Chapter 4: Parameter Estimation

e Method of moments:

AR(1):y, = & + 1Y -1 AR(2):y; = & + P1Ye—1 + D2V
5 = P, = ~ r1(1-15) ~ TP
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e |Least squares methods:
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Question 1:

Using the method of moments, answer the following questions:

a. What is the estimate of the variance of the process {y;}, i.e. y(0) in the
ARMA(p,q) models?

.32
y(0) is estimated by the method of moments as S2 = ¥, (y;_?
b. For the model y, = &,— 61 €;_1 :
I. obtain the estimate of the parameter 6,.
_ ~61
"= 1562 1 k=0
k) = o =
1 0%2+60+1r,=0 p(k) = (1+67)
0 k>2
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-b+Vb?—4ac 1% j1—4r]
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ii. obtain the estimate of white noise variance 62 .
Yo =Var(y,) = Var(e,— 0, &_1) = Var(e,) + Var(0; &_1)
Yo= of + 0fcf

Yo= 07 (1+67)

52 = 5
€ (1+62)




Question 2: Using the method of moments, answer the following questions:

a. For the model y; = ¢p1y;_1+ & :
We have the Yule-Walker equation
Pr = P11 pr—1 ; k=123, ..
replace p; by r;, we got:
Te = P11e—q ; k=123, ...
fork=1: 1 =¢r9=0,

~

¢p1=1

b. Obtain the estimate of white noise variance 62 .
for AR (1), we have

Yo =Var(y,) =Var(¢1ye-1+ &)
Yo =Var(¢1ye—1) +Var(e)
Vo= ¢1v1 +0f
Vo= ¢1p1Vo +0F where, p; :% =
62 = Vo — P1inito
6¢ = 7o (1 - 9517”1)

6= S2(1-rd) where, ¢, =1y

Note: y, = ¢p2Var(y,_,) + Var(e) ... (1)
where, y; = cov(y; ,¥e-1) = cov(P1Ye—1 + &, Y1)
= ¢1c0v(Yp_1, Y1) + cov(er, Y1)
V1= dwar(ye_) +0 >>> ¢y = pivar(ye_qg) .. ()

Or By use Yule walker we get:

Eye-1) = P1EYVe1Ve-i) + EYVe-r&r)

0?2 atk=0

E(ye—re) = {0 atk > 1

atk =0>>» y, = ¢y, + 02
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Question 3:
Assume that 100 observations from an ARMA (1,1) model

Ze — P12 = ar — 01004

Gave the following estimates S = 10,5, = 0.523 and p, = 0.418.

Find initial estimates for ¢, 8; and o2.

The ACF of ARMA (1,1) is

($1 —60)(A — ¢461)

k=1
Pe=13 (1+67—2¢:6,)
¢1pk—1 ,k - 2,3,
e Estimating ¢;:
p2 = $1P1
r; = 0317”1
- r», 0.418 — 0799
= ———m— = 0.
1 r,  0.523 1

e Estimating 6:

- (¢1-61)(1-¢16,) _ $1-p70,-01+p,07
1+0%2-2¢,08, 1+02-2¢,0,
0.799-0.638 8; —0,+0.799 62
1+62-1.598 8,

0.523 =

0.799—1.638 0, +0.799 62
1+02-1.598 6,

0.523 =




0.523(1 + 62 — 1.598 ;) = 0.799 — 1.638 9, + 0.799 67

0.523 + 0.523 2 — 0.836 §; = 0.799 — 1.638 6, + 0.799 62

0.799 — 1.6389, + 0.799 7 — (0.523 + 0.523 6 — 0.836 0,) = 0
0.276 07 — 0.802 6, + 0.276 = 0

A —b++Vb%—-4ac
91 -
2a
. — —0.802+ /0.8022-4(0.276)(0.276)
| =

2(0.276)

0, = 2.507 or 6, = 0.399

or we can use the calculator

1:Simul Equation
2:Polynomial «—

Polynomial
Degree?

Select 2~4

We will choose 0.399 to satisfy invertibility condition, which is |8, | < 1.

e Estimating o2:
2 1-¢% 2
1-20,¢,+62
1—0.7992
1-2(0.799)(0.399)+0.3992

N
I

(10) = 6.932



Question 4:

Assume that 100 observations from an AR(2) model

Zt = Q12 g+ P22 5+ ay

Gave the following sample ACF: p;, = 0.8, p, = 0.5 and p; = 0.4
Estimate ¢, and ¢,.

The auto-correlation function for AR(2) is :

Pk = P1(pk-1) + P2(pk—2) k=12, ..

Pk = Tk
= {)17”0 + (ISAZH Ty = §§17”1 + §§2 To
1 =¢1(1) + ¢y ry = P11 + @3
= (51 = T‘l - (]321"1 (1) e $2 = 1"2 —_ $1T1
substitute (2) in (1): substitute (1) in (2):
<131 =T — 0327"1 QEZ =T — $1T1
CB1 = 7’1(1 - qsz) QEZ =1, — (1 — §52T1)7”1
~ - X 2, 7 .2
d)l = 7'1 (1 — (TZ — (]517‘1)) ¢2 - TZ - 7"1 + ¢2r1
- - b, — P12 =1, — 12
b1 =11(1 =13+ Pyry) (?2 & l ’ 12
~ ~ b,(1—1f) =1, —1{
b1 =1 — 1y + Py7% ,
N N q’s 7N
b1 — Piri=r—nm, 27 (1-12)
ny R 2Y — _ R ) Y
P1(1—717) =1 —13) $, =0 = Of_OO; — —0.3889
2 _r(d-r) ! .
$1 = 1-rf




$1 _ ri(1-1y) _ 0.8(1-0.5) ~111

1-r? 1-0.82

Other solution:

= (131 + (1327”1
0.8 = ¢, + (0.8) ¢,
¢, =08-08¢,..(1)

) :$17’1 +§52

(2)

Replace ¢, in (2) using (1):
0.5=08¢, + ¢,
0.5=0.8(0.8—0.8¢,) + ¢,
0.5 = 0.64 — 0.64 ¢, + ¢,
0.5 = 0.64 + 0.36 ¢,

—0.14 = 0.36 ¢,
¢, = —0.3889
from (1)

¢, = 0.8—0.8 ¢,
¢, = 0.8—0.8(—0.3889)
¢, = 1.1111




