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Equivalence Relations

DEFINITION 1 A relation on a set A is called an equivalence relation if it is reflexive, symmetric, and
transitive.

DEFINITION 2 Two elements a and b that are related by an equivalence relation are called equivalent.

the notation a ~ b is often used to denote that a and b are equivalent elements with respect to a particular
equivalence relation

Equivalence Classes

DEFINITION 3 Let R be an equivalence relation on a set A. The set of all elements that are related to an
element a of A is called the equivalence class of a. The equivalence class of a with respect to R is denoted

by [a] for this equivalenceclass . [a] = {b € A:aR b}

Equivalence Classes and Partitions

THEOREM 1 Let R be an equivalence relation on a set A. These statements for elements a and b of A are
equivalent:

(i) aRb (i) [a] = [b] (i) [a] N [b] # @

THEOREM 2 Let R be an equivalence relation on a set S. Then the equivalence classes of R form a

partition of S. Conversely, given a partition 3 = {{4;: @ # A; € S,i € I}} of the set S, there is an

equivalence relation R that has the sets A4; , i € |, as its equivalence classes .

FIGTRE 1T A Partition of a Set.




Math151 Discrete Mathematics (4.2) Equivalence Relations By: Malek Zein AL-Abidin

UAl:S

(Here the notation U;¢; A; represents the union of the sets A; forall i € I.) Figure 1 illustrates
the concept of a partition of a set.

and

EXAMPLE 1 Suppose that S = {1, 2, 3, 4, 5, 6}. The collection of sets A; = {1, 2, 3}, 4, = {4, 5}, and
A5 = {6} forms a partition of S, because these sets are disjoint and their union is S.
3=1{{1,2,3},{4,5},{6}} whereV(4;4; €3),(i#j—> AinAj=0)andUj_qp3 4;=S

EXAMPLE 2 List the ordered pairs in the equivalence relation R produced by the partition 4, = {1, 2, 3},
A, = {4,5},and A; = {6} of S = {1, 2, 3, 4, 5, 6}, given in Example 1.

Solution: The subsets in the partition are the equivalence classes of R. The pair (a, b) € R if and
only if a and b are in the same subset of the partition. The pairs (1, 1), (1, 2), (1, 3), (2, 1), (2, 2),
(2,3), (3,1), (3, 2), and (3, 3) belong to R because A; = {1, 2, 3} is an equivalence class; the

pairs (4, 4), (4, 5), (5, 4), and (5, 5) belong to R because 4, = {4, 5} is an equivalence class;

and finally the pair (6, 6) belongs to R because {6} is an equivalence class. No pair other than
those listed belongsto R.

R={(1,1),(12),(13),(2,1),(22),(23),(31),(32),(3,3),(44), (4,5),(54), (5,5), (6,6)}

EXAMPLE 3 Let ~ be arelation defined on N x N, such that:
(m,n),(p,q) ENXN (m,n)~(p,q) ©m+q=p+n
(i) Show that ~ is an equivalence relationon N X N

(i) Find the equivalence classes [(3,4)] , [(1,1)]
Solution:
(i)
@ VvVimn)eNxN=>vm+n=m+n = (mn)~(mmn) = . ~isreflexive
(b) (mn),(p,q) ENXN:(mn)~(p,q) =>m+q=p+n
> pt+tn=m+gq
= (p,q)~(m,n) = . ~issymmetric
€ mn),®q,(rs) ENXN:(mn)~(pq) >m+qg=p+n
(P~ @s) >p+s=r+q
> m+q+p+s=p+n+r+gq
> m+s=r+n = (mn)~(,s)
= .~ ~ s transitive

« ~isreflexive , symmetric and transitive = . ~ isan equivalence relationon N X N .
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(if)
[(1,1)] = {(a,b) eNXN:(a,b)~(1,1)>a+1=b+1=a=>b}
= {(a,a):a € N} = {(1,1),(2,2),(3,3), ...}

[(3,4)] = {(a,b) ENXN:(a,b)~(34)=>a+4=b+3>b=a+1}
= {(a,a+ 1):a € N} = {(1,2),(2,3),(3,4), ...}

EXAMPLE 4 Let S be arelation defined on R such that:
x,yER, xSy © x?—y?2=2(y—x) © x?+ 2x =y?+2y
(1) Show that S is an equivalence relation on R
(i) Find the equivalence classes [1],[0]

Solution:

(i)

(@ VxeR, x24+2x=x2+42x =>-xSx = Sisreflexive

b) x,yER, xSy = x>+ 2x =y?>+2y>y? 42y = x*+ 2x =>yS«x
= .~ S is symmetric

) x,y,ZER: xSy = x*+ 2x =y?+2y
ySz = y2+2y =z%+ 2z

S>x2+ 2x=y2+2y=2z2+2z
> x2+ 2x =22+ 2z

= xSz =>. S istransitive

- S isreflexive,symmetric and transitive = - § is an equivalence relation on R.
(if)
[0]={x€R:xS0=x%+2x= 0%+2(0)}
={xeR:x(x+2)=0}= {-2,0}
[1l={xeR:xS1=>x%+2x= 12+2(1) =3}

={xeR:x*+2x-3=0=(x+3)(x—1)=0}={-3,1} .
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EXAMPLE S5 Let T be arelation defined on Z such that:

abe€Z, aThb & |a| = |b|

(i) Show that T is an equivalence relation .
(i) Find 3(T).
Solution:
()
1- Va€Z,~ lal=lal = ~aTa = T isreflexive
2- a,b€Z, aTh < lal=1|b] = |b|=lal > bTa = -~ Tissymmetric
3- a,b,c€Z, aTb & |a| = |b|
&
bTc o |b| =]|c|

la| = |b| =|c| = lal=|c| =~aTc = « T istransitive

- T isreflexive,symmetric and transitive = .~ T is an equivalence relation on Z.
(ii)
la]={b€Z: |a| =|bl} = {bEZ:a=1b}

= {a, —a}

~ 3(T) ={[al:a € Z} = {{0},{-1,1},{-2,2}, ...}
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EXERCISES

1. LetR be the relation defined on the integers set Z , such that:
a,b€Z,aRb & 6a=b(mod5) < 5|(6a—b), 5devides (6a—b)
(i) Show that R is an equivalence relation.
(i) Find the equivalence class [0] .
(iit) Decide whether 9 € [4] .

Solution: (i) aRb ©6a=b(mod5) < 5|(a—b)=> 6a—b=5h:heZL
1- Va € Z, 5|/(a—a)=5a = 5|5a =>~aRa = Risreflexive
2- a,b€Z,aRb ®6a=b(mod5) ©5|(a—b)= 6a—b=5h:heZ
b=6a—-—5h > 6b—a=6(ba—5h)—a=36a—5h—a
=35a—-5h=5(7a—h)=> ~5|/(6b—a) =>bRa = - Rissymmetric

3- abc€Z aRb 6a=b(mod5) < 5|(a—b)=> 6a—b=5h:he L

&
bRc & 6b=c(mod5) e 5[(6b—c)=> 6b—c=5k:keZ
= (+)
6a + 5b — c = 5h + 5k
6a—c=5h+k—>b) =5l
c (h+k—-Db)=1l€Z =~ 5|6a—c =~aRc = R istransitive

* R isreflexive ,symmetric and transitive = . R isan equivalence relationon Z .

(ii) [0]={x€Z:0Rx}= {x€Z:6(0)—x =5h:h €Z}
={x€Z:x= 5(—h)=5r:r=-5h}

= {..,—15,-10,-5,0,5,10,15, ...}

(iid) ©5/6(9)—4=50 >~9R4 > ~9¢[4]
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2. LetS be the relation defined on the set A = {—2,—1,0,1,2}, such that:
abeA, aSbhb & 3|(a+2b), 3devides (a+2b)
(i) Show that S is an equivalence relation.
(ii) Find all equivalence classes .

Solution :
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3. LetR be the relation defined on the integers set Z , such that:
mmneZ, mRn & 4|(m—n+38), 4 devides (m—n+8)
(i) Show that R is an equivalence relation.
(i) Showthat [10]=[-6].

Solution :
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4. Assume T is an equivalence relation defined on the set A = {a, b,c,d, e},

and the matrix of T given such that

1
E
Mr =11
0
0

Find the number of equivalence classes .

Solution :

0

= OO -

1

S Or O

SO RO OO

1|
0
0

1
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5. Let T = {(a,a),(b,b),(b,d),(c,c),(d,b),(d,d)} be arelation defined on the set A = {a, b, c,d}

(i) Represent T by the directed graph ( diagraph )
(i) Show that R is an equivalence relation.
(iii) Find all equivalence classes .

Solution :
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6. LetR be the relation defined on the set Z* = {1,2,3,...}, such that:
abeZ* , aRb & (Va—+Vb)eZ , (~a— Vb)isinteger
(i) Show that R is an equivalence relation.

(i) Decide whether 4 € [9] .

Solution :
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7. LetS be the relation defined onthe set N = {1,2,3,...} , such that:
a,b€Z, aRb ©5a=b(mod4) © 4|/(5a—b), 4devides (5a—>b)
(i) Show that S isan equivalence relation.

(i) Find the equivalence class [1] .

Solution:
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8. Let S be the relation defined on the Rational set @, such that:
X,y EQ, xSy & x—y €L , (x—y)isinteger

(i) Show that S isan equivalence relation.

: 9 _ 1
(i) Decide whether — € [E] or not ?

Solution: (i)

l1- VxeQ,x—x=0€Z=>xSx = S isreflexive

2- x,y EQ, xSy ©® x—y=m €L

(multiplyby-1) = y—x=-m €Z = . § issymmetric

3- x,y,Zz €L, xSy >x—y=my €EZL
&
ySz>y—z=m, €EZ

(+) =

X—Z=my+m,=mEeil
>e0xSz > §istransitive

- Sisreflexive ,symmetric and transitive = - S isan equivalence relation on Q

(..) ) 9 1
ii S - = ==
4 2
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9. Let S be the relation defined on the set E = {2a| a € Z} (even Integers set), such that:

m,n€E, mSno4|(m+n) , 4devides (m+n)

(i) Show that S is an equivalence relation.

(i) Find the equivalence class [0] .

Solution :
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= 7Z — {0}, such that:

Math151 Discrete Mathematics
10. Let R be the relation defined on the Rational set Z*
x,y €EZ*, xRy & xy >0
(i) Show that S isan equivalence relation.

(ii) Find the equivalence classes [—1],[1]

Solution: (i)

1- VXx€Z*, xx=x*> >0 >~ xRx = ~ R isreflexive

2-x,y €Z", xRy & xy >0= yx >0 >yRx = Rissymmetric

3-x,y,Z€ Z", xRy & xy >0 (1)

&
YRz & yz >0 (2

Lx@) =

= xy?z >0
(devide both sidesony? >0 )= xz >0 =xRz = . R istransitive

* Risreflexive ,symmetric and transitive = =~ R is an equivalence relation on Z".

(i)

[—-1] = {x € Z": xR (1)}
={xeZ:x(-1)= —x >0}
={x€eZ:x <0}= 17"

[1]= {xe Z": xR (1)}

={xeZ:x(1)=x >0}=7Z"
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11. Let S = {(a,a),(a,c), (b,b),(b,e),(c,a),(c,c),(d,d), (e b), (e e)} be arelation defined on the
set A= {a,b,c,d, e}
(i) Show that S is an equivalence relation.

(ii) Find all equivalence classes.

Solution: (i)
1- +~ (a,a),(b,b),(cc) (d,d),(e,e) ES =~ S isreflexive

2- v (a,c),(c,a) €S & (b,e),(e,b) €S = . Sissymmetric
3- v (a,c),(c,a)(aa)ES

& (b,e),(e,b),(b,b) €S

& (e,b),(b,e),(e,e) €S

& (c,a),(a,c),(c,c) €S = .~ S istransitive
- Sisreflexive ,symmetric and transitive = . S isan equivalence relationon A.

@) [al = {ac}
[b] = {b, e}
[d] = {d}

- 3(S) = {{a, ¢}, {b, e}, {d}}
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12. Let S be the relation defined on the set 4 = {0,1,2,3,4}, such that:
abeA, aShb © 3|(2a+b), 3devides (2a+b)
(i) Show that S isan equivalence relation.
(i) Find the equivalence classes [0],[1]

(iii) Find the number of equivalence classes of the relation S .

Solution :
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13. LetR be the relation defined on the set N = {1,2,3,...} , such that:
x,y €EN, xRy ©& x+y iseven
(i) Show that S isan equivalence relation.
(it) Find the equivalence class [2] .

(iii) Decide whether 4 € [11] or not ?

Solution: (i)
1- Vx €N, x+x=2x (iseven) = xRx = R isreflexive

2- x,y €N, xRy © x+y=2m (iseven) :m€N
=>y+x=2m (iseven) =yRx -~ R issymmetric

3- xyz€ N, xRy © x+y=2m; (iseven): m; €N
&

YRz & y+z=2m, (iseven):m, €N

(+) =

X+2y+z=2my+ 2m,

= x+z=2(my+m, —y)=2m (iseven)
:m=(m; +my,—y)EN =>~xRz = R istransitive

* Risreflexive,symmetric and transitive = -~ R is an equivalence relationon N.

(ii) [2] ={xeN:xR2}
={xeN:ix+2=2m:meN }
={xeN:x=2m—-2=2(m—-1)=2k:k=m—-1€N }
={xeN:x=2k ,keN }={246,..}

(i) ~ 4+11=15 (isanodd) = - 4 ¢[11]
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14. Let S be the relation defined on the Rational set Q, such that:

ab€eEQ, aSh & a—-b=2m: meZ, (a—Db)iseveninteger .

(i) Show that S isan equivalence relation.
(ii) Showthat [m]=1[0] foreveryeveninteger m ,and [n]=[1] for every odd integer n .

Solution: (i)

(ii) [0]={xe Q:xS0}
={x€e Q:x— 0=x=m is an even integer }

= [m] : mis an even integer

[1]={x€e Q:xS51}
= {x€ Q:x— 1=k is aneven integer }
={x€ Q:x=k+ 1=n isan odd integer }

= [n] : n isan odd integer
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15. Let R be the relation defined on the integers set Z , such that:
a,b€Z,aRb ©&a=b(mod7)< 7|/(a—b), 7devides (a—b)
(i) Show that R is an equivalence relation.
(ii) Decide whethere 9 € [2].
(iii) If Ris defined on the set = {1,5,12,22,35,41,55} , find all equivalence classes.

Solution: (i) ab€Z,aRb ©a=b(mod7)e7|/(a—b) = a—-b=7m:meL

1- Va€Z,7/(a—a)=0 =>~aRa = R isreflexive

2- ab€Z,aRb @a=b(mod7)e7|(a—b) = a—-b=7m:meZ
( multiply both sidesby-1) =2 b—a =7(—m) = 7|(b—a) = bRa = .. Rissymmetric

3- a,b,c€Z,aRb a=b(mod7)e 7|(a—b) > a—b=7m;:m, €L
&

bRc ®b=c(mod7) ©7|/(b—c) =2 b—c=7m,:m, €L

+H=

a—c=7(m;+m,)=7m

:m=(my;+m,) EZ = 7|(a—c)=>aRc = Ristransitive

* Risreflexive,symmetric and transitive = -~ R is an equivalence relation onZ.

(ii) ©9-2=727](9-2) >~ 9R2 ~ 9 €[2]
(iif) (1] = {1,22}

[5] = {512}

[35] = {35}

[41] = {41,55)

3(R) = {{1,22},{5,12},{35},{41,55}}
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16.Let R be the relation defined on the integers set Z , such that:
a,b€Z, aRb ©a?>=b?*(mod7) e 7|(a®> —b?), , 7devides (a?—b?)
(i) Showthat R is an equivalence relation.
(it) Find 3(R).

Solution:
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17. Let S be arelation defined on R* x R*, such that:
(x,y),(a,b) € R* xR*, (x,y) S (a,b) © xy(a? + b?) = ab(x? + y?)
xy ab

x2+y2 " a?+b2

(i) Show that S is an equivalence relation.
(ii) Find the equivalence classes [(3,4)] , [(2,1)]

Solution:
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18. Let T be the relation defined on the integers set Z , such that:
Xx,y€EZLZ, xTy & |[x—3|= |y—3|
(i) Showthat T isan equivalence relation.
(it) Find [0],[3],[—2]
(it) Find 3(T) .

Solution:
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19. Let ~ be arelation defined on Z x Z*, such that:
(mn),(p,q) EZXL"  (mm~(p,q) ®mg=pn & — ==
(i) Show that ~ is an equivalence relation.

(ii) Find the equivalence classes [(3,4)] , [(1,2)]

Solution:
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20. Let T be the relation defined on the Rational set R, such that:
X,y EQ, xSy & x—y €L , (x—y)isinteger

(i) Show that S isan equivalence relation.

1

(it) Find [0] and [5]-

Solution:
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21.Let S be arelation defined on R such that:
x,y ER, xSy ©® x—y€e Q , (x—y)isrational.
(i) Show that S is an equivalence relation.
(it) Find [0]

Solution:
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22.Let T be arelation defined on R X R , such that:
(a,b),(c,d) ERXR, (a,b)T (c,d) ©b— a*>=d— c?

(i) Showthat T is an equivalence relation.
(ii) Find the equivalence classes [(0,0)] , [(1,2)]

Solution: (i)
1- V(a, b)) ERXR, b—a?=b—a%? = (a,b) T (a,b) > Tisreflexive

2- (a,b),(ccd)ERXR, (a,b)T(c,d) @b — a*=d— c?
=>d— c*=b— a?
= (¢,d) T (a,b) = ~ Tissymmetric
3.
(a,b),(c,d),(e,f) ERXR, (a,b)T (c,d) ©b— a?>=d— c?
&
(c,d)T(e,f) ®@d— c?*=f— e?

b—a?=d—c*=f—e?> > b—a?= f—e? > (a,b)T (e,f) = - Tistransitive

s Tisreflexive ,symmetric and transitive = -~ T isanequivalence relationon R X R.

(i)
[(0,0] = {(x,y) e RXR: (x,) T (0,0)}

= {(x,y) ERXR:y— x2=0-0%=0}
= {(x:y)ERX]R:yz xz}

[(1,2)] = {(x,y) eRXR: (x,y) T (1,2)}
S {(X,Y)ERXR:y—xzzz_lzzl}
={(x,y) ERXR:y=x2+1}
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23.Let R be the relation defined on the integers set Z, such that:
x,yEZ, xRy e 4|(Bx+y) , 4 devides ( 3x+y)
(i) Show that R is an equivalence relation.
(it) Find [O],[1].

Solution :
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24.Let R be the relation defined on the integers set Z , such that:
a,b€Z,aRb ©a=4b(mod3) < 3|(a—4b), 3devides (a—4b)
(i) Show that R is an equivalence relation.
(ii) Find the equivalence class [0] .
(iii) Decide whether 2 € [5] ?
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25.Let S be arelation definedon A x A , where A = {1,2,3,4,5} such that:
(a,b),(c,d) e AxA,(a,b)S(c,d) a+b=c+d

(i) Show that S is an equivalence relation.
(ii) Find the equivalence classes [(3,3)] , [(5,5)] , [(2,3)]
Solution: (i)
1- V(a,b)€EAXA, a+b=a+b = (a,b)S(ab)= -~ Sisreflexive

2- (a,b),(c,d)ye AxA,(a,b)S(c,d) @a+b=c+d
=>c+d=a+b = (c,d)S(ab) = ~ Sissymmetric

3- (a,b),(c,d),(e,f)eAxA, (ab)S(cd) @a+b=c+d
&
(c,d)S(e,f) ©c+d=e+f

a+b=c+d=e+f =2a+b=e+f = (a,b)S(ef) = =~ S istransitive

- Sisreflexive,symmetric and transitive = - S isan equivalence relation on A X A.

)
[(3,3)] = {(3,3),(1,5),(2,4),(5,1), (4.2)}
[(5,5)] = {(5,5)}
[(23)] = {(1,4),(2,3),(4.1), (3,2)}
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26. Let R be the relation defined on the integers set N = {1,2,3,...} , such that:
a,be€ N, aRb ©@ab=k?* :k€{1,23,..}
(i) Showthat R is an equivalence relation.

(i) Find the equivalence class [1] .

Solution: (i)
1- Va€N , aa=a?® = ~aRa = -~ Risreflexive
2- abeN,aRb & ab=k? 1k e€{1,23,..}
> ba= k? =>bRa = R issymmetric
3- abc€eN,aRb e ab=k’ tky €{1,23,..7 (1)
&
bRc © bc=k,” 1k, €{1,2,3,..} (2)
D x@2)=
ab?c = ky’k,*
= ac = k12’:22 a ("71"72)2 = k2
b b
ey K

=k : (kisapositive integer,cause b devides both k, and k, )

b

= ac=k* > aRc > .~ 4L»kR
* Risreflexive,symmetric and transitive = -~ R is an equivalence relation on
(i)
[1] = {a EeN:aR1}

={a €eN:a(l)=a=k?:k eN}
= {1,4,9,16,25, ...}
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27. LetT be the equivalence relation defined on the set A = {1,2,3,4}, where {1,3}, {2}, {4} are

equivalence classes. Represent T in ordered pairs .

28. Let T be the equivalence relation defined on the set 4 = {1,2,3,4,5,6,7,8}, where
3(T) = {{1},{2,3},{4,5,6},{7,8}} . Represent T in ordered pairs .



