
Question1. (a) Are the functions f1(x) = cos 2x, f2(x) = 1, f3(x) = cos2 x linearly
independent on R?

(b) Determine the constants βi, i = 1, 2, 3, 4, 5 in the function

F (x) = β1 + β2 sinx+ β3 cosx+ β4 sin 2x+ β5 cos 2x,

to obtain the best approximation for F (x) = |x| in L2(−π, π).
(c) Which of the following functions belongs to L2(2,∞)

i. f(x) = 1√
x2+1

ii. g(x) = sinx
iii. h(x) = 1√

x ln x

Question2. (a) Obtain the eigenvalues and eigenfunctions of the problem

u′′ + λu = 0, x ∈ (−2, 2)
u(−2) = u(2)

u′(−2) = u′(2)

Is the above problem a Sturm-Liouville problem? Explain.

(b) Write the orthogonality relation between the eigenfunctions of the
above problem.

(c) Let Pn(x) be the Legendre polynomials orthogonal on [−1, 1]. Find
the expansion of f(x) = |2x− 1| − |x| , |x| < 1 in terms of Pn(x).

Question3. (a) Find the Fourier Series for f(x) = |x| − x, −1 < x < 1 such that
f(x+ 2) = f(x).Then deduce that

∞∑
n=0

1

(2n+ 1)2
=
π2

8

(b) Find the Fourier Integral for the function

f(x) =

{
0, |x| > π
|cosx| |x| ≤ π

(c) Solve the integral equation∫ ∞
0

f(ξ) sin(xξ)dξ =

{
x, 0 < x < 1
0, x > 1

1



Question4. (a) Find the Fourier transform of

f(x) =

{
1− x2, |x| < 1
0, |x| > 1

and deduce the value of∫ ∞
0

(x cosx− sinx) cosx
x3

dx

(b) Show that
d

dx
(xnJn(x)) = xnJn−1(x),

where Jn(x) is the Bessel functions of the first kind.
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