2 Determinants

2.1 Determinants by Cofactor Expansion
2.2 Evaluating Determinants by Row Reduction

2.3 Properties of Determinants; Cramer’s Rule
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2.1 Determinants by Cofactor Expansion

The matrix }Lj

ifn>2 Ae M,., then Aij € M(—1)x(n—1) is the matrix found by deleting the 7-th row and j-
th column of A.

Example

c d
1 2 3

A=14 5 6|, Ay Eg]
7 8 9
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Definition of Determinant | A| of a matrix A € M, .,

By inductiononn > 1:

e n—=1= A = A;

®* N 2 2 — A —_ Allllﬁill‘ — Alg‘ﬁ12| ‘I— et +(—1)n+1A1n|fa1n‘

Note det(4) is also used to denote the determinant of A.

Example Computing Determinants
1 2 3

5 6 4 6 4 5
15 61| |_2| |+3| |
- 8 9 8 9 79 7 8

=1(-3)—2(-6)+3(-3)=-34+12-9=0
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Definition

Minors and Cofactors

M;; = |A;;| is called the minor of 4;;.
+ G = (—1)"A;| = (—1)"*) My;is called the cofactor of 4;;.

Definition

2/11/2026

<

12

<

22

n2

The matrices M, C, adj(4)

M
M

2n

In

Mnn

C

1n

CZn

C

nn

~

~

4| |4
_ A |4

4| |4
i M11

_le

_(_1)n+1 Mnl (_1)n+2 an
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Example Finding Minors and Cofactors

1 3 -1
letA=|-2 5 4
6 2 0

* The minor of A,3 is My3 = ‘é g‘ = —16.
¢ The COfaCtOI‘ Of A23 iS C23 — (_1)5M23 — _(_16) — 16

Example Adjoint of a 2 by 2 matrix
a b d c]
If A = , th M = ,
[c d al [b a
d —c]
C = ,
[—b a

=T =[5
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Theorem |A| can be computed using any row or column

The number obtained by multiplying the entries in any row or column of A by the
corresponding cofactors and adding the resulting products is always |A]|. So

° Using row i: |A| = AilCil + AizCiz + o+ AinCin°

* Usingcolumnj: |A] =A,;Cyj +A3;Ch + -+ Ay Cyj.

Example Determinant of 2 by 2 along all possible rows and columns
ai; Qa2
= a11C11 + a12C12 = a11a22 — a1209;
a1 Q422
= a91C%1 + a22C2 = —aqi1a12 + azrai;

= a11C11 + a21C21 = aq1a93 — azaq

= a12C12 + a2C» = —apaz + axan
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Example Computing determinants along different rows and columns

2 1 1
Computing the determinantof A= |3 4 -1
15 1]
st : o4 -1 3 -1 3 4| _
Along 15" row: det(A) 2‘5 1 ‘ 1 11 ‘+1‘1 5‘ =2(9) —1(4) + 1(11) = 25
4 -1 1 1 1 1
t . p— — — — — — —
Along 18t column:det(A) = 2‘5 1 ‘ 3‘5 1‘ —|—1‘4 _1‘ =2(9) — 3(—4) + 1(—5) = 25
3 4

Along 3" column: det(A) = 1‘ 2 1‘ ] ‘2 1

1 5‘—(—1)‘1 5+ 3 4‘ =1(11) +1(9) + 1(5) = 25
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Theorem Determinant of a Triangular Matrices
If Aistriangular, then |A| = A{1{A55 -+ Ay

Proof Evaluating repeatedly using the first column.

Example Determinant of Triangular Matrices

1
= (~1)@)(;)(3) = 6

= O W

O = O
~— o= O O
w OO O

S N
w O
o O

= (2)(3)(4) = 24
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Technique for determinant of 3 by 3

Example Computing 3 by 3 determinant using arrow technique
2 1 1]
Computing the determinantof A = |3 4 —1|using arrow technique
toe L 0o 1 1 |2 1
3 4 —-1/|3 4
1 5 1 1 5

Al=QC-4-D+A-(-1)-D+@1-3-5=[(1-4-D+@2-(=1)-5)+(1-3-1)]
= (8) + (=1) + (15) — [(4) + (=1) + (30)] = 22 — (=3) = 25
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2.2 Evaluating Determinants by Row Reduction

Theorem A class of zero determinant matrices

If A € M,,.,, has a zero row or a zero column, then |A| = 0.

Proof Evaluating |A| using that zero row or column and assuming its cofactors are

Cy,Cy, -+, C,, Wwe have:
|JA| =0C; +0C, +---+0C, =0
Theorem Effect of Elementary Row Operations on Determinants
LetA € M, «p,.
1. IfAIEB,then |B| = c|A].
2. IfAI—i{B,then |B| = —|A]|.
AC.

3. If A= B, then |B| = |A].

Note We can simplify a matrix A € M,,«,, using elementary row operations then
compuite |A].
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Example

evaluating determinants using row reduction

Sol.

A
S N

12
fA=—14 5 6
7 8

3

10

—4
A12
.
-7
A13

, Find |A|.

1
0
0

-3
—6

—6

~11

1

0
0

2
-3
0

3
—6
1

Since we have a triangular matrix and we only used operation (3),

2/11/2026

4] = (D (=3)(1) = -3
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Corollary Determinants of Elementary Matrices

M{
1.f > E,c # 0, then |E| = c.

I

2. I1fI S E,then |E| = —1.
AS;

3. 1fI > E, then |E| = 1.

Note An elementary matrix has nonzero determinant.

Lemma Determinants of a product with an Elementary Matrix

1. If E is an elementary matrix, then |EA| = |E||A]|.
2. IfE;, E,, -, E, are elementary matrices, then |E1E, --- ELA| = |E{||E3| -+ |Ex||A]
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Lemma Determinant test for Invertibility

A square matrix A is invertible if and only if |A| # 0.

Proof By reductionrref (A) = Ey Ey_1 -+ E;A. Taking determinants
= |rref (A)| = |Ex Ex—1--- E1A| = |Ex||Ex-1] - |E1]|A]

Now A is invertible if and only if rref(A) = I = |rref(4)| = 1 = |A| # 0. Onthe
other hand, if A is not invertible then rref (A) has a zero row so |rref (4)| = 0 and
since |Ey||Ex—1| - |E1| # 0, we must have |A| = 0.

Example Checking Invertibility Using Determinants
1 2 3 1 2 3
Notethat|4 5 6]isnotinvertiblesincewesaw|4 5 6|/=0
7 8 9 7 8 9
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2.3 Properties of Determinants; Cramer’s Rule

Theorem Effect of Matrix Operations on the Determinant

Forany A,B € M, «,,, and any c € R:
1. |A+ B| # |A| + |B| in general.
2. |cA| = c™|A].

3. |AT| = 1Al

4. |AB| = |A||B|.
5

f As invertible, [A7!] = -
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Example Using Properties to Find Determinants

10 —20 40
A=| 30 0 50
—20 -30 10
Sol. )
1 -2
A=100 3 O

—2 =3

2/11/2026

, 1f

1 -2 4
3 0 5/=5, find |4
2 -3 1
1 -2 4
=[4/=10°/3 0 5=(1000)(5) = 5000
2 -3 1
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Corollary Classes of Matrices With Zero Determinants

A matrix will have zero determinant in each of the following cases:
1. Two rows or columns are equal.
2. Two rows or columns are multiples of each other.

Lemma An Additive Property of Determinants
a a, a, a, d,p da| (4 4, d;

a, +by, ay+b, a,+b,|=la, a, ay b, b,, by

s, s, a3 Ay Ay diz| |d3p U3y s

2/11/2026
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Note: This property is also valid for any rows or columns other than the second row.
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Example Verifying the Property

1 =2 2|1 =2 2| It =2 2
4]=[0 3 21=-1 1 2|+[l 2 O0|F|B|+|[C]
1 0 1|1 o 1 1 0 1

Pf.

2/11/2026 Math 244 Linear Algebra - Fahd Alshammari
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Theorem Equivalent Statements for a Square Matrix

Let A € M,,,,- The following are equivalent statements.

1.

2/11/2026

N Ok D

A isinvertible.

Ax = 0 has only the trivial solution.
RREF(A) = 1.

A is a product of elementary matrices.

Ax = b is consistent for everyn X 1 matrix b.

Ax = b has exactly one solution for every n X 1 matrix b.

1A| # 0.

Math 244 Linear Algebra - Fahd Alshammari
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Example Checking Square System Solutions

Which of the following system has a unique solution?

(a) 2x, — X, =
3x, — 2x, + x; =
3x, + 2x, — x; =

Sol:

(a) Ax =b, the coefficient matrix 1s 4 =

(b)Bx = b, the coefficient matrix is B =

(b) 2x, — x; = -1
3x, — 2x, + x; = 4
3x, + 2x, + x; = -4

has | A|=0= NOT unique solution.

has ‘B‘ =—12 # 0= Unique solution.
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Theorem The inverse of a matrix expressed by its adjoint matrix

. . . . _ 1 .
If 4 is an n X n invertible matrix, then A4~ = adj(A)
det(A)
Proof: Consider the product A[adj(4)]

Mot e [C] e G [ty 0 e 0]

C, - |C,| - C, 0 det(4) --- 0

=1 4 4s a, : : c T : : :

' ' C, - |C,| - C, 0 0 .o det(A)

_anl anZ e ann_ B - - -

The entry at the position (i, j) of 4[adj(A4)]

{det(A) ifi=j

ailcjl+aizcj2 +--t+a C. = 0 1fz.—,t]

in~ jn
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2/11/2026

Consider a matrix B similar to matrix A except that the j-th row 1s
replaced by the i-th row of matrix 4

iy dp o 4y,
L B % Since there are two identical
= det(B) =] : ; : |=0  rowsin B, according to a
a, a, a. previous Theorem, det(B)
l l n
: : : should be zero
anl an2 Tt ann

Perform the cofactor expansion along the j-th row of matrix B
= det(B)=a,C;, +a,C,++aq,C, =0

in~ jn

(Note that C;;, C,..., and C,, are still the cofactors for the entries of the j-th row)

= Aladj(A)] = det(4)] = A|(——

Math 244 Linear Algebra - Fahd Alshammari
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Example

Inverse for 2 by 2 matrix

For any 2X2 matrix, its inverse can be calculated as follows

2/11/2026

A =

{“ b} — det(A) = ad — be,
c d

: G Gy d —b
adj(4) = coc T
2 L2 —¢ da

= A

-1

1 gicA) 1 {d
o a —
det(A) ) ad —bc| —c

Math 244 Linear Algebra - Fahd Alshammari

—-b

a

|

22




Example The Inverse Using the Adjoint

(a) Find the adjoint matrix of 4
A= 0 -2 1
1 0 -2 (b) Use the adjoint matrix of 4 to find A~

Sol.
C, = (—1)i+le.].
:>C11:+_2 _12‘=4, C”:_(l) _lz‘zl, C13—+(1) _02:2,
c31—+_32 f:7, C32=—_01 f‘:l, c33—+_01 _32:2
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— cofactormatrixof 4 =

[Cij ] -

— Inverse matrix of A4

4 1 2
6 0 3
7 1 2

A=t
det(A)
4 6
—1l1 0
2 3
« Check: AA™

2/11/2026

adj(A) (det( ) 3)

o =

=1

WY W= Wk

Math 244 Linear Algebra - Fahd Alshammari

4 6 7
adi(4)=[C,| =[1 0 1
2 3 2

W W= W

adjoint matrix of A4

> The computational effort of this method to
derive the inverse of a matrix is higher than that
of the G.-J. E. (especially to compute the
cofactor matrix for a higher-order square matrix)

> However, for computers, it is easier to
implement this method than the G.-J. E. since it
is not necessary to judge which row operation
should be used and the only thing needed to do
is to calculate determinants of matrices
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Theorem Cramer’s Rule

a, X, +a,x, +--+a, x, =b

_ A represents the i-th
a, X, +a,x, +--+a,x, =b, p

— Ax=b column vector in 4
anl'xl + an2x2 Tt ann'xn — bn _xl 7] _bl ]
X b
where A = [aij] = [A(” A% ... A(”)], x=’1], b=|"
nxn :
_xn _ _b” _

Suppose this system has a unique solution, 1.e.det(A4) # 0. Then
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By defining 4, [ AD 4D gD 40D L. A(”)]

Ay Ay b, iy 0 Gy,

OTeE) b, e

anl o an(j—l) bn an(j+1) o ann

(ie., det(4,) =hC, +b,C,, +---+b,C,)

det(4,)

OO i LTS U SO
7 de(a)
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Proof
Ax=b (det(A4) = 0)

1
—=x=A"p = adi(A)b cording to the previous Thm.
det(A) j(A)b (ac g previou )
_Cll CZI Cnl__bl_
_ 1 CIZ sz an bz
det(A4)| : : L :
_Cln C2n o Cnn | _bn _

_blcll +b,C, +--+5,C, |
. bCp, +0,Cp +--+5,C,
~ det(4) :

_blCln +b,C, +--+bC |
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2/11/2026

" det(4)
det(4,)/det(A)
_ | det(4,)/det(4)
 det(4,)/det(4)
det(4,) -1,
det(A)

' bC,, +b,C, +--+bC,
1 |bC,+b,C,H+--+bC ,

 bC,,+b,C,, +---+b,C

nn

(It is already derived that
det(AJ) = blclj + b2C2j 4.4

Math 244 Linear Algebra - Fahd Alshammari

b C

n-"nj

)
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Example Inverse Soving Linear Systems by Cramer’s Rule

-x + 2y - 3z
Use Cramer’s rule to solve the system of linear equation 2x + z
3x — 4y + 4z

-1 2 -3 1 2 -3
Sol.  det(4)=|2 0 1|=10 det(4)=00 0 1|=8
3 -4 4 2 -4 4
-1 1 -3 -1 2 1
det(4,)=|2 0 1|=—15 det(4)=2 0 0=-16
3 2 4 3 -4 2
_det(4)_4 _det(4)_-3 _det(4)_-8

X = Yy = —
det(4) 5 det(4) 2 det(4) 5
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