
𝟐

𝝀𝟐
 −

𝟏

𝝀𝟐
=

𝟏

𝝀𝟐
  

c) 𝑓(𝑥) =
1

𝜎 √2𝜋 
exp [−

1

2𝜎2 (𝑥 − 𝜇)2]     ; −∞ < 𝑥 < ∞ 

 

𝑬(𝑿) = ∫ 𝒙 𝒇(𝒙)𝒅𝒙 
∞

−∞

=
1

𝜎 √2𝜋 
∫ 𝒙 exp [−

1

2
(

𝑥 − 𝜇

𝜎
)

2

]   𝒅𝒙 
∞

−∞

 

Let 𝒖 =
𝒙−𝝁

𝝈
  ⇒   𝒙 = 𝝈𝒖 + 𝝁  →  𝒅𝒙 = 𝝈 𝒅𝒖 →   

𝟏

𝝈
𝒅𝒙 = 𝒅𝒖 

 −∞ < 𝒙 < ∞   ⇒     −∞ < 𝒖 < ∞    

=
1

√2𝜋 
∫ (𝝈 𝒖 + 𝝁)𝑒− 

1
2

𝑢2
  𝒅𝒖 

∞

−∞

=
𝝈

√2𝜋 
∫ 𝒖 𝑒− 

1
2

𝑢2
  𝒅𝒖 

∞

−∞

+
𝝁

√2𝜋 
∫ 𝑒− 

1
2

𝑢2
  𝒅𝒖 

∞

−∞

= 𝝁 

Where ∫ 𝒖 𝑒− 
1

2
𝑢2

  𝒅𝒖 
∞

−∞
= 0    𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑖𝑡 𝑖𝑠 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 , and  
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𝟏

√2𝜋 
∫ 𝑒− 

1

2
𝑢2

  𝒅𝒖 
∞

−∞
=

𝟐

√2𝜋 
∫ 𝑒− 

1

2
𝑢2

  𝒅𝒖 
∞

𝟎
= 𝟏  𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑖𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

𝑬(𝑿𝟐) = ∫ 𝒙𝟐 𝒇(𝒙)𝒅𝒙 
∞

−∞

=
1

𝜎 √2𝜋 
∫ 𝒙𝟐  exp [−

1

2
(

𝑥 − 𝜇

𝜎
)

2

]   𝒅𝒙 
∞

−∞

 

Let 𝒖 =
𝒙−𝝁

𝝈
  ⇒    𝒙 = 𝝈𝒖 + 𝝁  →    𝒅𝒙 = 𝝈 𝒅𝒖 →     

𝟏

𝝈
𝒅𝒙 = 𝒅𝒖 

−∞ < 𝒙 < ∞   ⇒     −∞ < 𝒖 < ∞    

=
1

√2𝜋 
∫ (𝝈𝒖 + 𝝁)𝟐 𝑒− 

1
2

𝑢2
 𝒅𝒖

∞

−∞

 =
1

√2𝜋 
∫ (𝝈𝟐𝒖𝟐 + 𝟐𝝈𝝁 𝒖 + 𝝁𝟐)𝑒− 

1
2

𝑢2
  𝒅𝒖 

∞

−∞

 

=
𝝈𝟐

√2𝜋 
∫ 𝒖𝟐 𝑒− 

1
2

𝑢2
 𝒅𝒖

∞

−∞

+
𝟐𝝈𝝁

√2𝜋 
∫  𝒖 𝑒− 

1
2

𝑢2
 𝒅𝒖

∞

−∞

+
𝝁𝟐

√2𝜋 
∫  𝑒− 

1
2

𝑢2
 𝒅𝒖

∞

−∞

= 𝝈𝟐 + 𝝁𝟐  

 𝑤ℎ𝑒𝑟𝑒  
𝟏

√2𝜋 
∫ 𝒖𝟐𝑒− 

1

2
𝑢2

  𝒅𝒖 
∞

−∞
=

𝟏

√2𝜋 
∫ 𝑒− 

1

2
𝑢2

  𝒅𝒖 
∞

−∞ = 𝟏 𝑏𝑒𝑐𝑎𝑢𝑠𝑒  𝑖𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

 

𝑽(𝑿) = 𝑬(𝑿𝟐) − [𝑬(𝑿)]𝟐 = 𝝈𝟐 + 𝝁𝟐 − 𝝁𝟐 =  𝝈𝟐  

 

Note:  

➢ 
𝝈𝟐

√𝟐𝝅 
∫ 𝒖𝟐 𝒆− 

𝟏

𝟐
𝒖𝟐

 𝒅𝒖
∞

−∞
=

𝟐 𝝈𝟐

√2𝜋 
∫ 𝒖𝟐  𝑒− 

1

2
𝑢2

 𝒅𝒖
∞

𝟎
 

    𝑳𝒆𝒕 𝒛 = 𝒖𝟐 →   𝒅𝒛 = 𝟐𝒖 𝒅𝒖 →    
𝟏

𝟐𝒖
 𝒅𝒛 = 𝒅𝒖 →

𝟏

𝟐 𝒁
𝟏
𝟐

 𝒅𝒛 = 𝒅𝒖    

   0 < 𝑢 < ∞   ⇒     0 < 𝑢 < ∞    

 =
2 𝜎2

√2𝜋 
∫ 𝑧 𝑒− 

1

2
 𝑍  

1

2𝑍
1
2

 𝑑𝑧
∞

0
=

 𝝈𝟐

√2𝜋 
∫ 𝒁

𝟏

𝟐 𝑒− 
1

2
 𝑍  𝒅𝒛

∞

𝟎
=

 𝝈𝟐

√2𝜋 
 

Γ(
3

2
)

(
1

2
)

3
2

=
2 𝝈𝟐

√𝜋 
Γ (

3

2
) = 𝜎2  

 ∵ 𝜞 (
𝟑

𝟐
) = 𝜞 (𝟏 +

𝟏

𝟐
) =

𝟏

𝟐
𝜞 (

𝟏

𝟐
) =

𝟏

𝟐
√𝝅   

➢ 
𝟏

√𝟐𝝅 
∫  𝒖 𝒆− 

𝟏

𝟐
𝒖𝟐

 𝒅𝒖
∞

−∞
=

𝟏

√𝟐𝝅 
[− 𝒆− 

𝟏

𝟐
𝒖𝟐

]
−∞

∞

=
−𝟏

√𝟐𝝅 
(𝒆−∞ − 𝒆−∞) = 𝟎     ∵ 𝒆−∞ = 𝟎 

➢ 
𝟏

√𝟐𝝅 
∫   𝒆− 

𝟏

𝟐
𝒖𝟐

 𝒅𝒖
∞

−∞
=

𝟐

√𝟐𝝅 
∫   𝒆− 

𝟏

𝟐
𝒖𝟐

 𝒅𝒖
∞

𝟎
  

𝑳𝒆𝒕 𝒛 = 𝒖𝟐 →   𝒅𝒛 = 𝟐𝒖 𝒅𝒖 →    
𝟏

𝟐𝒖
 𝒅𝒛 = 𝒅𝒖 →

𝟏

𝟐 𝒁
𝟏
𝟐

 𝒅𝒛 = 𝒅𝒖    

 =
𝟐

√𝟐𝝅 
∫

𝟏

𝟐
 𝒛− 

𝟏

𝟐 𝒆− 
𝟏

𝟐
 𝒁 

∞

𝟎
𝒅𝒛 =  

𝟏

√𝟐𝝅 
 

𝚪(
𝟏

𝟐
)

√   
𝟏

𝟐
     

 =  
𝟏

√𝟐𝝅 
√𝟐𝝅 = 𝟏 
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Q7) If 𝑋~𝐸𝑥𝑝(2) independent of 𝑌~𝐺𝑎𝑚𝑚𝑎(3,4), find:  

a. E(XY).  

b. 𝐸(𝑋2  𝑌3 ).  

c. V(X -Y)  

d. V(3X + 2Y)  

where   

  pdf  E(X)  V(X)  

𝑋~𝐸𝑥𝑝(𝜆)  𝑓(𝑥)  =  𝜆𝑒−𝜆𝑥      ;  𝑥 >  0  1

𝜆
 

1

𝜆2
 

𝑌~𝐺𝑎𝑚𝑚𝑎(𝛼, 𝛽)  
𝑓(𝑦) =

𝛽𝛼

Γ(𝛼)
 𝑦𝛼−1𝑒−𝛽𝑦    ; 𝑦 > 0 

𝛼

𝛽
 

𝛼

𝛽2 

Solution : 

𝑋~𝐸𝑥𝑝(𝜆 = 2);   𝑌~𝐺𝑎𝑚𝑚𝑎(𝛼 = 3, 𝛽 = 4)   

a) 𝐸(𝑋𝑌) = 𝐸(𝑋)𝐸(𝑌) =
1 

2 
  

3

4
=

3

8
 

b)  𝐸(𝑋2 𝑌3 ) = 𝐸(𝑋2)𝐸(𝑌3 ) =
1

2
 
 15

 16
=

15

32
  

 𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 ⇒   𝑬(𝑿𝟐) = 𝑽(𝑿) + [𝑬(𝑿)]𝟐 =
𝟏

𝟒
+

1

4
=

2

4
=

1

2
 

 𝐸(𝑌3 ) = ∫ 𝒚𝟑 𝒇(𝒚)𝒅𝒚 
∞

𝟎
=

𝟒𝟑

 𝚪(𝟑)
 ∫ 𝒚𝟑 𝒚𝟑−𝟏  𝒆−𝟒𝒚   𝒅𝒚 

∞

𝟎
 

=
𝟒𝟑

 𝟐
 ∫ 𝒚𝟓  𝒆−𝟒𝒚   𝒅𝒚 

∞

𝟎

=
𝟒𝟑

 𝟐
 
𝚪(𝟔)

𝟒𝟔
=

𝟓!

𝟏𝟐𝟖
=

𝟏𝟓

𝟏𝟔
 

c) 𝑽(𝑿 − 𝒀) = 𝑽(𝑿) + 𝑽(𝒀) =
𝟏

𝟒
+

𝟑

𝟏𝟔
=

𝟕

𝟏𝟔
  

d) 𝑉(3𝑋 + 2𝑌) = 9𝑉(𝑋) + 4𝑉(𝑌) = 9 (
1

4
) + 4 (

3

16
) = 3   

 

Note:  

• (𝒃 ± 𝒂)𝟐 = (𝒂𝟐 ± 𝟐𝒂𝒃 + 𝒃𝟐) 

• (𝒃𝟐 − 𝒂𝟐) = (𝒃 + 𝒂)(𝒃 − 𝒂) 

• (𝒃𝟑 − 𝒂𝟑) = (𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐) 

 

• 𝑓(𝑥) even function   ⟺ 𝑓(−𝑥) = 𝑓(𝑥)   ⟺   ∫ 𝑓(𝑥)
𝒂

−𝒂
𝑑𝑥 = 2 ∫ 𝑓(𝑥)

𝒂

𝟎
𝑑𝑥  

• 𝑓(𝑥) odd function   ⟺ 𝑓(−𝑥) = −𝑓(𝑥)  ⟺   ∫ 𝑓(𝑥)
𝒂

−𝒂
𝑑𝑥 = 0  

 


