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Partial Orderings

DEFINITION 1 Arelation R on a non empty set S is called a partial ordering or partial order if it
Is reflexive, antisymmetric, and transitive. A set S together with a partial ordering R is called a
partially ordered set, or poset, and is denoted by (S,R). Members of S are called elements of the
poset.

DEFINITION 2 Leta and b be in the set S. Assume (S,R) is a poset. We say that a and b are
comparable if either aR b or b R a. When a and b are elements of S such that neither aR b nor
bR a, aand b are called incomparable.

DEFINITION 3 If (S,R) is a poset and every two elements of S are comparable, S is called a
totally ordered or linearly ordered set, and R is called a total order or a linear order. A totally
ordered set is also called a chain.

Hasse Diagrams

If (S,R) is a partially ordered set, we can represent this group in a schematic format called

(Hasse diagram), where S is a finite set, as follows:
We represent each element of S in a small circle and if a < b we place b above a and
connect between them by a straight line segment, ignoring the cut of the lines we
automatically get by means of a transitive property.
For example, if (a < b) A (b < c) and there is no x such that a < x < b ,also there is
noy suchthat b < y < ¢, then we get a straight line segment between a and b and
between b and ¢ but we do not get between a and c.

Example 1. LetR be a relation defined ontheset Z*:a,b € Z* , aRb S al|b
(i)  Show that R is a partial ordering relation (poset) on Z* .
(i) Incase R is defined on Z, is R still a partial ordering relation on Z, why?
(ilif)  Draw the Hasse diagram representing the partial ordering relation R on the set
A ={1,2,3,4,6,8,12,24}
(iv) Decide whether R is totally ordering relation on Z*, why?

(v)  Incase R is defined on B = {1,3,9,27,81}, is R a total ordering relation on B,
why?
(vi) Draw the Hasse diagram representing the totally ordering relation R on the set

B = {1,3,9,27,81}
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Solution: (i)
1- Va €Z*, ala >~aRa > Ris reflexive .
2- a,b €Z* ,aRb =alb b= mya: m; €L*
bRa = bla >a= myb: m, € Z*
x) =
ab = mym, ab
~ab =>1=mm, 2. m=m,=1 . a=b = . Risantisymmetric

3- a,b,c€Z*,aRb >alb > b= mya: m; €L*
bRc >blc = c=myb: m,€ Z*

x) =

bc = mym, ab

= . R is transitive
“ R is reflexive , antisymmetric and transitive . R is partial ordering .

@ +~3,-3€Z,:3|(—3) A-=3|3 but 3+ —3 = R isnotantisymmetric
R is not a partial ordering on Z .

((1,1),(2,2),(3,3), (4,4),(6,6), (8,8), (12,12), (24,24),\
(1,2),(1,3),(1,4),(1,6),(1,8),(1,12), (1,24), |
(i) R = (2,4),(2,6),(2,8),(2,12),(2,24)

(3,6),(3,12),(3,24),(4,8),(4,12),(4,12) I
. (6,12),(6,24),(8,24), (12,24) )

24

[
5]

1 Hasse diagram of R
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(iv) 3,5€Z*, 345 A 543 = 3,5 incomparable = - R isnot a total

ordering

(v) v all elements in B are powersof 3 = Y a,b € B, alb or b|a

(B,R) is comparable = - (B, R) is totally ordered.

. o _ ((L1,(33),(99),(27,27), (81,81), (1,3), (1,9, (1,27), (1,81)
(V) = { (3,9), (3,27),(3,81), (9,27), (9,81), (27,81) }

81

Hasse diagram of R ( chain)
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Example 2. Let R be a relation defined on the set Q7 :
a,beQt ,aRb & % € Z*
(1) Show that R is a partial ordering relation on Q* .

(i)  Decide whether R is totally ordering relation on Q*, why?

(ili)  Draw the Hasse diagram representing the partial ordering relation R on the set

111
A= {g; 5;5; 1r2r3;6}
Solution: (i)
(1) va €Q™*, g=1 €EZ* >~ aRa = + R s reflexive

@ abeQ" ,aRb & S=m; € L* &bRa(:>§=m2 A
(x):;%xgzmlmz >l=mm,=> m=my=1=>:a=>b

~ R is antisymmetric
(3)a,b,c €Q*aRb & 2=my € Z* & bRc & §=m2 WA

(x):gxg

a
- =mm, =-=mm; =m = aRc:m=mm; € Z*

~ R is transitive

R is reflexive, antisymmetric and transitive

R is partial ordering relation .

(i) 3,5 €eQt, % ¢ Z* A z ¢ Z* = 3,5 incomparable = .. R is not totally
ordering relation .

(iii)
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B |
Wl | =

Hasse diagram of R

Example 3. Draw the Hasse diagram representing the partial ordering relation

R ={(1,1),(2,2),(3,3),(4.4),(1,2),(1,3),(1,4), (24), 3.4)}
onthe set A = {1,2,3,4}
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Example 4. Let < be a partial ordering relation defined on the set P(U) where U = {a, b, c} :
A<B ©ACcB

Draw the Hasse diagram representing the partial ordering < onthe (U) .

Solution : PW) = {(Z),{a}, {b},{c},{a, b}, {a,c},{b c},{a b, c}}

la, b, c}

[a, c} {b, c}

XX

{a} {b}

The Hasse Diagram
of (P ({a, b, c}),=
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Exercises

1. Let Rbe a relation defined on the set A = {1,2,3,4,5,6,7,8,9,10}

abeEA , aRb ©alb
(i) Show that Ris a partial ordering relation on .
(ii) Decide whether Ris totally ordering relation on 4, why?
(i) Draw the Hasse diagram representing the partial ordering relation R

on the set A

Solution -
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2. LetR be arelation defined onthe set N = {1,2,3, ...} :

abEN, aRb & Z: 2k 1k €{0,1,2,...}

(1) Show that R is a partial ordering relation on N .

(i)  Decide whether R is totally ordering relation on N, why?
(iii)  Draw the Hasse diagram representing the partial ordering relation R on
theset A = {1,2,3,...,12} .
Solution : (i)
l- VaeN,~ g= 1=2° >~aRa = R is reflexive
2- a,beN ,aRb & 2= 2
N

bRa © %= 2k2 ¢ kg k, €{0,1,2,...}
x) =

2 X g — 1 = 2k1+k2
a b
0

1=2=2k1+k2$k1+k2=0=>k1=k2=0

3- abceN , aRb (:>§= 2k

A
bRc %: 2%z k. k, €{0,1,2,..}
xX) =
b x £= S = gkithka = ok ik +ky,=k€{0,1,2, ..}
a b a 1 2 T
= &~ aRc = + R IS transitive

R is reflexive, antisymmetric and transitive
R is partial ordering relation .

(ii) 3,4 €N %28 A Z228:ke{012,..)

= 3,4 incomparable = .. R is not totally ordering relation .
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(iv) R= {(1,1),(2,2), (3,3), ..., (12,12),(1,2),(1,4),(1,8),(2,4), (2,8),}
(3,6),(3,12),(4,8), (5,10), (6,12)
® 3
® 4 ® 12
® 2 ® 56 10
o1 ®3 5 ® i1 ©9 o7

Hasse diagram of R
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3. Let T be a relation defined on the set A = {1,2,3,6} -
x,y EA,xTy & g is odd
i) List all ordered pairs of 7.

i) Represent the relation 7" by diagram .

(

(

(iii) Show that 7 is a partial ordering relation on A .

(iv) Decide whether T is totally ordering relation on A, why?
(

V) Draw the Hasse diagram representing the partial ordering relation 7on the set A .
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4. Let T be a relation defined on the set Z -

x,YELZ, xTy & x—y=2%k :ke€{0,1,2,..}
(i) Show that T is a partial ordering relation on Z .

(i)  Decide whether T is totally ordering relation on 7, why?
(iii)  Draw the Hasse diagram representing the partial ordering relation T
ontheset A ={0,1,2,3}.

Solution: (i)
1- Vx€Z, x—x=0=2(0), iseven =~ xTx = T is reflexive

2- x,y€EZLZ, xTy & x—y=2k; :k;€{01,2..}

A
yTx & y—x=2k, :k,€{01,2,..}
(+H =

0=2(k1+k2) = k1=k2=0

wx—y=0>x=y > T isantisymmetric

3- x,y,z€ Z, xTy & x—y=2k; +k;€{012..}
A
yTz & y—z=2k, :k,€{012,..}

+) =
x—2z=2(ky+ky) =2k >5xTz
cki+k,=ke{01,2,..} = TIis transitive

* T is reflexive,antisymmetric and transitive
T is partial ordering relation .
(M) 2,5€Z, 5—-2=3 (isodd) N 2—-5= =3 (isodd)

2,5 incomparable = ~ T isnot totally ordering relation .

(iii) T ={(0,0),(1,1),(2,2),(3,3),(2,0),(3,1)}
0 1
2 3

Hasse diagram of T
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5. Let Tbe a relation defined on the set Z* = {...,—2,—-1,1,2,...} :
a,b€Z ,aTh %: 3k 1 kef0,1,2,..}
(i) Show that T'is a partial ordering relation on Z*
(i)  Decide whether Tis totally ordering relation on Z* , why?
(iiiy ~ Draw the Hasse diagram representing the partial ordering relation 7on

thesetA = {—27,—18,-9,—6,—3,1,2,3,6,9} .
Solution : (i)
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6. Let 7 be a relation defined on the set N = {1,2,3,...} :
x,YEN, xTy © x=y* :k€{0,1,2..}

(i) Show that 7' is a partial ordering relation on N
(ii) Decide whether T is totally ordering relation on N , why?
(iii) Draw the Hasse diagram representing the partial ordering relation 7" on
theset A ={1,2,3,4} .
Solution : (i)
1- VxEN, x=x! = & xTx =« T isreflexive

2- x,yEN, xTy © x=y" :k €{01,2,..}
A\
yTx © y=xk :k,€{0,1,2,..}
(by substitution) = x = x**2 = kk,=1= k; =k, =1
=>x=y = ~ Tisantisymmetric
3- x,y,z€N, xTy & x=y% :k €{012..}
A
yTz o y=2zF :k,€{012,..}
(by substitution) = x = zK1*k2 = x = z*% : ik, =k €{0,1,2,..}
=>xTz = « T istransitive
T is reflexive, antisymmetric and transitive
T is partial ordering relation on N.
(i) 2,5€eN, 25 A 5 =2k

. 2,5 incomparable = .. T isnot totally ordering relation .

(iii) T={(11),..,(44),(1,2),(1,3),(1,4)(4,2)}
9 2

Hasse diagram of T
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7. Let T = {(x,x), (x,2),(,%), y,y), ¥, 2), (2,2)} be a relation defined on the set

B ={x,y,z}
i)  Represent the relation 7" by diagram .

ii)  Show that 7 is a partial ordering relationon B .
iii)  Decide whether T'is totally ordering relation on A, why?
iv)  Draw the Hasse diagram representing the partial ordering relation 7°

on the set B .
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8. Let S be a relation defined on the set N = {1,2,3,...} :
x,y EN, xSy & % is odd
(i)  Show that S is a partial ordering relation on N .
(i)  Decide whether § is totally ordering relation on N, why?
(iii) Draw the Hasse diagram representing the partial ordering relation S
on the set 4 = {1,2,6} .

Solution: (i)
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9. Let T be a partial ordering relation defined on the set € = {l,m, n, 0, p} shown in
the given Hasse diagram
(i)  List all ordered pairs of 7'

(i)  Decide whether T'is totally ordering relation on C, why?
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10. Let S be a partial ordering relation defined on the set A = {1,2,3,4}
shown in the given Hasse diagram

(i)  List all ordered pairs of .

(i)  Decide whether Sis totally ordering relation on A, why?

Solution:

§={11),(22),(33),44),(31),(41),(1,2),3,.2),(42)}

v 34N @43 ¢S 3,4 incomparable = .+ S is not totally ordering relation .
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11. Let S be a relation defined on the set N = {1,2,3,...} -
x,y EN, xSy @g is odd
(i)  Show that S is a partial ordering relation on N .
(i)  Decide whether § is totally ordering relation on N, why?
(iii) Draw the Hasse diagram representing the partial ordering relation S
on the set A = {1,2,3,4,5,6,9,10,12} .

Solution: (i)
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12. Let The a relation defined on the set Z* = {...,—2,-1,1,2,..} = Z — {0} :
a,b€Z ,aTh %= 2m 3" :m,n €{0,1,2,..}

(i)  Show that T'is a partial ordering relation on Z*

(i)  Decide whether T'is totally ordering relation on Z* , why?

(iii) Draw the Hasse diagram representing the partial ordering relation 7'on

theset A ={1,2,3,5,6} .
Solution - (i)

1- VYa€eZ ,g =1=2°3"=>caTa = Tis reflixive

2- a,b€Z*,aTh & §=2m1 3™ :my,n, €{0,1,2,..}

AN
aTh & 2=2m 3% :myn, €{0,12,..}
x) =
a b
- —=1= 2m1 3711 2m2 3712 B 2m1+m2 3n1+n2 = m1+m2 == O N n1+n2 = 0
b a
% =203°=1>. a=b > T isantisymmetric
3- abc€T, aTh & §=2m1 3™m :my,n €{0,1,2,..}
AN
bTc & §= 2M2 3% :m,n, €{0,1,2,...}
x) =

X é: g — Zml 3”1 X 2m2 3n2 — 2m1+m2 3n1+n2 — 2m3n
c c
:m;+my,=mAn, +n,=n€{0,12,..}

SR

a
—=2M3" . aTc =~ T istransitive
(o

T is reflexive,antisymmetric and transitive

T is partial ordering relation on N.

1 (i) 2,3€z,Z#2m3" A2 £2m3:mne{012,..)

& 2,3 incomparable = - T is not totally ordering relation .
3 (i) T ={(1,1),..,(6,6),(2,1),(3,1),(6,1),(6,2),(6,3)}

6 50
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13. Let T be a relation defined on the set Z* = {...,-2,-1,1,2,...} = Z — {0}

x,y€E Z*, xRy © x= y** :ke€{0,1,2..}
(i)  Show that T is a partial ordering relation on Z*
(i)  Decide whether T is totally ordering relation on Z* , why?
(iii) Draw the Hasse diagram representing the partial ordering relation 7" on
the set A ={1,2,3,4,8,27} .
Solution - (i)



Math151 Discrete Mathematics (4.3) Partial Orderings By: Malek Zein AL-Abidin

14. Tet R be a relation defined on the set Z*. a,b€Z* , aRb < a?|b>
(i) Show that R is a partial ordering relation (poset) on Z* .
(i) In case R is defined on Z, decide whether R a partial ordering relation on Z, why?
(iii) Draw the Hasse diagram representing the partial ordering relation R on the set

A=1{1,2,3,4,68,12,27}

(iv) Decide whether R is totally ordering relation on Z*, why?

Solution: (i)

1- Va €Z*, a’|a® = aRa = R isreflexive

2- a,b€Zt ,aRb ©a?|b? = b>=mag? :meZt
AN
bRa ©b?|a® = a?=nb? :neZt
b2 =mnb?> >mn=1>m=n=1

-

a’?=b>= a=b = R is antisymmetric
3- abc€Z' ,aRb ©a?|b? = b>=ma? : meL*
A\
bRc ©b?|c? > c?2=nb?:nezt
c?=mna? = a?|c? >aRc = R istransitive
* R is reflexive ,antisymmetric and transitive
R is partial ordering relation on Z*.
@i —-2,2€Z
—2R2: (=2)?|22A —2R2: 2%|(-2)? but —2 # 2 = R isnot antisymmetric
~ R is not partial ordering relationon Z
@) R =4{2,2),..,(99),(2,4),(2,6),(2,8),(3,6),(3,9),(4,8)}
8
9 6 4

3 2

2,3 €Z ,2%2 t 32 A 32 22 > 2,3 incomparable
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Let T = {(a,a),(a,b),(b,b),(c,c)} be arelation defined on the set

15.
A ={a, b, c} . Decide whether 7"is reflexive , symmetric , antisymmetric ,
transitive , equivalence , partial ordering relation . Why?
Solution:
1- + (a,a),(b,b),(c,c) €T = T isreflexive
2- +(a,b) €T AN (b,a)&T = T isnotsymmetric

3- v(a,b) €T AN (b,a)¢T = T isantisymmetric

4- v (a,a) €T AN (a,b) €T =>(a,b)€ET
& +~(ab) €T AN (bb)ET = (a,b) €T = T istransitive
T isreflexive ,antisymmetric and transitive

= «~ T is partial ordering relation .
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16. Let R = {(a,a), (b,b),(c,c),(d,d)} be arelation defined on the set
A ={a,b,c,d} . Decide whether Ris reflexive , symmetric , antisymmetric ,

transitive , equivalence , partial ordering , totally ordering relation . Why?

Solution:
1- v (a,a),(b,b),(c,c),(d,d) € R =>. R isreflexive
2- “(a,a)A(a,a) €ER & (b,b)A(b,b) ER

&(c,c)N(c,c) ER & (d,d)A(d,d) ER = -~ Rissymmetric
3- “(a,a)A(a,a) ER = ~a=a ,alsosame for (b,b),(c,c),(d,d)
* R is antisymmetric
4- v (a,a)A(a,a) ER = (a,a) €R ,alsosame for (b,b),(c,c),(d,d)

~ Ris transitive

5- R isreflexive ,symmetric and transitive
= ~ R is equivalence relation

6- R isreflexive ,antisymmetric and transitive
= ~ R is partial ordering relation

7- “(a,b) A (b,a) ¢ R = a and bincomparable

= .. R is not totally ordering relation

Finally R is equivalence relation & partial ordering relation .
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17. Let R = {(x,x)} Dbe a relation defined on the set A = {x} .
Decide whether R is reflexive , symmetric , antisymmetric ,

transitive , equivalence , partial ordering , totally ordering relation . Why?
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18. Let R be a relation defined on the set Z* = {1,2,3, ...}

mn €Z% mRn ©m+n=20

Decide whether R is reflexive , symmetric , antisymmetric , transitive ,

equivalence , partial ordering relation . Why?

Solution .
1- + 545 +#20 = (55 ¢ R=> ~ R isnotreflexive
2- m,ne€zZ", mRn ©&m+n=20
ommurarve n+m=20 . nRm = . RIissymmetric
3- “ 7R13 :74+13=20 A 13R7 :13+7=20
but 7 # 13 = . R isnot antisymmetric.
4- w 8R12 :8+4+12=20 A 12R8 :12+7 =20

But (8,8) R :8+8=16 # 20 = .. R isnot transitive.

Finally , R is only symmetric .
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19. Let T ={(a,a),(a,c), (b,b), (b, c), (c,a),(d d)} bearelation defined on the
set A ={a,b,c,d}.Decide whether 7" is reflexive , symmetric,

antisymmetric ,transitive . Why?
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20. Let R be a relation defined on the set A = {0,1,2,3}

a,b €A , aRb o a<?2b
(i)  List all the ordered pairs of R.

(ii)  Represent Rin a diagram .
(iii) Decide whether R is reflexive , symmetric , antisymmetric ,

transitive . Why?
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21. Let R be a relation defined on the set Z* = {1,2,3, ...}

mmn €7, mRn © 6mn

Decide whether R is reflexive , symmetric , antisymmetric , transitive . Why?
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22. Suppose T is a relation defined on the integers set Z

m,n € Z, mTné& m+n=2
Decide whether the relation T is reflexive, symmetric, antisymmetric,
and/or transitive,
Solution:
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23. Let 7" be a partial ordering relation defined on the set A = {1,2,3,4,5}

shown in the given Hasse diagram

(1) List all ordered pairs of 7 .
(ii) Decide whether T is totally ordering relation on A4, why?
4
1
2
3



Math151 Discrete Mathematics (4.3) Partial Orderings By: Malek Zein AL-Abidin

24. Let R be a relation defined on the set Z* = {1,2,3, ...} :
mnezZ", mRn &m=n* :a€{01,2..}
(i) Show that R is a partial ordering relation on Z*
(i1) Decide whether R is totally ordering relation on Z* , why?
(iii) Draw the Hasse diagram representing the partial ordering relation R on

the set A = {2,3,4,5,6,7,8,9}
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25. Let T be a relation defined ontheset N = {1,2,3,...} mTn&e m<n
Decide whether the relation T is reflexive, symmetric, antisymmetric,
and/or transitive,
Solution:



