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CHAP. 3] ORTHOGONAL FUNCTIONS 61 l

(b) The eigenfunctions are given by

¢a(x) = B,sinVyn 2 ) 3
where A,, n=1,2,8,..., represent the eigenvalues obtained in part (¢). To normalize these
we require L

j; B?sin2yx,zde = 1
B ™
ie. ?"f (1 —cos2Vn,z)dx = 1
0
\ Wi,
or B, = (4)

2Vn, L — sin2y/x, L

Thus a set of normalized eigenfunctions is given by
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Thus the required expansion is that with coefficients given by (6). The expansion for f(x) can
equivalently be written as

i W,
n=12y/\, L — sin2V/\, L

flx) = {j;L f(x) sin \/r,._x dx} sin \/ﬁ x (7)

GRAM-SCHMIDT ORTHONORMALIZATION PROCESS

k3.12. Generate a set of polynomials orthonormal in the interval (—1,1) from the sequence
1,22, 2% ....

\J/{ According to the Gram-Schmidt process we consider the functions
¢1(®) = 11, #2(x) = g1t egex,  B3(®) = €31 + C3x + cyq7?,

Since ¢4(x) must be orthogonal to ¢,(x) in (—1, 1), we have

1
f_l(cll)(c21+022x)dx =0 ie.  ¢51(2¢5y) = O

from which ¢y = 0, because ¢;; # 0. Thus we have

¢i{x) = ey ¢a(x) = copx

In order that ¢,(z) and ¢,(x) be normalized in (—1,1) we must have

1 1
f l(cu)2 de = 1 f (copx)2dxe = 1
- -1

3
¢ = % C2 = EFAly

from which

Since ¢3(x) must be orthogonal to ¢,(x) and ¢4(x) in (—1, 1), we have
1 1 .
f (e11)(cgy + c30% + €3322) dz = 0, f (cogx)(cgy + €30 + cg522) dxr = 0
-1 -1

from which
23 + §633 = 0 or €33 = —30gy, €30 =0

Thus ¢3(x) = 031(1 _35!72)
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In order that ¢s(x) be normalized in (—1,1) we must have

' 1 5
f feg(1 —3x2))2de = 1 whence o = *34/3
-1

The orthonormal functions thus far are given by

5/3x2 —1
¢1(x) - I\/%s '¢2(x) = iﬁx' ¢3(.’17) = = —2'< 132 )

By continuing the process (see Problem 3.29) we find

7/ 523 — 3 9/ 86xt — 3022 + 3
palx) = i\/;<£—§-—£>, #s(x) = i\/ 5(‘*’—8-—“>:

From these we obtain the Legendre polynomials

3x2 —1 5a3 — 3
Py(x) = 1, Py(z) = =, Pyla) = x2 , Py(x) = 22 —°% . 2
3b6x4 — 30x2 + 3
Py@) = =,
The polynomials are such that P,(1) =1, » =0,1,2,8,.... We shall investigate Legendre poly-

nomials and applications in Chapter 7.

APPLICATIONS TO BOUNDARY VALUE PROBLEMS

3.13. A thin conducting bar whose ends are at x =0 and x =L has theend z=0 at
temperature zero, while at the end « =L radiation takes place into a medium of
temperature zero. Assuming that the surface is insulated and that the initial tem-
perature is f(x); 0 <z <L, find the temperature at any point # of the bar at any

time ¢.
The heat conduction equation for the temperature in a bar whose surface is insulated is
o _ 8% '
ot “ox? &)

Assuming Newton’s law of cooling applies at the end x = L, we obtain the condition
—Ku,(L,t) = hlu(L,t)— 0]
or : u L, t) = —pul,t) (2)

where g = K/h, K being the thermal conductivity and h a constant of proportionality. The re-
maining boundary conditions are given by

u(0,t) = 0, wu(x0 = f(x), |ulz,t)] < M
To solve this boundary value problem we let # = XT in (I) to obtain the solution
u = e °t(4 cos\x + B sinAx)

From u(0,t) =0 we find A =0, so that

u(x,t) = Be—x\*t ginax
The boundary condition (2) yields N
tan\L = 3 (3)
This equation is exactly the same as (I) on page 60 with A replaced by A2. Denoting the nth posi-
tive root of (8) by A,, n=1,2,3,..., we see that solutions are
u(z,t) = Bne‘“\ﬁt sin A,z

Using the principle of superposition we then arrive at a solution

&0
2,
uz,t) = ) Bpe~ Mt gin A,z
ne
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3. From the definition of a Legendre polynomial show that
L (@2n)!
@ PO)=(=1"7F—=.
2*"(nt)

() P, ,(0)=0.

4. By first differentiating the Legendre polynomial P,,(x), show that P, (0)
=0.

5. (a) Determine the polynomial solution CP,(x) of the differential equa-
tion

(1—x%)y”"—2xy'+6y=0

(b) If the positive value is chosen for » in (a) and y(0)=2, what is the
solution of the resulting IVP assuming that the solution is a valid one
when x=1?

6. Extend the graph for Py(x), P(x), Py(x), P3(x) and P,(x) in Figure 8.1a
for —1<x<0.

4 8.2. RODRIGUES’ FORMULA FOR LEGENDRE POLYNOMIALS
6 Ii 6 To develop this formula we let ‘
: w=(x?—1)"
Differentiating, we have

f

: dW _ 2 n—1
! - =2nx(x?—1)

|

This we multiply by x2—1, so that

i (l—xz)%+2nxw=o (8.11)

Differentiating (8.11), one obtains

2w

S dw dw .
(1—x )dxz +2(n—1)x 7 T2w=0

Continuing the differentiation, we see that

> (x); (b) Legendre
pemsen oL 5 d*w d*w L dw
o +2(n— + —1)— =
(1 X ) dx? (n Z)X P 2(2'1 1) e 0
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and
) d*w o dw d*w
(1= x*) = +2(n=3)x— +3(2n—2) =0
dx dx’ dx?

Differentiating k+ 1 times, we find that

(k) (k)
(-5 o k= Dx 22— (k) (2n—k)w=0 (8.12)
x
where
w(k):dkw_
dx*

If we let k=n in (8.12), then

2.,(m) (n)
(l—xz)ddw7 —2)cdz‘C +n(n+1)wH=0 (8.13)
x-’ >

From (8.13) we see that Kw(™ is a solution for the Legendre differential
equation. Assuming that the Legendre polynomials form a unique polynomial
solution set for (8.1) except for multiplicative constants,

(x) =K< (= 1) (8.14

We investigate the highest power of x for each member of (8.14). We recall tha:
C, 1s

(2n)!
2"(n1)’
and
(2n)! drx2n
n= = 2m—1) - 2n—n+1)x"
2"(n!)2x K o K2n)2n—1) - 2n—n+1)x
(2n)!
nl
Therefore,
(2n)! (2n)!
27(n1)? n!

VY

1A
l")\/.)vf‘-/ 25 1}./-/’5’ 35 3\,,4/-) —~F
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and

o0
i+ 4054+ o= X P (1)
n=0

Thus, for all coefficients of ¢”,
P(1)=1

The coefficients (8.7) were assigned so that P (1)=1. It can be shown that
for —1<x<1,

|P.(x)]<1
8.4. THE LEGENDRE POLYNOMIAL P (cos#)
If we replace the independent variable x with € in (8.1) using the substitution
x=cosf

then we obtain

and

d’y .| d*y  cosfdy
de? sinfdé

The new equation becomes

L dYy dy Cgu— 5
smﬂau92 +cos€d0+n(n+l)sm0y—0 (8.24)

Equation (8.24) has a solution

y=P (cosf) (8.25)

The form of the Legendre differential equation (8.24) with the solution
(8.25) 1s frequently useful for solving BVPs.

Exercises 8.2

1. Solve for P, ,(x) in (8.23) and then determine
(@) Py(x), (b) P3(x), and (c) Py(x).

2. Using Rodrigues’ formula, verify Py(x), Pi(x), and P,(x).




Lol 1 381kl

© n _ 1 — 1 — @ n
2. peg Pa(D B 2. oeot
S B = = B

+t

116

A sl Malas ©)laay Cpllaadl e Juaoud

(4.2) ;pyles

of et

1 1 = Z :0=0Pn (cosO)r”

lreie -1 \/r2 —2rcosf+1

()TQ::.:.JPS (1<l

n
L _ 1 > w_OPn(cose) A3
Vo =vill vl = 2= \2)
;‘ﬁ- <1 Mebdljiu@;géwtgévzjvl (;:P.‘-?‘L_SN
2
ol et
Plyt() P y(0) = @0+ 1)P(x)  VneN
Ol gzl o3
X 1
Jy Ba(0dt = [Pt () =By, (0]
ol el

(@ + 1Ppy (%) = @2n + DxPy(x) — 0P, (x) VneN
Ol e
(m+ 1Pp(x) = P'ry(x) - xP'(x)  VneN,

ol e

(1)

)

€)

Q)

®)
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xP' (x)=nP,(x)+P',_,(X) VneN
ol o) Aoz, DN JI5l 0 S 2a (6)
(i) fx)= X
(i) fx)=1-x
e (%) = [x] DIl Hla o) piie e JsV sl s gt sl el (7)
[-1,17 5 !
Ul jilr o) ) pite st sl (8)

-1,-1<x<0
f(x)=
1, O<x<l

G5 0,65 % = 0 e Aelocdl £ed ot 4.2.2 1 el B Lodinzone
(075 F(07) (el Jam y2a

L 428 5427 el B bl ) S aadl o)L il el (9)
[-1,17 5,20 e wlama Cjlall Ja x =1

Ay Co gl Ol S (4.4)
Copt 2 3 gl 1,8 oY o
A ) A (Hyt ROR oo pp s 5, S
a2l «C. Hermite (1822-1901)

2 dn _x2

—e (4.17)
X

H,(x)=(-)"e"
Dzl e fuams Lgia
Hy(x) = 1, Hy(x) = 2x, Hy(x) = 4x" -2, Hy(x) = 8x’-12x,
H,(x) = 16x* — 48x* + 12, Hy(x) = 32x"— 160x° + 120x, ...
$ I oty wress Hy OF (4.17) iy ol o e WS
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and
1
K=
2"n!
As a result,
1 4", 5 n .
= —1 8.1
P(x)= 357 o (3= 1) (8.15)
Equation (8.15) is known as Rodrigues’ formula for generating Legendre
polynomials.

Example 8.1. Show that
L\

u%/f/ @R =B ()~ Py (x)

‘ From (8.15) we obtain

‘ o\ 2n d" 5 n—1
Pn(’\)—znn! dx" [X(X —l) ]
j 2n dn_l n—2, 2 2 \n—2
| =5 dxn_l[(2n—2)xz(x2—l) (2= 1) (x2-1)"
| 1 dn—l 2 n—2
= 2n—1)x*—1)(x*—1 8.16
27" Y(n=1)! dx"_‘[(( e 1) (=) ] (8.16)

| Replacing n with n+1 in (8.16), we write

! , _ 1 d" ’ 2 2 n—1
| PnH(_x)—znn!dxn[((?.n-rl)x D (x2=1)""] (8.17)
From (8.15),
;- 1 A", e
i P_(x)= x“—1
(%) 2" Y (n—1)! dx""( )
l
! The derivative of P,_,(x) is
2 n —
g By = S () (8.18)

2"n! dx"
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The difference (8.17)—(8.18) is

By ()= Py (6)= gy [ (@n )= 1) (2= 1) = 2n (a2 -1)
_2n+l dm 5 s
= e Y
=(2n+1)P,(x)
or
@n+ 1), (x) =y (x) P () (8.19)

8.3. A GENERATING FUNCTION FOR 7,(x)

It can be shown that the coefficient of ¢” in the expansion of
[1-2xt+2]7!?

is the Legendre polynomial P (x). We write a few terms of the expansion

[1-t(2x—t)]'1/2:1+%t(2x—t)+ _212%[2(2)(_{)2

1-3:5 4 3 1-:3---(2n—1) "
- - —t )Y+ - n -+ ...
+ 531 ?(2x—1) + oI t"(2x—t)
The term (" appears in the term :"(2x—1¢)" and in preceding terms. The
coefficient of ¢" is a finite series which we display:

13- (2n=1) ., 13---(2n=3) n—1, ..,
> (2x)"~ STETESITRST (2x)
1-:3---(2n—=5) (n—=2)(n—3) h—a

2~(n—-2)1 2! (2)
1-:3---(2n—=7) (n—3)(n—4)(n—5) et
— 2n~3(n_3)! . 3 (Zx) + ..

By appropriate factorial arithmetic and other simplifications this series has the
form:

(2n)! (2n—2)! . (2n—4)! B
X" — X" X"
2"nn! 2"(n—1)(n—2)! 221(n—2)(n—4)!
(2n—6)!

"t (8.20)

23 (n-3)1(n—6)1"

S —

},‘m’n T S T
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Vl)n—l]

(8.19)

1s. The

has the

(8.20)

e

A GENERATING FUNCTION FOR P,( x) 227

However, (8.20) represents the first few terms of P (x) in (8.10). It is suggestive
that

oC
[1-2xt+:2]7'= 3 P (x)r” (8.21)
n=0
The expression
[1—2xt+:2]7 "7
is referred to as a generating function for the Legendre polynomial P, (x).

Example 82 Show that
./

, A 2n+1)xP,(x)=(n+1)P,. (x)+nP,_,(x)

Differentiating (8.21) relative to ¢, we have

(x=)(1—2xt+13) "= 3 nP(x)""! (8.22)
n=0

If we multiply (8.22) by 1—2x¢+¢2, then

2 (x=0)P(x)"= 2 (1=2xt+1*)nP (x)1""!
n=0 n=0
or
2 xP(x)"= ¥ P (x)t" = 3 P, (x)e"
n=0 n=0 n=0

0 o0
— > 2nxP (x)t"+ D nP (x)t"!
n=0 n=0

If we equate coefficients of ¢”, then
xPn(x)—P,,_](x):(rH-l)PnH(x)—znxPn(x)+(n—l)Pn_l(x)
Collecting coefficients of P (x) and P,_,(x), one obtains

2n+1)xP,(x)=(n+1)P,(x)+nP,_,(x) (8.23)

Example 8.3. Show that P (1)=1.
From (8.21), if x=1, then

(1-20+11)7 2= § P(1)"

n
n=0

(1-07'= 3 B ()
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Lz(x)=1—2x+%x2

3.2 1.3
Liy(x)=1-3x+—x"—-—x
3 2 6

n

L (X)——l—ex——dn (x"e™) (4.28
U nl dx -28)

Obm <n IOl jpall e oS s
(x™,Ly)= _}—: e *x"L,(x)dx

9

J—

FERLAT

[+'0) n
=L [Fym 4 (x"e " )dx
n! 70 dx"
o pamm! e d"m
= (-1 ol IO PR (x'e ")dx
=0

>y, Ly=0 Vm=#n
OIS (4.3.12 1 ,8) m Aoyl oo 550 5,28 Ly OY
(x",L.)=(-1)" j;’ x"e *dx = (~1)"n!
OB (=1)"/n! ya Ly 5 5ol 5,58 5 Xy Jolas OF Laug
ILf = Ly=1 neN

L(0,005€7™) & bee salaza Ly oY 3 g O O SlU3 pe pezizs

4.3) &3,)\.«3

JSI Jopn f:?*xzdh\/? slesdt ()



Lol gt all
( we“xzdsz = j'w Iwe_(x2+y2)dxdy
- 0 J0
(1,8) Lokadll LW Ll JolSS ) (x,Y) 25,1000 il 4ty
T odal) bz B3 5l L 5 (598 o0 £ 95 Hy 254501 5,28 OF i
of e

(_1)k(2x)n—2k
Hy(0) =02, .» k!(n-2k)!

.n L;LC- sbi:‘.wYLg
DI ) pse dom ol

£() 0, x<0
x_1,‘ x>0

(4.3.3 op el pidianl) o y2 5 5 25 DY,
a5 g 2 f(X) = X D e e
Lol dsbaddl a5
y" —2xy' +2Ay =0
= sl y() =) :;Ockxk

Ol Lol BL e ,a Uslas L]
Of ezl Uolaod|

o= 2(k+1-2) c

K27 (k+r+2)(k+r+1) K

AT=040dl bt fodt of el & or(t-1) = 0 0,

_ 20 5 2°A(A-2) 4
yo(x)-co[l— T X“+ Al X =

or=14eal bl Jodl 0l cealcp e
2 — —
20.=1) 5, 2°(A-D(r 3)x5+'_}

Y1(X)=°1{X“ 3 51

124

@)
3)

4

()
(6)
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Dslaall plal Jodl 05505 cculic) ton
Y = yo(X) +y1(X)
(L05 Wy A ) 5D Lgme b Udeze y1 5 Y o0 DS O Lo Y
§ S ol ol ey Bie s (LI b oo ke B 045 Loz Y|
Lot Clie jLesl) Hy 5 gl
Lekie collsde e L 285 e_xzyl(x) r e‘xzyo(x) St e IS O 23T
3yetS ol 05K Lo il (59l ol saalt L Oy ¢ [x]>00
Gy on pp Uslaad ¥ Jom (6T 0TS o gzl & Hyy 5 ol
J:e‘xz 2 (x)dx < o
v =H, O 13 Jazs 4 13
Bsledl i W (x) = 2H, (x) DI of it
ya+l@n+D)-x*Jy, =0
.(Schrédinger’s equation) i3 3,5 Uslaes & 5 ,aell
DG obCwp Wy s
DI ey [0,00) 5t e Ly Ly (Lo Jsadl dalas (e Gimns
e

(7)

(8)

®

ol <3 (10)

n (=D¥(n
Ln(x)=Zk=0’—~( k,) (Jxk

LY o S BVLFR) =X —x Dl e e (11)

D s e g 5,28 Ly OF T (12)

0,00) 5 2l e meN Coo f(x) =x" DI ,5Y | piie a1 (13)
0<x <o f(x) = Bl 3Y i amsl (14)
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(4.26) Dslasdl iz Ly o gl 5,88 ol e 3T (15)
S3Y Bsladd a1 ol s 5 (16)
xy" + (1-=x)y' +ny =0

n=1:n=0Lyee

S Gkl (4.5)
45 2! Lol Dslaadl an

2 2 2
0u,0u Ou._g (4.29)

ot oyr oz
J_M‘,B\QJA_;M\WJ}LJWL:&L_)L?SJ&SJ_‘LJ‘;AJ (O gonn! g1 A D\mo
£X,.2) Ty S0 &l 15 (e gl St 6501 Dol oo ¢ Zonal
Wbl sl e Qi sy el o Js U by ST eliadl) G
Tzl 3 pucll (4.29)

2 2 2
222y
P.S. de Laplace s )l ool 3 ) i ¢ ¥ ddslany i a5 I
(harmonic functions) &' ¢ J133 CHQ) b L plon oy (1749-1827)
SV (X, Y, 2) S 8ol oYl e bogmdl L 2 113] . Q e
4 @Yoladl b paadl (1, B, ) Ly S

X =1 cos0 sing

=0 (4.30)

¢ 0 L
8.9 y =1 5ind sing

y Z =T COSQ

r>0,0<0<2n,0<p<n ‘>

(4.2) JS&
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8.5.

8.6.

HERMITE, LAGUERRE AND OTHER ORTHOGONAL POLYNOMIALS " [CHAP.8

Multiplying by e—** and integrating from —« to «,

© . ®© © gmin ®
f e-l(xtst—2st] g = § ] T e =*H_ (x) H,(x) dx
— m=0 n=0 MM J_o

Now the left side is equal to

® . *° - 2mgmtm
g2st e—(T+s+D)? dp = g2t e~utdy = e3tVr = Vr 3
— o

—o0 m=0 m!

By equating coeflicients the required result follows.
The result
f e~ BH (x)H,(x)de = 0 m#*Fn
«

can also be proved by using a method similar to that of Problem 7.13, page 138 (see Problem 8.24).

Show that the Hermite polynomials satisfy the differential equation
¥y’ —2zxy +2ny = 0
From (5) and (6), page 154, we have on eliminating H,_;(x):
H,iy(x) = 2zH,() — Hy(x) @)

Differentiating both sides we have

" '

H,,y(x) = 2xH.(x) + 2H,(x) — H, () (2)
But from (6), page 154, v?e have on replacing » by n+1:
Hy(z) = 2(n+1)Hy(x) &)
Using (8) in (2) we then find on simplifying:
H(x) — 2x¢H,(x) + 2rH,(x) = 0
which is the required result.

We can also proceed as in Problem 8.25.

(@) If f(x) = kzoAka(x) show that A, = —2—;"%\/—; j:w e =f(x) He(x) de.
(b) Expand z° in a series of Hermite polynomials. \

(a) If flx) = k§0 A H,(x) then on multiplying both sides by e~**H,(x) and integrating term

by term from —« to » (assuming this to be possible) we arrive at

f e~ 2f(x) H (x) de = ,20 A, f_we—szk(x)Hn(x) dx (1)

_But from Problem 8.4

[ om0 Hoa) 4 0 ke
e =
— k) Hq(%) 6% 2mivVe k=n

Thus (1) becomes -
f e Pf(x) Hy(x) de = A2mnlV7

1 %
or A, = mﬁwe‘I’f(m)Hn(x) de 2

which yields the required result on replacing n by k.
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(b)) We must find coefficients Ay, ¥ =1,2,3,..., such that.

23 = 3 AH(x) 16))
K=0
Method 1.
The expansion (8) can be written
3 = A Hy(x) + A Hy(2) + A Hy(x) + AgHy(x) + -+ (4)
or ¥ = Ay(1) + A;(2x) + Ay(4x? —2) + Ay(8x% —12x) + - - (5)
Since Hk(x) is a polynomial of degree k we see that we must have 4, =10, 45 =0, Ag=0, ...;

otherwise the left side of (5) is a polynomial of degree 3 while the right side would be a poly-
nomial of degree greater than 3. Thus we have from (5)

¥ = (Ag— 24, + (24, —124)x + 4A,x% + 8A g8
Then equating coefficients of like powers of « on both sides we find
84, = 1, 44, = 0, 24, —124; = 0, Ap—24, = 0
from which

4,=0, A =3, Ay =0, 4, =3

Thus (2) becomes

which is the required expansion.

Check. 3 1 3 1
ZH‘(x) + —8—H3(x) = Z(Zx) + §(8x3—-12x) = g3

Method 2.
The coefficients A, in (1) are given by

1 o0
A = — f e~ 22x3H, () dx
k k= x(x)

as obtained in part (a) with f(x) = 3.

Putting £k =0,1,2,3,4,... and integrating we then find

[
f=)
It
S
b
Il
| oo
b
(]
1]
e
b
w
Il
o
e
Il
=]
>
Il
o

—g )
and we are led to the same result as in Method 1.

In general, for expansion of polynomials the first of the above methods will be easier and
faster,

8.7. (a) Write Parseval’s identity corresponding to the series expansion f(z) = Y, ArHx().
(b) Verify the result of part (a) for the case where f(z)=x% =

(@) We can obtain Parseval’s identity formally by first squaring both sides of f(z) = X A Hy(z)
k=0

to obtain e w
{fe)}2 = 3 3 AAH(x) Hyx)
k=0 p=0

Then multiplying by e—*?* and integﬁ'ating from —» to » we find

f TR@Nd = 33 A, f_me"ﬂHk(x)Hp(x) da
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. P —— orthogonality of Laguerre polynomials — :
assword:
|.. Lo 'n——] We use the definition of Laguerre polynomials L, (x) via their Rodrigues formula
Register

d"
Ly(x) = " —(z"e™7).
() € d:l:"(l e™)

I've fargotten my login details

This is a place holder for The polynomials (1) themselves are not orthogonal to each other, but the expressions € L, (x)
potential sponsor lagos. (n=0, 1, 2,..) are orthogonal on the interval from 0 to 00, i.e. the polynomials are orthogonal
with respect to thie weightihg function €  on that interval, as is seen in the following.

Let 1m be another nonnegative integer. We integrate by parts m1times in

T (e dx = (~Dmm [T (e
g e x = m T e ") dx.

fo e X" L,(x) dx =[x
When m < n, this yields

x A l

‘/0 C—IIV'l.L:a(II7) dr = (—-l)”‘m' / W(Imﬁ_x) = 0.

=0

and for m = nit gives

28 gi ]
/ e 2" L,(x)dr = (—’l)"n!/ e dr = (=1)"(nh)*
o 0

The result (2) implies, because L (x) is a polynomial of degree /7, that
fo e mln(OL, () dx = 0 (m < n),

whence also

/ ‘r;".[.‘m(nr)l}n(m) dr = 0 (m # n).

a

Thus the orthogonality has been shown. Therefore, since the leading term of L (x)is (—1)7x |
we infer by (3) and (4) that

foe L, (0]%dx = (-1)" o e “x"Ly(x)ds = (a)?,

Ln(x)

n

so that the expressions form a system of orthonormal polynomials.
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Making use of the results of Problem 8.4 this can be written as

x

f e~2{f(x)}2de = V7 S 2kk!AZ
- k=0
which is Parseval’s identity for thé Hermite polynomials.

() From Problem 8.6 it follows that if f(x) = x3 then A4, =0, A;=§, 4,= 0, 43=4, 4,=0,
As=0, .... Thus Parseval’s identity becomes

f ® e~ ad)2dx = V7 [211)(3)2 + 23(3!)(})]

©

Now the right side reduces to 15V/7/8. The left side is

) 0 0
f x8¢—2% dx 2 f x8e—rtdx = f uS/2¢—u dy
— o0 0 0

= r@ = HHPVr

1l

2ve

where we have made the transformation « = Vu. Thus Parseval’s identity is verified.

LAGUERRE POLYNOMIALS

88. Determine the Laguerre polynoniials (a) Lo(x), (b) Li(z), (c) La(), (d) Ls(x).
We have L, (x) = e’dd%(:c"e‘z). Then

(@ Lyx) =1

I

) Lim) = et@e ) = 1-2

() Ly(x) = e’:di:;(xze"f) = 2 — 4x + 22

3

(d) Lg(x) exi(x"e"z) = 6 — 18z + 9x2 — 23
dx’

89. Prove that the Laguerre polynomials Ln(z) are orthogonal in (0, ) with respect to
the weight function e~=,

From Laguerre’s differential equation we have for any two Laguerre polynomials L,(x) and
L, (), '
xLy, + (1—x)Ly, + mL,, = 0

zL, + (1—x)L, + nL, = 0

Multiplying these equations by L, and L,, respectively and subtracting, we find

@(LyLy — LyLy] + (1—«)[LyLy, — Lo, L] = (n—m)L,L,
_ , ~ m)Ly,L
or Ll = Luli] + 222 (L1 — L) = Ol

Multiplying by the integrating factor

(1-zx)/xdx
ef elnt—z — xe—<%

this can be written as : -

d
a7 (#e™*[LyLim = LpLy]} =  (n—m)e~<L,L,
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8.10.

8.11.

so that by integrating from 0 to «,

[

(n—m) f e=2L,(x) Ly(x) dz = e~ %[L,Ly, — L,Ly] ‘0
0

1}
=

Thus if m # n, ©
f e 2L, (x) Ly(x)de = 0
0

which proves the required result.

Prove that La+1(z) = (2n+1— &) La(x) — 1% La—1(2).

The generating function for the Laguerre polynomials is

e—zt/(1—1) § L,(x) .

1—-1t ne=o n!

(1)

Differentiating both sides with respect to t yields
e—zt/(1—1) re—zt/1=) % nL,,(x)
-0 ~ a-e - S !
Multiplying both sides by (1 — )2 and using (I) on the left side we find
i © zL,(x nL,(x
E (1—t) n(x) 2 nn'( )t" — E a- t)2 n( )

n=0 n=0

n—1 (2

n—1

which can be written as

o Lal®) <
3 are - Esz"‘“ - §

n=0 '”" n=0

2 nLn(x)
- n§0 !

)

uMs

tn+1

If we now equate coefficients of ¢ on both sides of this equation we find

Ly(x)  Lpy(@)  alg@) _ (4 1DLnpyy(x)  2nL,(x) (n—1)L,_,(%)

nl (n— 1)1 n! - (n+ ! Y n—1)! :

Multiplying by »! and simplifying we then obtain, as required,
L,i(x) = (2n+1—%) L, (x) — n2L, _(x)

Expand «®+ #% — 32 + 2 in a series of Laguerre polynomials, i.e. > AxLk()
k=0

We shall use a method similar to Method 1 of Problem 8.6(b). Since we must expand a poly-
nomial of degree 3 we need only take terms up to Lg(x). Thus

W3+ 22—3x+2 = AyLy(x) + AlLl(xj + A,Ly(x) + AzLg(x)
Using the results of Problem 8.8 this can be written
23+ 22 —8x+2 = (Ag+A;+24,+6A;) — (A, +44,+ 184,)x + (A, + 94522 — Agad
Then, equating like powers of x on both sides we have

Ag+ A +24,+6A; = 2, A +44,+184, = 8, A, +94; = 1, —Ag = 1

Il

Solving these we find
Ao = 7, Al = —19, A2 = 10, Aa = -1

Then the required expansion is
@3 + 22 — 82 + 2 = TLy(x) — 19Ly(2) + 10Ly(x) — Lg(x)

We can also work the problem by using (19) and (20), page 156.
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Jalt
cu =u(r,(p)C)Tzu_audy-Mlcgj&woﬁdjwwbu}_.sj L
OT S Lo )l 5,80 Jobs o OLY Dslas G5 0

10 , 0<@p=<m/2
ulo)=f@ =1, )

e (4.39) 0 Jead
a, = z—nzﬂIOJ‘lePn (cos@)sinpde
=5(2n+1) [ Py (8)d

g‘)i dow ) (49) 4.1.....4.‘.'_ | r‘-—\M. = L:J
5(2n+1 /2 2n-2k)!

n k=0 k!(n-k)!(n—2k + 1!
15 -35
=5 N =—, =0 N =TT e
a9 a; > aj as 3

= u(r,p)=5+ —lis"rP] (cosg) - %1}}3 (cos@)+---, 1<l

(4.4) oyl

215,80 o)l u(r,@) o S@2)ded s (1)

Vyao 1,(1,0) = "Py(co5p) Vlull arle 0 555 ) R SEEPRES )
n=123c¢.>

Py(cosp) s Pi(cosp) Ji sl @l (3)

O 15 R o Jlas v 15 S Jobs 3wy Dolaal u(r,0) Joll NG

R 1 , 0<p=<m/2
u(R.)= -1 , n/2<@<m



133 J‘“"‘:f.d‘J')

')

-2+

SA\-4 -3 =2 -1 1z 3 4 s “
(\ i

-3+

[\~

(5.1) JS&

(5.1) opyled

(0,00) e ilaza (5.1) e lally 2 madf LG D OF 2

T =n of e

of et

@n)r
n!4"

F(n+%)= VneN,

Dl 15de 1 0585 Leze 5 blall Bl g
L (beta function) ke D13 G,

el
B(x,y):fotx—l(l—t)y_ldt , x>0,y>0

‘ULGJJMUU= t J"J"'J‘("“".":‘“(i)

I-t

© ux—l

0 (1+u)*™

B(x,y)= |

ey
@
3

“)



Ll i

ol et (i)
[(z)=5" I:C'Sttz'ldt

Ol gzl z=x+y s=1+1u pb (i)
1 - 1 ® _(1+u)t,x+y—1 t
1+uw)**Y  T(x+y) IO ¢ t ‘
BYA e J guasld () pubizaad o
rxr
Bxy) =~ )

(x+y)
B(x,x) =2 B(x, %) ol el
1
2% PO (x+ ) =2n of e
'(2x) :

JoSSL R e (error function) Uasedt 21s u:.u

2
erf(x) = dt

X
i
Yl odg) WU ol gl i
xli)rgl_tooerf(x) =%1 (i)
erf(x) Wl ol erf(—x) = —erf(x) (ii)
(x =0y ks siie da ) R e £l Do erf (jid)

Ja¥ g gl oo o d1g3 (5.2)
J--_,g Udlas e

Xy" +xy' + (& - V)y =0

134

6))
(6)
(7

(5.3)

X = 00Y iy 435l DY s Lol o¥olaadl wal e (V20 o
bk ottt odn J g (558 Aandenzay Joudl Juted gz Y @616 23laadd 3308 dai
SV ol M N s gty B Sy e L ) L5 e Y
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STEVEN J. MILLER

One of the most interesting formulas for 7 is a multiplicative one due to Wallis
(1665):

[N}
[N
=~
~
D
[}
oo
oo

|
|

o0
T . 2n - 2n
il R I | : i (N
2 1. . oot 2n—-1)(2n+1)

w
w
o
c
3
\]
©

Common proofs use the infinite product expansion for sinx (see [18, p. 142]) or
induction to prove formulas for integrals of powers of sinx (see [3, p. 115]). We
present a mostly elementary proof using standard facts about probability distribu-
tions encountered in a first course on probability or statistics (and hence the title).?
The reason we must write “mostly elementary” is that at one point we appeal to the
Dominated Convergence Theorem. It is possible to bypass this and argue directly,
and we sketch the main ideas for the interested reader.

Recall that a continuous function f(z) is a continuous probability distribution if
(1) f(x) = 0and (2) (7 f(a)dr = 1. We immediately see that if g(«) is a non-
negative continuous function whose integral is finite then there exists an ¢ > 0 such
that ag () is a continuous probability distribution (take a = 1/ ffooo g(x)dz). This
simple observation is a key ingredient in our proof, and is an extremely important
technique in mathematics; the proof of Wallis’s formula is but one of many applica-
tions.® In fact, this observation greatly simplifies numerous calculations in random
matrix theory, which has successfully modeled diverse systems ranging from en-
ergy levels of heavy nuclei to the prime numbers; see [5, 14] for introductions to
random matrix theory and [11] for applications of this technique to the subject.
One of the purposes of this paper is to introduce students to the consequences of
this simple observation.

Our proof relies on two standard functions from probability, the Gamma func-
tion and the Student ¢-distribution. The Gamma function I'(x) is defined by

00
L(x) :/ et Lt
Jo

Note that this integral is well defined if the real part of x is positive. Integrating by
parts yields I'(2: + 1) = «T' (). This implies that if n is a nonnegative integer then
T(n 4+ 1) = nl; thus the Gamma function generalizes the factorial function (see
[17] for more on the Gamma function, including another proof of Wallis’s formula
involving the Gamma function). We need the following:

Claim: I'(1/2) = /7.

ZFor a statistical proof involving an experiment and data, sec the chapter on Buffon’s needle in
[ 1] (page 133): il'you have infinitely many parallel lines d units apart, then the probability that a
“randomly™ dropped rod of length ¢ < d crosses onc of the lines is 2¢/7d. Thus you can calculate 7
by throwing many rods on the grid and counting the number of intersections.

3A nice application of Wallis’s formula is in determining the universal constant in Stirling’s for-
mula for n!; see [15] for some history and applications.



A PROBABILISTIC PROOF OF WALLIS’S FORMULA FOR =« 3

Proof. In the integral for I'(1/2), change variables by setting u = \/f (so dt =
2udu = 2v/tdw). This yields

el 2 oo 2
r1/2) = 2/ e "du = / e du.
J0O J —00

This integral is well-known to equal /7 (see page 542 of [2]). The standard proof
is to square the integral and convert to polar coordinates:

00 . 00 . 0o 2T ,
r(1/2? = / e""zd'u/ e Vdv = / / e rdrdd = .
—00 —00 0 0

|
In fact, our proof above shows
o1 2.
/ —— At = 1. )
J —o0 27

This density is called the standard normal (or Gaussian). This is one of the most
important probability distributions, and we shall see it again when we look at the
Student t-distribution. If ¢ is a continuous probability density, then we say that
the random variable Y has distribution ¢ if for any interval [a,b] the probabil-
ity that Y takes on a value in [a, ] is /ab g(y)dy. The celebrated Central Limit
Theorem (see [6, p. 515] for a proof) states that for many continuous densities
g, if X1,..., X, are independent random variables, each with density g, then as
n — oo the distribution of (Y, — u)/o converges to the standard normal (where
Y, = (X1 + -+ X,,)/n is the sample average, . is the mean of g, and o is its
standard deviation®).

The second function we need is the Student’ ¢-distribution (with v degrees of

freedom):
= ——— —_— = C _ ’
\/71'1/1"(57’) v v v

here v is a positive integer and ¢ is any real number.

Claim: The Student {-distribution is a continuous probability density.

Proof. As f,(t) is clearly continuous and nonnegative, to show f,(t) is a proba-
bility density it suffices to show that it integrates to 1. We must therefore show
that

1+ —

14

J =00

[L5) -

4The mean p of a distribution is its average value: yo = [ 2g(x)da. The standard deviation o
measures how spread out a distribution is about its average value: 0% = [ (v — p)%g(x)dx.
*Student was the pen name of William Gossel.
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_ o (_l)m < 2m+1
DI (m)(m+1)! (2)

=cJi(c)

S Adie OF J) dlidizdl 5 g Lo JalS3 ddas ol o) B Bzl S
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of el
Jl/z(x)-—-‘{—z— sinx , J_ (%)= /—2— COSX
X X
xJ'y (%) = vI,(x) = xJ (%) of el

(5.1) Il s &5 1n _abincl s
& dgmamdd (4) 5 (3) g el Do iz

J3/2(X) =,/—§;(SH;X — COSX)

41, 00]1= X1,y (%)
dx

OV &l3 e el
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1,00 = 3101 (9 =yt (0]

Sledl @)
Ty (941 () = 221,09

ofedl (9)

@ :tle(t)dt = 2xJ(x) - x2T o (x)

) [I30dt=1-7,00-21,(x)
X
slaall LY Tg = =J; 5 (X)) = XJg 3l szl (10)
joxt"JO(t)dt= x"J1(x)+ (n - Dx""Ty(x) - (n-1)° f;‘t“"zJo(t)dt

Dol aadl Gams  vE NG e W = W(IL,T) 0LSei g S als of w31 (11)
W(X) Lo Ao o W'=-Wix

S E A oo Jom 152 (5.3)
Ll ol s e Jebas OF aall (30 OB (5.1.1) dmdl ) Bl
G T e Wil DIE 2 Lo 6T (oo e v 0,80 Lokt Jod Dl
T o Ao dpanll La b e ST Ala § oy Bslae 325 J1en € N
AVl dezais (5.3 cppadl prl) Jouw Dol (Jy oy Jinia

-

e g
Y1l b ,a
Yv(x)=_—1—[Jv(x)cosv1t—J_v(x)] , v#0,1,2,... (5.15)
sin v
Y, (X)=lmY,(x) , n=0,1,2,...

v—n
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188 BESSEL FUNCTIONS AND BOUNDARY VALUE PROBLEMS

Equation (7.23) becomes

Sdty av 5 \ .
2 B ") 2 2 — 2
Sy i +(*—=n*)y=0 (7.24)

Since (7.24) is a Bessel differential equation
y(1)=A4J,(1)+BY,(1)
is a solution. The original equation (7.23) has the solution
y(x)=AJ (Ax)+BY,(Ax) (7.25)

Equation (7.23) is referred to as a Bessel differential of order n with a
parameter A. This equation and its solution (7.25) have special significance
when we discuss orthogonality properties of Bessel functions. For more details
of the reduction to Bessel’s equation see Brand [5, pp. 495-496].

7.5. SPECIAL BESSEL FUNCTIONS AND IDENTITIES

We have shown the form of a few Bessel functions and examined some
identities while discussing dependency. By a set of examples and problems we
wish to expand our capability for using Bessel functions.

2 .
Jyp(x) =)/ — sinx

Substituting n=1/2 in (7.7a), one finds that

. o (— )"' X\ 2k+1/2
Jl/z(x):kgom(i) /

i (3 (3 e (8

Example 7.3. Show that




w»voWw o~

6

kv Example 7.5. Show that

5

SPECIAL BESSEL FUNCTIONS AND IDENTITIES

4 V2
= (—27')() Sin x

A
=4/ ——sinx
TX

Example 7.4. Establish that

d n — N
a;[x Jn(x)]—x J

Using termwise differentiation of the series for x"J (x), we obtain

(_1)k 2n+2k

d d &
&= 2

2T (nt k4 1)

(—1)“2(n+k)x2rt2t

)
=2
k=0

2" (n+ k)T (n+k)

(_ 1)kx(n—])+2k

=x k§0 2(,,.-1)+2kk!1"((n—])—}—k+ 1)

:ann—I(X)

d
dx

The procedure is similar to the process used in Example 7.4.

dr _, d g (D
prl ER A R e ey
§ —1)k(2k) 2k—1

AT (n+k+ 1)

X)) = x T ()

o) (_l)mx2m+(n+l)

= _X*an+l(X)

. Example 7.6. Find J/(x) in terms of J,_(x) and J,

From (7.26) and (7.27),

d—‘i [x"Jn(x)] =x"(x)+nx"" VU (x)=x"J, _,(x)

- ,EO22m+<"+'>m!r((n+1)+m+1)’

e 1(X)-

189

(7.26)

(7.27)

k=m+1

(7.28)
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and

L ()] =) = e () = = (x) (7129)

In (7.28) we find that
F(x) =0, (x) = 2, (%) (7.30)

and from (7.29)
T(x)= =Ty (3)+ T (%) (7.31)

adding (7.30) and (7.31), we find that
2‘]1:()”): Jn— I(x)_ Jn+l(x)

or
J_((x)—J . (x
J’:(x): n .l( )2 n+1( ) (732)
+ Example 7.7. Find an identity involving J, (x), J,(x) and J, (x).
If one subtracts (7.31) from (7.30), derivative terms vanish and
2n
Jn+1(x)+‘]n~1(x):'—;-]n(x) (7.33)
Example 7.8. Determine [x"J, _(x)dx.
From (7.26)
fx"]n_](x)dx:x"Jn(x)+C (7.34)
Example 7.9. Find [# x*/;(x)dx.
Employing (7.34),
2 2
/0x4J3(x)dx:[x“J4(x)]0:2“J4(2).
Example 7.10. Show that if »n is not an integer /
FACRACH SR ANEY (7.35)
dx n n—1 .

l\""? wriE T



In the theory of second order linear differential equations of the form
y'+p(2)y +q(z)y =0,
two solutions y; and yo are linearly independent if and only if

y1(2)  v2(z)

Wiy, y2)(z) :=
(y1,92)(2) 02 o)

) = y1(2)ya(2) — y1(2)y2(2) # 0.

This determinant is called the Wronskian of the solutions y; and y;.
It can (easily) be shown that this determinant of Wronski satisfies the differential equation

W'(z) + p(z)W(z) = 0.

This result is called Abel’s theorem or the theorem of Abel-Liouville. In the case of the Bessel
differential equation we have p(z) = 1/z, which implies that

B 1 ¢
Wiz +=-W()=0 = W(y,u)(z)=-
for some constant ¢. Now we have
Theorem 1. o i 5
W(Jo Joo)(2) = — T and W, Y)(z) = —. (4)
Tz Tz

For v > 0 this implies that J,(z) and J_,(z) are linearly independent if v ¢ {0,1,2,...} and
that J,(z) and Y, (2) are linearly independent for all v > 0.

Proof. Note that

W, Yo)(z) = Ju(2)Y,(2) = J,(2)Yo(2)

— ) J(2) COS.I/W JL,(2) J(2) Ju(2) COS.V7T —J_(2)
sin v sin vm

LI = U)W ()

B sin v N sin v '

Now we use the definition (1) to obtain

o0 ZI/-HZ/\' o V + Qk) V+2k7-1
- -
;JF I/+k+1 kI o2k ];) 1/+k+1 El - ovtek
and
—1)ym -u+2m
PRI S
T(—v+m+1)m! 2-v+2m

m=0

oo )
(*1)m(_y + 27?1) Z—I/+2]Il—1
— ]I = . .
-(2) = Z D(—v+m+1)m! 2-vt2m

m=0



Hence we have

SWInJo)Z) = 2 [T, (2) = T T-(2)]
B i i ( 1)k+m(_l/+27n) ZQIH—Qm
B L A D(v + k+ DI(—v +m+ 1) klml - 22k+2m
i i (_1)k’+m(u + 2]{3) z2k+2m
= = v+ k+ 1D)D(=v+m+ 1) klm! 22k+2m
_ Z Z A+m(2V + 2%k — 277’L) 22k3+2m
N e T( 1/+k+1 )JT(—v +m+ 1) klm!  22%k+2m’
This implies that
2v 2v 2sinwvm
lim z W{(J,,J_,)(z) = — = — = — .
2 W S B = o r s 1) ot =) w
Using the definition (1) we obtain
d [ vy (~)] d i k 221/+'2k: B ed (—l)k(gl/-i-?}f) Z21/+'21-':71
PR dz u+k+1 k! 2vt2k ‘H D(v+k+1)k 2vi2k
o0 ", ZZI/+2AT—1
- Z ,/+ }u 21/+2A:—1 =z J’/_l(z)'

Hence we have

— —
dz

Similarly we have

d d &

Z']ll/(z) + VJV(Z) = Z<]1/~1(Z).

>
<

(27 (2)]
dz =
A+1

2k—1

Z2A+l

-V

o
ZT‘V

>~.

Hence we have

d

- [;"’J,,(z)} = —2""J41(2)

=

Elimination of J/(z) from (5) and (6) gives

Jy-1(2) + Jri1(z) =

and elimination of J,(z) from (5) and (6) gives

+k+2 53! Qu+2k+1

= —2""Js1(2).

2J(z) —

2v
2 )

“~

Ju-1(2) = Jut1(2) = 2J,(2).

vl (z) = —z2J,11(2).

dz I‘1/+A+1 k1 2V+2k ZI 1/—{~A—|—1 k 21/+'2k



Special cases

l?;( & For v =1/2 we have from the definition (1) by using Legendre’s duplication formula for the

gamma function

2z 2
— = —_— .‘.",, x>0
T2l \/72FA+3/2 G =T Z 2A+1 Vo 007

k= 0
(5 & and for v = —1/2 we have . . :
\{1 1/2 f ZF L +1/2 V! (—) = 2 p cosx, x> 0.
Note that the definition (3) implies that
Yijp(n) = —J_yjo(x) = —\/z cosw and Y_yp(x) = Jypx) = 2 sinz, x> 0.
T T

Integral representations

First we will prove
Theorem 2.

. (2
T(v+1/2)/m \2
Proof. We start with

I ) i (iz)“ 1
/ el,:l(l _ t2)1/—1/2 dt = § : ' / t“(l _ t2)1/—1/2 dt.
J-1 n! J_

n=0 1

e
<

vl .
J,(2) = ) / 1 (1= V2d, Rev > —1/2. (7)

Note that the latter integral vanishes when n is odd. For n = 2k we obtain using t? = u

.1 .1 1
ol ‘ . lu
PR -2y 12ar = 2/ k(1= )12 — @ P21 — )2 g
/_1 0 2\/_ Jo

Ik+1/2)(v+1/2)
Fv+k+1)

B(k+1/2,v+1/2) =

Now we use Legendre’s duplication formula to find that
Ik +1/2) = VT T(2k) ﬁ P2k+1) 7 (2k)
22k=1" (k) 22 T(k+1) 22 k!~
Hence we have

1 e 21\
) o Z T(k+ 1/2)0(v + 1/2)
,7[~t1_t21/ l/th —
,/_1( ( ) ‘ P Flv+k+1)

Il

k 2\
"“/QWZW( )"

This proves the theorem.

(21
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(5.3) Ry
A& Jgmaxdd (5.3) ey Uoslas & PSS y(x) = u(x)J,(x) O o2 S

AT
T (%)
IC Iy (t)
To(%) 08 Hies oy Vslaa)
.X=0J“}>.-
'x=OJ‘J>~'u'§ ¢H€NJQ tYnJJandeuﬂ‘ﬁw‘w
of e
d v _ WV
“d—[X Y, ()] =x"Y,_;(x)
X

of e

ditx‘”Yv<x>]=—x"V Ve1(%)
X

Sl ey Lot o Lo (0,00) 3 Y I liaol O s oy pezzzal
)
sl I, DN s
I(x)=1"J({x) ,v>0
Bslaadl g [, o el i= V-1 e
xzy" +xy' - (x2+v2)y =0 (5.19)

el dies dae> AL I, ‘-"(6)0’&:“&’ I v RS e e
I 2m+v
v(x)= Zm Om’F(m+v+l)(2)

ne N UL x) =1 olx>0 JSUI(x) =0 of e

(1)

2)

3)
(4)

)

(6)

(7

8
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ol et (9)
[I—v(x) - Iv (X)]

K,(x)=
V) 2sinvr
(5.19) Vst 3ams Lyl

(modified Bessel functions) 3 s>w! et J133 K5I, e b geds
RY UJM <l ed tg..,.:JJﬂ\ULC— ‘L_,:Li)lj JJQ‘&}J’J

Jp Gl LS gl jans (5.4)
o Ty ot D0 50 ) D1 0T 9 5]
2 =) _ =3 J.(0z" Vz#0 (5.20)
Ol Ao Yoy S35

o g x.
exz/Z:__Zj_OE'_(_&)J
=Y ]!
/2 (-D*
e Zk()k, K

—(Z—_) ) j+k -k
_ij =0 51k ( )

1 1 , .
Ls = =0 olal—— ¢! J-—k=n a2 el
(k+n)! T(k+n+1) s RIS

L)iJ..>u k+n<0

( 1) k+n |_n
*Zn —ool:Zk Ok'(k+n)'( )2 }z
=y :z_mJn(x)zn







ALUE PROBLEMS

-1(x)

we1(X)-
ind

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

SPECIAL BESSEL FUNCTIONS AND IDENTITIES 191

&
]

According to the definition of Y,(x) and (7.26) and (7.27)

dr .. _d nJ,,(x)cosnw-J_n(x)
E[X Y,,(x)]~a[x sin nw

. J_(x)cosnm+J_, . (x)
- sinnw

I

n[ Joo(x)(—cos(n=1)7) +J_(,_y(x) }
x —sin{n—1)7

:x"

Jp—1(x)cos(n— I)W_J—(n—l)(x) }
—sin(n—1)7

:ann—l(x)

The result (7.35) may be established also when »n is an integer by using the
limits in the definition.

Exercises 7.1

1.

i 2.

Show that Jy(x)= —J,(x). \
Show that xJ)(x)=nJ(x)—xJ, ;(x). +~
Show that

xo(x)=Ji(x)  +

(@) Ji=—

(®) 2J3()=J,(x)—J(x).
Establish that

() =0, ()= 2 (x) v

Show that

d -n = -n f."l A
Lm0 = = (x) <

Demonstrate that

fO’J,(x) dx=1—Jy(1)

AR U IS SR ST, 1R TS S G e e

TN S 2

RO
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Hankel functions

The functions H,(,.l)(z) and H,(,z)(z) are defined by
HWV(2) = J,(2) +iY,(2) and HP(z2):= J,(2) — iV, (2).

14
These functions are called Hankel functions or Bessel functions of the third kind.
Note that these definitions imply that
V() + B (2)
2

HY (2) — HP ()

Ju(z) = 57

Further we have

1 : [2 [2 i
H(_l)ﬂ(r) = J_yp(x) +1Y_y pp(x) = ;r;(cosa:+1,sml'): —e x>0
H(z) N = J . Y ) — 2 . I _ 2 —ix 0

_]/2(1)—.,1/2(3,)—1, _1/a(x) = H(cosx——cblnx)— —e x> 0.

H1/2(1/) = Jyjp(x) + Y1 a(z) =/ — (sinx —icosx) = —iy/ Ee’ , >0

p . 2 . . . —ir
Hl(j)z("r) = Jipp(r) —iYyp(x) =/ — (sina +icosx) =iy/—e™ ™, 2 >0.

and Y, (2) =

and

and

Modified Bessel functions

The modified Bessel function 7,(z) of the first kind of order v is defined by
z/2)" — 22 2\ Y e 1 z\ 2k
w2 (0 3) - () S e (B
(v +1) v+1 4 2 k_UF(u+k+1)k'! 2

For v > 0 this is a solution of the modified Bessel differential equation
2y'(z2) + 2y (2) = (P47 y(z) =0, v>0.

For v ¢ {0,1,2,...} we have that /_,(z) is a sccond solution of this differential equation and
the two solutions I,,(z) and I_,(z) are linearly independent.
For v =n € {0,1,2,...} we have I_,,(z) = I,,(2).
The modified Bessel function I, (z) of the second kind of order v is defined by
0

K,(z):= [I_,(z) = 1,(z)] for ve¢{0,1,2,...}

2sinvm

and
Ny(z) = lim KN(z) for ne{0,1,2,...}.

v—n

Now we have for © > 0

2 2 .
Iip(z) = \/E sinha,  I_y(x) = ”E coshe and  Kyp(x) = K_jp(z) = ;—L e .



ol ) 39l 150

(L) bode 0 OLS O] 2T(X)C0s NX (5 sbuw s Lo 6 bae n O O] yauall g5l

e (5.24) o Juaed

cos(xsin®) =Jo(x)+23 " Jpp(x)cos2mx (5.26)
OB Jads

sin(xsin®) = ZZ ::Isz_l(x) sin(2m-1)0 (5.27)

Al s o Ao (5.27) 5(5.26) o JS 5 V1 Gl OF ) el
0L «sin(xsind) L, Bl Sy cos(xsinB) Lo 5 VI J sV ¢,y 5

Jom(X) = 1 L:r cos(xsinB)cos2mbdd , meN, (5.28)
T
Jom-1(X) = 1 I: sin(xsin0) sin2m~-1)0d0 , meN (5.29)
7

021 837,00 =000 3p(0) = 1 0F (53 cpdalaadl oyl cyos

(5.4) cpoled
olest (1)
dk

dx—kJn(x)z—i—f;sinkecos(xsiné)—neﬁb%)de ,neNj , keN

x20 JS I, 00 < 1012 e ezl
JP VIR B ¢))
@) To(0)+2) ~_Jan(0)=1
(i) 3 ey @m= Doy (90 = -
el el (3)
Tpx)+2y. " Jr(x) =1



151 oot s

o Jgnaxd) (5.29)5 (5.28) cpdobaadl pusecnl  (4)

2 /2 .
Jom(X) =— .(0 cos(xsinf)cos2mBdd , meN,
T
2 /2, . . '
Jomo1(X) = — Io sin(xsin0)sin(2m-1)6d6 , meN
T

ol el (5)
I: sin(xsinB)sin2mBd6=0 VmeN
olalmdl 3T (6)
(1) cosO = Jy(x) — 2T5(x) + 2T 4(x) — -~
(ii) sinx =2Ji(x) — 2J5(x) + 2J5(x) — ---

(iii) 1= Jo(x) + 20,(X) + 2T4(x) + -
Cm T (x)=0 olest (7)

n—w

Jret J193 ale3 (5.5)
s - post slad Ll

2
xy" +y' +(X—~—)y =0 (5.30)
X
L’;Lbu:)!j}dld.::-
2
L= d (x d Y
dx dx X

e Lot OF 9 sl 3 B0 D05 J2a5 W) = X Dty IS 61D 03
Al e JSC gy Y A LS el e OF e (232) Ll
ol S
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A generating function

The Bessel function J,,(z) of the first kind of integer order n € Z can also be defined by means
of the generating function

exp (%z(t—t'l)) _ i Tn(2)t", (8)

n=—oo

In fact, the series on the right-hand side is a so-called Laurent series at ¢ = 0 for the function
at the left-hand side. Using the Taylor series for the exponential function we obtain

co(p-0) oo (3] o (5)-EH () B G- E e

Forn € {0,1,2,...} we have

otk (1K o0 k N 2
(L”:g)(“%k)!(é) +k.(k1!) ( ) ( ) Z rL+k'k'(_) k:J"(z)

A:O

and

A SN ((—‘% ()™ = (1" ulz) = Tuta)

This proves (8).

If t = ¢, then we have
1 Y
3 (t — t—l) = —— =4sinf
1, 41 _ dxsing __ ot B
= exp|gu (t—t7") ) =e = cos(xsin @) + isin(zsin 9).

Hence we have
o0 o0

cos(axsin §) + i sin(a sin ) = 50 = Z Jn(x)e™” = Z Jn(x) [cos(nd) + isin(nd)] .

n=-—o0 n=—00

Since J_, () = (=1)"J,(x) this implies that

cos(x sin 6) Z Jn(x) cos(nd) = Jo(z) + 2 Z Jog () cos(2k0)

and -
sin(x sin §) = Z Jp{z)sin(nd) = 2 Z Jo41(z) sin(2k + 1)6.
n=-00 k=0

For § = 7 /2 this implies that

cosr = Jy(a Z Wln(z) and  sinz = 22 ]2A+1 T).
. For 6 = 0 we also have -
1= Jo(w) +2) Jan(x)
k=1
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() Tola0)) = [ To(ayxdx
I

2(1k
=— ], Jo(¥)ydy
ai J.O 0 )

2
=—1J(2ay)
29%

O1(5.38) oo 55 @ - oS w55 s (5:3) Jldl dns pa Uil o
1Tg(akx)l? = 873 (4axy)
Clldl jsiiadl e (5.36) o Jaass sy

L lweo 5 2oy)
£(x) = L S \Saieed 2
S D

ol x =2 we Allindl 403 of ks
[F2T)+127))=

Jo(ayx)

1
2
ol f

3 11 Ray)Ioay)
=T dt (o)

Jo D sl » {4y i keN} com

(5.5) ooled

Jo(ab) =0l o oy o ¢ D01 T o (%) g3l oo oy st
1(5) (1) oo el G [0,b] le B paadt £ UL ¢ 2yl

fx)=1 (1)

fx)=x (2

fx)=x" (3)



2o\ 35 et

fx) =b* —x°

x e(b/2,b) JSUf(x)=0 x e(0,b/2) JSIf(x)=1

(= O S Jp(O4X) Jmy Jlg> WYL f(X) = T DI Jt5 s o
o ol Th(ab) =0 Uyl

13} (5.32) sbodl b, 204 (5.31) Wslaal) 513 Lad A =a® = 0 O e

X' A Ll o sJLL;J! 101 it QTJ ¢ —El—z—% O\ 15) Lo
) 2

Yl 156 w3 dm e ¥ il el ﬂz-% OLS 13 41 By = 0 08 13)
2

(5.32) «(5.31) dle.l

J(ax) L,Lc— Uidas (5.32) gt o204 T (@)]*

o Qe S Jy(opx) DY [0,1] 5 2t e () = x Dl pie Ao
Lo gl I lis]

neN oo Ji(oyx) UYL [0,1] e fx) =x" D 55 2os do o
g llT] ol o oy slas Y

ol ol
, 0,1
£(x) = x , xe(0,)
0, xe(l,2)
oy 0L Lade ([0,2] Jo f Jias 31 D ) d (e /2%) ddozadl d
Jp ol
‘U.)LIAJ!UMJ

u=kAu

156

4
)
(6)

(7)

(8)

€)
(10)

(11)

(12)

(13)
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A= ;;22 + ::2 + 66222 (5.39)

Jie5 Lgd s « (heat equation) 8 2t ddlas ¢ -3l azat 5 WY Py
S RE Y st >y (X,y,2) ddaadl doe 3| >t o po u(X,y,z,t)
JSa (5.39) Dokl db 2= 0 (g grnalt e (1,0) Lad)

1 1
u; = k(u" +?ur '*";é"llee)

ol zl @3 cu(nt) = v(Dw(t) Ol 0 e Witews u VW OF o 31

v"+—l-v’+kzv= 0
T

w' +A%kw =0
lode A
Syadl o8 Ao utt) )l ot & s OF 2 31 (13) el b
.u,,,muuu_uﬁrd\%;,u\_ﬁe;i cu(1,) =03 0<r<1
of el
u(r,) =3 7 Ay KT (h) (5.40)
Jo D el {4, :n e N} ¢
u(r,0) = (1) s2 t =0 daxll ue o, @l Je 5 )l ol o CU'JJOtSL'sl
(5.40) Lipuall b Jomst = sy gh alone O o 3B (L plan Do Fo
el

2 1
= f(r)J (A r)rdr
=T RO,

5yl oY Dolas 3506 (1,0,2) Ll sV LY b
1 1
u, +?ur +—+Ugg + Uy, = 0

(14)

(15)

(16)
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ol e Jgandd ol el fuad pdseal (D)
u(r,0,z) =[J, (ar) + AY, (ar)](Bcos v + sin vB)(e™** + Ce*?)
e o aomall Jodl oo ezl @ > 001, v2 001 ot 31 e (i)
{(r,0,2):0<r<a,0<06<2n,0=<z} Syl
D b Led 0 izl 5 Lell Lpnl-Tu VWO ol 23 e (i)
TLgs 7y
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Solutions to Selected Exercises 253

5.33 (a) (1, Jo(u2))e= fy Jo(uyx)zdz = M%J:L(Mkb% 1o (k) |Z=

/ Therefore

(5-2)f o ,f&

5.35 From Exercises 5.13 and 5.14(a) we have (z, J1(px)) fo J1 (upz)z?

5.31 Apply Lemma 3.7 to Equations (5.24) and (5.25).

2

b°
5%‘(##’)-

2. 1 .
1= E kz::—Jo(ka)~ T 2

3
(c) <$27J0(/1'k$)>1 = <é— - ég—) J1(pb). Hence pr v ~© =L

b/2 b
(e) (F. To(g))y = /O Toisa)ade = 51 (uy/2). Hence

5.2
)(I)oj f($ _ bz J1(Hkb/2)J (1)

//'k‘]2(ukb)

dz = —Jo(py )/ = J2 (ki) / 1y, and, from Equation (034)7 11 (Nkm)”x

1J2(u). Therefore

292 So g
QZ

1), 0<z <l
kJ2(Mk g

5.37 Using the results of Exercises 5.13 and 5.14(a),

Ty (), = / 22, () = —— (24 () — 1270(i)]
o H

k3
- ——Jf) o
o (kg)-
Bessel’s equation also implies
9 1 4p? —1
1 ()l = 2001 2p))? + 5 (4ui — DI} (20) = —5— J7 (2045)-
243 2uy

Consequently,

— tiJ2 (k)
=2 J ), O<z<2
}; @~ DRz )

This representation is not pointwise. At z = 1, f(1) = 1 whereas the
right-hand side is $[f(17) + f(17)] = 3.



254 Solutions to Selected Exercises

. - 5.39 Assuming u(r,t) = v(r)w(t) leads to
< =} )
N2, &7

w 1 1 2
J roma ()=

Solve these two equations and apply the boundary condition to obtain
the desired representation for wu.

L

5.41 Use separation of variables to conclude that

oC
u(r,t) = Z Jo( T} akcos pyct + besin pyct),
k=1

2 R
o= ety ), SOl

2 R
by = ———=——=< 7)J, T)rdr.
= R ), (el

Chapter 6

6.1 (a) f(6) = (1 —cos). () f(&) = & (1—e7%).
6.3 For any fixed point £ € J, let {,, be a sequence in J which converges to
. Because

F(E,) — F(€)] < /I (. £,) ~ o(z,€)| dz,

and [p(z,&,,) — ¢(z,€)| < 29(x) € L*(I), we can apply Theorem 6.4 to
the sequence of functions ¢, (z) = ¢(z,&,) — ¢(z, &) to conclude that

Jim [F(&,) - F@I < i [ lo(z,6,) - ¢l@,9)]de

7 n—00

6.5 Suppose £ € J, and let £, — &£. Define

p(z,£,) — p(x, )

Vn(z,§) = ;
then 1,,(z,£) — w¢(x,€) pointwise. 1, is integrable on I and, by the
mean value theorem, ¢,,(z,§) = ¢,,(z,7,,) for some n,, between £, and £.
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254 Solutions to Selected Exercises

5.39 Assuming u(r,t) = v(r)w(t) leads to

w’ 1 ( " 1 /> 2
— =— v +-v | =—u.
kw v T

Solve these two equations and apply the boundary condition to obtain
the desired representation for w.

5.41 Use separation of variables to conclude that

o
u(r,t) = Z Jo(ur)[arcos pyct + bisin pyct),
k=1

/ f(r)Jo(pgr)rdr,

= R2J2<ukR

2 R
bp = ———— J dr.
* CMkR2Ji2(MkR)/0 9(r)Joluerrdr

Chapter 6
6.1 (a) £(€) = 31— cos€). (0) f(€) = & (1— ).

6.3 For any fixed point £ € J, let £,, be a sequence in J which converges to
£. Because

F(E,) - F(€)| < /I oz, €,) -z, €)| dz,

and |p(z,§,) — o(z,€)| < 2g(z) € L}(I), we can apply Theorem 6.4 to
the sequence of functions ¢, () = ¢(z,¢,,) — ¢(z, ) to conclude that

Jm [F(E) ~ F@I < Jim [ lo(@.6,) — p(@.6) da

= [ Jim lota.&0) ~ ola. Ol dz =0,

6.5 Suppose £ € J, and let £, — £. Define

"L gn) — SO('/L" §)
§n—§

then 9, (z,£) — @¢(z,£) pointwise. ¢,, is integrable on I and, by the
mean value theorem, ¢, (z,£) = ¢, (z,7, ) for some 71, between £, and &.

¥n(2,€) =

)
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6.8
6.9

6.10

6.13

6.15

6.17

Therefore [1,,(z,£)| < h(z) on I x J. Now use the dominated convergence
theorem to conclude that [, ¥, (z,§)dx — [, ¢¢(z,€)dz. This proves

F(&,) — F(§) /'

— 0 — | pe(z,§)dx

En - 6 JTI ¢ )

The continuity of F” follows from Exercise 6.3.
(a) 1, (b) 1/2, (¢) 0
Express the integral over (a,b) as a sum of integrals over the subintervals
(a,z1),...,(xn,b). Because both f and g are smooth over each subinter-

val, the formula for integration by parts applies to each integral in the

sum.

T 1
(a) f iseven, hence B(§) =0, A(¢) = 2/ sinz cosézx dr = 2%}7@,
0 _
2 1
and f(z) = —/ —LSI& sxz€ df.
vis 0 1 — 5
(¢) flz)= / ¢ Smésm z€ dE.
Define N 0
e ®cosz, T >
fz) = { —e®cosz, x<O0.
Because f is odd its cosine transform is zero and
B(¢) 2/00 “Tcoszsinér d 2’
= e szsinfr do = ——.
0 {4 +4

Now f(x) may be represented on ( ) by the inversion formula (6.28),

feosx = / §

Because f is not continuous at z

s1n € dE.

0, this integral is not uniformly

convergent.

Extend
1, O<z<m

fa) = { 0, T>T
as an odd function to R and show that its sine transform is B(§) =
2(1 — cosmE) /€.
Show that the cosine transform of f is
1—cosé sin®(£/2
§ €/2)

Express f(x) as a cosine integral and evaluate the result at x = 0, which

is a point of continuity of f.
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o B0 27mg(X) 5 27f(X) Lea (R e o005 gdove g pmthaza pdls OB
Ol L2(R) b o e & ¢ (g S VPRV JOTREe
2n(f,g)=2n [ £(0g(0dx

=] .: | _ww F(x)8(E)e ™ dzdx

= | i j:o f(x)e‘igX@ dxde

I IRIGTE
=(£,®) (6.30)
BY e Jaams L g = 10,5 Leze
€17 = 2] £]7 6.31)

Ly by ey e (6.30) Lolasdl poe S35 ((1.12) U )y ddyllazs L5 2
S5 (6.31) 5 (6.30) O ,— Yt iaz> .(Plancherel theorem) Ju 2%
Olol g e aww el ol sy Sfige LAR) Y .
i e LAR) JS Ol aar « LAR) G S LHR) N L(R)
([8] ) LX(R) M L1 (R) b Il s e« LH(R)

(6.2) okl
1(5) (1) bl 3 slanadl sl cpo JST 1oy g8 JalSS s
[sinx] , [X|<®
f(x) = (1)

0 , |[X|>=
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1 O<x<l1
f(x)= ’
() {o , x<0, x>1 @
cosx , O<x<m
f(x) =
(x) {0 , x<0,x>m 3
fx)=x™ , xeR 4)
£x) cosX , O<x<m/2 s
X)=
—CoSX , —T/2<x<0 )
I(3) el o gzl (6)
o&sinnE . ¢
.I.o 2 dé_?
oledl (7)
© 34
f i:—m—)g:’—di=—7—T—e:”‘cosx Vx>0
0 g% +4 2
OTg;;T (8)
N SOOSXE 4 =T x>0
1+&2 2
C.(O,oo)ul;(wp SRV VLN RV VY
oledl (9
o ]—cosT n/2 , 0<x<m
j'o_____é xEdE = {
, X>T
ol el (10)

Fe™E) = o

1 . . S
) 3[ ! J({;) i




o Lot 3t Je (11)

%, Jx<1
f(x)_{o | x> 1

of e

2
2oy | SI(E/2)
f@"[ §/2 J

Of gzt @

®© <in?
L,o Slzzé dg=n

| B oo o0 G (12)
11 = 272
) = e 0,485 Lecs
(6:23) 5 (b2l B 5 A (ol IV (6.31) M1 s e (13)
(6.24),

Wlichiy )8 hpd ool (6.3)
b b e B Tl BV ol e Il a5
4.Ja.>'.H ol w¥olaall me Joladll Lo 22 Y ol dlanis
(6.4) 4yl
fe LI(R) O ol
Lgzintey AW LG T DWW OB xfx) € L' R) 0813 (1)
@) =-i[" xf(x)edx= F-ixf(01E)  (632)
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£
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//f’ /7"// +IB )= 75 //7@,/

L[ Sn(§(a-x) - Sq}x}eig @

(wx)/\

> 2 ?1
d
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S ﬁgf.\ &E:) =2 Jﬁ ,"( X) ceS ()’L cf} (‘[‘){

o

f

=2 f Smre . cof GF) Iy

P . & s . o ’ . .
Saom U ) Sin G )

c- o < -
”aagkf VR E "'“Sﬂ"*’“"ﬂ S © R L .
S ’\\Luﬂﬁ‘—f‘““r‘ ?:‘5{ _ _C\,‘g(i‘v?‘)‘){ > CUS (l’f) y2e "
(=) <osRE i \r 1., t- T o
~~~~~~ 0 \ o) .
= * + Ces () g b
| % f
X \ [4— COS(“g) + \ ‘
-rvA )
V- €

: ,0(.).( o



Lol ) 3kl 186

it = fee e
—u(x, )= —— [ fE)e T e de
2m Y-
[ (o

- [ | ® f(y)e—iéydy}e_kgzt e ge
T ¥ —0 —a0

- Loe I“’ £(y)el Ve g gy
2 oo -

DI OTlay .y 5 & cppmineld Ll JolSIH s 5 ok Jsmm &1 ol 31 e
DB E b lmy; e
_ 1 @© wf —kézt d '

u ) =—[ [ f(y)cos(x-yEeidedy  (646)

ALl Al e 3 Ly

(63) oyl
oM A T (1)
Flf(x - 2)](E) = e (&)
I £(x))(E) = (2 -a)
Wl piobcmpdb Gl ()

L
Y (x)=e 2 Hy(x) , —-o<x<wx

Of el 45 ot o pp 350 5,2 H, Com
¥, (5) =127 ¥, ()
el olas Jo dm sl (3)
u,(x,t) =ku,, (x,t) , 0<x<o0,t>0
Ludl by 2l
w0,)=0 , t>0



187 08 Jus>s

ux,0)=1f(x) , 0<x<ow

fe LY0,0) e
A LelSl Aolaadl o dr
, 0<€<m

0 , nm<é<w

I: f(x)cosExdx = {1

of e
\/_ o (X~ v)? 14kt

j:e— tcos(x—y)Ede = YT N

4

©)

e gnandl (6.45) Bolaadl s (5) oyl doms itz (1) (6)

u(x,t):lj'w f(x+2v/2kt p)e'p2dp
M Y- . |
f(x) =001y ccul 3 Ty oo (@) 5 2 all e £(x) =Ty 0 Lo 3l
Jgmaml) 517 oy et 3 Wasdl Dls iy a5 putsnzal [-a,2] 5 2l s
e e
Ty X+a
u(x,t) = erf erf
(x,t) = 5 [ ( J_) = J— }

Pl @St > ool e lx’——)oou.u;u(x,t)uwlgéi\j_ucpgl
L B Gl 58 1 s

(i1)

(iii)
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256 Solutions to Selected Exercises

2
6.19 Equation (6.31) implies that Hf” — AI> + B> =27 |If]I°.

J/ 6.21 9, (z) decays exponentially as |z| — oo, so it belongs to £'(R) and 1)
’ therefore e}asts From Example 6.17 we have 1,(£) = v2miby(€). Assum-

ing w —i)"\/2m,,(€), we have
ﬁ’n+1(§) =F (e'm” *Ho1(2)) (€)
-F {e-m(mﬂ(x) — Hy(@)] ()
}“['Lwn - I)J (5)
= i, (€) — €D, (€ >
(=)™ V27 [, () + £, (€)]
( 'L)n+1\/_7rwn+1(m)7

where we used the identity Hy41(z) = 2zH,(z) — H, (z) and Theorem
6.15. Thus, by induction, ¥, (§) = (—%)"V2m,,(§) is true for all n € Ny.

Il

6.23 Define the integral I(z) = fooo e'bgz_cos z€ d¢ and show that it satisfies
the differential equation I’ ( ) —zI(z)/2b, whose solution is I(z) =

I(0)e™="/%% where I(0) = /7 (;tr'l/

g
v,.//
3 6.25 The boundary condition at z = 0 implies A(A) = 0 in the representation
r,)// of u(z,t) given by (6.39), so that u is now an odd function of z. By
extending f(z) as an odd function from (0, c0) to (—o0,00) we can see
that B(A) is the sine transform of f and the same procedure followed in
Example 6.18 leads to the desired result.

6.27 The-transformed wave equation 4y (€,t) = —c?€%0(€,t) under the given
s Ahitial conditions is solved by u(£,t) = f(&)cosctt. Taking the inverse
J? ©  Fourier transform yields the required representation of w.

*\:@

‘A ,
¢ \f/
Y Chapter 7

202 2ab b?
7.1 —_t — 4 —.
(a) 3 + =7 + A
1
d) ——.
(d) s2+4
2s

(i) +/7/s.
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193 Y Jesu

&J_(:u.u:—f(x);\_?..::ﬁWlm‘dlcbayjbdu\ou I
f—F
OF smes ¢ polta
-1 -1
Fi=F,= L [F]=J [F]

p=2a Jp Al odm OF ol 231 e Likien 3 o Ll Zalisnadl 151 OF (4
S5 O e ll 5 Je ey T lede o gl Lyl ol yon,

n

ol’_l[ ! }: L x"1 VvneN
S (n-D)!

OTLS in=1latie 1 ouall Lylus 1O Jall L 2a o

-1 a _-y1. 1 1
+ [sz—az}~l [2(s—a s+a)}

(7.1) opoled

1(8) I (1) coobedl 3 Il e IS Sy g Ao ]

f(x) = (a+bx)’ 0



IR IPCIA|

f(x) = sin’x

f(x) = sinxcosx

¢ O<x<a
f(X):{
0 a<x<w

a—2x , O<x<b
f(x)= b
0 , X>b

f(x) =x cos x

f(x) = x°¢"

f(X)=—— , x>0

| Jx
(0,00) Ae € H(X) VIl Lo gdoee OF o 3V o paddl Jup 2 A el
LTFY s g2 g &g o o
H(15) ) (9) oor el b JIsall in IS0 oL [F] ol

F(s) = —2
®) s+b

25—-35
s2-9

F(s) =

1
s(s+1)

1

s +2s

F(s) = 3(25—1)

s“°—6

F(s) =

F(s) =

194

2
3)

(4)

®)

(6)
Y
®

©®)

(10)

(11)
(12)
(13)



195 oY Ju

F(s) = ;31,2— (14)

2
F(s) = 14s° +55s+ 51

= 15
28% +125% +225+12 (13

Goradl¥iy BlaiYl ol &+ (7.2)

eSSy GLa YL Y Jogos b I E L S s

(7.2) i

bl o Al O C..:Lﬂ [0,00) u_l.c BJJ-LM C_axf(X) L)T_j Z_L.a:.ﬂ a1 g)T U"’J" (1)
O Lakes dlame £ Laniall S
L[f=sL[f]-f(0) , s>a (7.6)
OB [0,00) e 35 gudome € H(X) DIy Liakad Aizze £ DI OIS 13) (i)
1

,,f-[j;‘f(t)dt]_ L], x>0, 5>a (1.7)

ol I
oSN altseraly ddime L [£1] 35— s by O ldanddl o eioly (1)
O s 52l

L= | :e"sxf’(x)dx . s>0
= e (%) |‘(’)° + sj: e £ (x)dx

= sL[f] - (0)
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(7.5) Jus
Y Wb J g
xy"+(1-x)y+ny=0 , ne N, , x>0
S L3k
i[éY —sy(0)—y'(0)]+sY — y(0) + f—s{sY— y(0)]+nY =0
25Y-s2Y' 4+ y(0)+sY - y(0)+ Y+sY' +nY =0

(s=5°)Y' +(n+1-5)Y=0
Y _n+l-s_ _n _n+l
Y s(s-1) s-1 s

Y(s)=c (s ;Il)n
S

= y(x) = cfl{(i——l)—n}

i
g+

=CCXI1 s"
(S+1)n+1

n
ziex d (e—xxn)
n!  dx"

LY s gl 01,280 (4.26) il e Juemc=1 5Ll

(7.2) ool

U Eom sty Dl DY YW Il e e (1)
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v

(i)

@)
(i1)
(iii)
@iv)
V)
(vi)

(7.3) S
-X

e , O<x<2

cosTX , 2<x<7/2
f(x)=
sinmtx , 7/2<x<9/2

Q/9% , x>9/2
Lo IS0 o3 g sl 0 21 sl eyl (2)
x-Dux-1)
(x - Dux-1)
xzu(x -1)
e ux—2)
u(x — 1)sinh x

T
WX ——)CO0SX
x==)

Josos gl ‘zwuﬂx@uom&ﬂ_gﬂ@ux Jisdl el (3)

()

(i)
(iii)
(iv)

Lee JSI Y

e, 0<x<1

2
x* , 1<x<2

1-e™* , 0<x<1

cosmx , 1<x<2
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o hY ks

o SIS Sl Y g

Q %5
—S
(i1) ©
s% +2s+2
(iif) %(e"“ te™)
(iv) —— (e +e™)
s—1
1+e™
(v
) s2+9
b Les ST ol o
(i) y"+4y +5y=0 : y0) =1 , y'(0)=1
i) 9y"-6y +y=0 , y0)=3 , y(0)=1
(iii) y"+4y' — 10y =12cos2x y0) =1, y'(0)=3
(iv) y"+2y -8y=-256x y(0)=15,y'(0) =36
(V) y'+2y—8y=—e+3e ", y(0)=4, y'(0)=-2
(vi) y"+2y +2y =x[u(x) - ux-1)]
(i) "4y = sin X , O<x<m ,y(0)=0, y'(0)=1
yory -2sinX , X>T7
oY g Jrgm semy (7.10) Uslaadl 51 (7.9) Bslaadl adserd
BN L‘;.Sudl
. S
l ————
® (s®> +9)2
.. l S+ a
() log s+b
(iii) log—>

s—1

4)

©)

(6)



Lol 3kl

(iv) cot '(s+1)
Jrxadl JolSSL ST R > R DI G s

Si() = [ Si?t dt

Of .31 .(Sine integral) cud! |G oy

sinX a1
]=tan™! =
X S

L [Si(x)] = étan_l %

L[

Of s e Lo (~0,0) Ao M5 g 5 £ omdldl oo SIS 0T o 3
(convolution) -, Sl

frg(x) = [ fx- gt
= j: f(x—t)g(t)dt

Of 2B 0l s 5 Lg] 5 LIf] OIS 13
LI * g] = Lf] . L1g]
x 20 | fix+p)=1(x) o?u'.u.g 4pq§2.uj.)f2___3u.)!c,5t§t'31
ol el
1
1-e7P*
fx) =0:x20 I fix+1)=1f(x) 0<x<1 JSIf(x)=x 0l o3
.o('[f].i.?j.x<0dﬁ
ol el g(x) =1/Vnx f(x) =" cals i3]
frg(x) =eXerf(Vx)
L [erfVx ] VS y L e erfX | dimo Ul pn i

L[f]=

Lfe"sxf(x)dx , s>0

206

)

®)

)

(10)

(11)
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oY i

L_gT ex (U
L
) 2l
o
c.:a.aj‘cu'zd\‘,.b[x]d» L[
> ¢ L[[X]]
=51 (12)
ol

[x]=n
v
x e [nn+1)
, ne N
0
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7.2 (b) 2cosh3z — gsinh 3.

(@) = (1—e ).

2
(f) 2/x/m.
75 f(z)=z[H(z)— H(z~ 1)+ e *H(z —1).
L) =5 (1= &™) = e~ ——e™,
7.6 (c) Hlx—3)+ H(z —1).
7.7 If f has jump discontinuities at the points z1, . .., z, then the sum f(z] )—
f(zf)+ -+ f(z;) — f(z;}) has to be added to the right-hand side of

(7.6).

1 1
7.8 (e) y(z)=H(z—1) 17562(1"1) —e* 4 ﬂ — €% + %%,

= 1 —bx —azr
7.9 (c) - (e7b* —ema7) .
7.11 (a) Write

£ = [ " fe)eeda

o

(n+1)p
= Z / flx)e™**dx
0 n

n=0 Y "P

oo P
=3 [ i+ mppe e,
n=0"0

then use the equation f(x + np) = f(x) to arrive at the answer.

A& oo - 2= [gu-en-5

7.13 The left-hand side is the convolution of z° and y(z). Applying Theorem
7.14 gives 3!Y (s)/s* = F(s), from which Y(s) = s*F(s)/6. From Corol-
lary 7.7 we conclude that

1 1 .

u(@) = /D (@) + ZLTIF(O1)s + £1(07)8” + f(0F)s + f7(07)).
The integral expression for f(z) implies that f(07) = 0forn =0,1,2,3
(we also know from Exercise 7.12 that s™ cannot be the Laplace transform
of a function in £ for any n € Np). Assuming that f is differentiable to
fourth order (or that y is continuous), the solution is y(z) = f{% (z)/6.
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715 L{(a])(s) = ————.
s(1—e™9)
717 u(z,t) = H(t — z/c)cos*(t — x/c).
7.19 u(z,t) = e /¢ H(t — z/c)sin(t — z/c).
7.21 F(s) = e~*Y*/\/s is analytic in the complex plane cut along the negative

axis (—o0, 0]. Using Cauchy’s theorem, the integral along the vertical line
(f — 100, +i00) can be reduced to two integrals, one along the bottom
edge of the cut from left to right, and the other along the top edge from
right to left. This vields
1 p+ico
L7YF)(z) = — F(s)e**ds

27T’L‘ JB—ico

o0
COS a~/S _
/ \fe s g
0
o0

NG

= —/ e_””t2 cos at dt.
™ Jo

Noting that the last integral is the Fourier transform of e
ing the result of Example 6.17, we obtain the desired expression for

L7H(F) ().

1
o7
2

2
—2" " and us-



7.2 Properties and Applications 239

if either f or g is (piecewise) continuous, and (piecewise) smooth if either f or
9 g is (piecewise) smooth (Exercise 7.16).
ez 1f f(z) and g(x) are dominated as z — oo by e®®, then one can easily check
()-4’ that f * g(z) will be dominated by %% for any 8 > a. Consequently, if f and
g belong to &£, then so does their convolution f * g, and its Laplace transform
is given by

L(f *g)(s) = /000 e st /wa(t)g(:r — t)dtdx
- /ooo /000 H(z —t)f(t)g(z — t)e *“dtdz

- / ) / o(y)e TV dydt
~ L(f)L(g)(s).

In the third equality, the order of integration is reversed, and this is justified by
the uniform convergence of the double integral on Res > 8+ ¢ for any positive
€. Thus we have proved the following convolution theorem which corresponds
to Theorem 6.22 for the Fourier transformation.

Theorem 7.14
Let f,ge E.If L(f)(s) = F(s) and L(g)(s) = G(s), then

L(f % g)(s) = F(s)G(s).
Now we can go back to Equation (7.19) to conclude that
u(e,t) = £7 (7 VIER(s)) (1)
= faLmt (V) ),

The function £ (e"*V*/¥)(t) can be evaluated by using the inversion formula
(7.4), which requires some manipulations of contour integrals (see Exercise
7.21), or it may be looked up in a table of Laplace transforms. In either case

- —T S/K T *,’L’2 3
£ (e (1) = T,

hence

¢
u(z,t) = \/%/O ft— 7)7_3/26*12/4’"617'. (7.20)

Here the solution u differs considerably from that in the first two cases. It tends
to 0 as ¢ — oo at any time t and also as t — oo at any point x, and the signal



