EXPECTATIONS INVOLVING INDEPENDENT R. V.'S

Q1) Let X,, X, and X5 be independent r.v.'s with means 4, 9, 3 and variances 3, 7, 5
respectively.ForY =2X, —3X, +4 X;andZ = X; + 2 X, — X;, find:

a. E(Y) and E(2).

b. V(Y) and V(2).

Solution :
E(X) =4,Var(X,) =3
E(X,) =9,Var(X,) =7
E(X3) =3,Var(X3) =5

a) E(Y) =EQX,—3X, +4X3) = 2E(X,) —3E(X,) + 4E(X5)
=24)—-309)+4(3)=8-27+12= -7
E(Z) = E(X1 +2X; - X3) = E(Xl) + ZE(XZ) - E(X3)
=4+209)-3=4+18-3=19
b) Since X;,X, and X5 are independent
V() =V(R2X,—3X,+4X3) =4V(X,)+9V(X,) + 16 V(X3)
=4(3) +9(7) + 16(5) =12 + 63 + 80 = 155
V(Z) =V(X,+2X, —X;3) =V(X,)+4V(X,) +V(X5)

=34+4(7)+5=3+28+5=136

Q2) If X and Y are independentr.v.'s with E(X)=3, E(Y)=5, V(X)=2, and V(Y)=5, find:
a. E(XY)

b. E(X%Y)

Solution :

X and Y are independent

a) E(XY)=EMX)E() =3(5) =15
b) E(X2Y) = E(X?)E(Y) = 11(5) =55
Where V(X) = E(X2)— [EXX)]? < 2=E(X?)-3? o EX?)=2+9=11
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Q3) Let X and Y are independentr.v'swithp.d.f f(x) = e™; x > 0,

fly) = e¥;y > 0,find:

a. E(X) and V(X).
b. E(Y) and V(Y).

c. E(XY).
d. E(X2 Y3).
Solution:
a) EX) —f xe ¥ dx—@— 1 byusef x%e Px dx F(Z:i) ,T(a) =(a—1D!]

Or by use Integration by Parts f:u dv = [uv]? — f;v du
Letu=x » du=dx , dv=e* dx » v=—e7"*

E(X) = fooox e™ dx=[-xe™¥]7 + foooe‘x dx=[—e*]P =1

— _r®
E(XZ)—fxexd —= =2
or use integration by parts
s letu=x%-> du=2xdx, dv=e*dx—-> v=—e*

E(X?) = [-x2%e~*] +2f xe¥dx=0+4+2EX)=2(1)=2
VX)=EX?)-[EX)]?=2-1=1

b) Samesolutioninpart(a), E(Y) =1 ,V(Y) =2

) AsXand Y areindependent = E(XY) = E(X)E(Y) = 1

d) As X andY areindependent = E(X?Y3) = E(X?)E(Y3) = 2(6) =12

WhereE(Y3)—f Y3 e Vdy @ =6

or use integration by parts
S Letu=vy3 > du=3y*dy, dv=eYdy—> v=—e?

E(Y3) =[-y3e™]y + 3f0°o y2eVdy= 0+3E(Y?)=312)=6
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Q4) Arv.has f(x) =2 "™ ; for — 0 < x < oo, find E(X) and V(X).

Solution :

we know the definition of absolute value is |x| = {x’ x>0
—X, x <0
) %e‘x , x>0
= fx)=
%ex , x<0

1[ r° ® 1 1
E(X)ZEU xe"dx+f xe™* dxl=§[K1+Kz]=§[—1+1]=0
—00 0

K;: substitution x =—z = dx=—-dz; —o<x< 0
new limitsof integration when x =0 = z=0

when x = —00 = z =00

K, = fcg(—z)e‘z(—dz) = —fOOOZ e ?dz = g =-1
K;: foooxe"‘ dx=T(2)=1

Or by use Integration by Parts f:u dv = [uv]? — fabv du
Letu=x » du=dx, dv=e* dx » v=e*
K, =[xe*]% — f_ooo e*dx =—-1

V(X) = EX?) — [EX)]?
1[r° « 1 1
E(X?) =3 f x%e*dx + f x%e ™ dx =§[K3 +K4]=§[2+Z] =2
— o0 0
K3:by substitution x =—z = dx=—-dz ; —0<x< 0> 0<z<®

— (®r,2\,— _ r@® _
Ky = [, (z%)e fdz= — =2
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K, = foooxze‘x dx=T(3) =2
V) =2-0=2

Q5) Let X;, X5, ..., X,, be independent and identically distributed having mean u and
variance o2. Show that E[Y* , (X; — X)?] = (n — 1)o2.

Solution :
YL - X2 =30 (X2 - 2X, K+ X2) =3 X2 — 2K Y0 X, + X1, X?
LXZ—2XmX)+nX? ; =+ nX=Y",X
nLX? — nX?
“L.H.S=E[XL,(X;— X)?] = E[X~,X? — nX?] = E[X~, X?] - E[nX?]
= Y, E(X?) —nE(X?) =nE(X?) —nE(X?)
2w V(X) =EX?) —[E(X)]? = 02 = E(X?) — u? = E(X?) = 0% + p?

_ _ _ 2 . o 2
VR =EE@) - [E@QP = =EX®) - > = EX) ="-+u
0-2
= n(o? +,uz)—n<7+ ,u2> = no?+nu?—o?—-—nu® =0?(n—1)=R.H.S

Oor Y, (X;—X)*=m-1S?= ERQL, X —X)?]=E[(n-1)S?]

=Mm—-1)E(S?) =M —1)c? (Because S? is unbiased estimator for o2)

Note:
For any distributionhas u and 2. Then X = ; 1 X; has
E(X)==>L E(X)——E(X) =

wm=;V@h10=;iﬂvwn=§wm=§wm=§ﬂ

Q6) If we have

a.f(x)=ﬁ ;a<x<bh
bf(x)—le"lx x>0
c. flx) =
Find E(X) and V(X).

exp[ 2(x—,u)z] ; —o<x <™

Solution :

a) f(x)=$ ;a<x<bh
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b 1 (° 1 [« 1
E(X)=fo(x)dx =mLde =m[?la=m(bz_a2)
1 b+a
=m(b+a)(b—a)= 2
b 1 b 1 x31° (b3 — a®)
E(X2)=fax2f(x)dx=mfax2dx=m? zm
_(b—a)(b* +ab + a*) (b*+ ab +a?)
- 3(b—a) - 3
Ve = ) - (E = LR @) B2 a7
(e Q) s
1 1
=E(b2—2ab+a2)zﬁ(b—a)2
b) f(x)=2e™** ;x>0
E(X)—JO xf(x)dx—/lj xe I‘;Z) %
[by usefoox“ e Px dx = F(Za:l) ) (@ =(@—-1!]
0
E(X?) =fooox2f(x)dx =lf0mx2 e ™ dx =/1r$) =;—2
2 1 1
VOO = EX) = [EQOP = 2 — 5= 32
0 fG) = gmexp| gz G —?| o <x<o
o) 1 — 2
E(X)=f_ooxf(x)dx —G\/_ xexp z(xaﬂ) ] dx
Letuz% = x=ou+u - dx=o0du - ;dxzdu
—o<x<0 = —oo<u<o
[ee] _luz _L [0e] n __u
—ﬁf_w(au+u)e 2 du—mf_oou *du + f e 2" du =pu

A o .
Where [~ we™ 2" du =0 because it is odd function, and
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1 o L2 2 o 12 ., .
J_.e 2" du =—=["e 2" du =1 because it is even function

V21 \2m 70
E(X?) = | x? = ]
o) = [ wpeoax =——[ xew[-3(E) ] ax
Letuz? = x=ou+u - dx=odu - ;dx=du
—co<x<o0w = —oo<<Uu<o®
L (" 2 - su? L (% 22 2y,
=ﬁ (ou+pu)e 2 duzﬁ (o°u® + 20uu +pu*)e 2 du
u’e - v du+—f ue” 3 foo e"%”z du = 0% + p?
\/ V2m J_

h Cdu =1 (" e du=1b it i ;
where —f u?e™ 2" du \/2—_nf_ooe 2 u = 1because it is even function
V(X) = E(X?) — [EQO)? = 0% + p? —p? = o

Note:
2 g2 _Lpe
>—fuezdu—mf0 2" du
Letz =u? > dz=2udu- —dz-du —>—IdZ—du
2272
I<u<ow = 0<u<ow
_20% f0o_ _1, o2 o 1 1 _ a? F(E)_Zaz 3/ 5
\/ﬁfo e ;%dz—;fo Z2e 2 dZ—?(?)Z%'—ﬁF(E)—O'
2

1 0 - ~u? _ 1 L _ 1 -0 __ ,—00Y) _ —o0 _
> Grloue dus o|-en] =G —em=0 vem =0
uz _ —u
> \/z?f du = mf du

Letz =u? - dz=2udu- Z—dZ—du —>—f dz = du
2272
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Q7) If X~Exp(2) independent of Y ~Gamma(3,4), find:

a. E(XY).
b. E(X?Y?3).
c. V(X -Y)
d. V(3X + 2Y)
where
pdf EXX) | V(X)
X~Exp(1) fx) = 2™ ;x>0 1 1
A A2
Y~Gamma(e, BY .1 - a a
Solution :

X~Exp(A = 2); Y~Gamma(a = 3, = 4)

a) E(XY) = EX)E(Y) = ;— z = g

b) E(X?Y3)=E(X)EY?) = 1—2 = ;_2

VX) = E(X?) - [EOP > EX?) =VX) +[EX)2=,+;=2=-
E(Y®) = [y ¥* f)dy = % Jo ¥ y* e dy

) VX-V)=VX) +V(¥) =, +—=—

3

d) V(3X +2Y) = 9V (X) + 4V (Y) = 9( ) + 4(—) =3

1
4 16

Note:
e (b+a)?=(a*+2ab+ b?
e > -a’)=b+a)(b-a)
e (b®—a®) = (b —-a)(b?+ab + a?

e f(x)evenfunction & f(—x) =f(x) & [ f()dx =2 f(x)dx
e f(x)oddfunction & f(-x)=—f(x) & [ f(x)dx=0
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