
Math 106
Integral Calculus
Numerical Integration

Ibraheem Alolyan

King Saud University

Ibraheem Alolyan Integral Calculs Math - KSU 1 / 17



Numerical Integration

1 Rectangle Rules

2 Trapezoidal Rule

3 Simpson’s Rule

Ibraheem Alolyan Integral Calculs Math - KSU 2 / 17



Rectangle Rules
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Rectangle Rules

Let 𝑓 ∶ [𝑎, 𝑏] → ℝ with regular partition 𝑃 = {𝑥0, … , 𝑥𝑛} into 𝑛
subintervals each of width Δ𝑥 = 𝑏−𝑎

𝑛 . Then the definite integral
∫𝑏
𝑎 𝑓(𝑥) 𝑑𝑥 can be approximated by

1 the left rectangle rule

𝐿𝑛 =
𝑛

∑
𝑘=1

𝑓(𝑥𝑘−1)Δ𝑥

2 the right rectangle rule

𝑅𝑛 =
𝑛

∑
𝑘=1

𝑓(𝑥𝑘)Δ𝑥
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Trapezoidal Rule
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Trapezoidal Rule

Let 𝑓 ∶ [𝑎, 𝑏] → ℝ with regular partition 𝑃 = {𝑥0, … , 𝑥𝑛} into 𝑛
subintervals each of width Δ𝑥 = 𝑏−𝑎

𝑛 . Then the definite integral
∫𝑏
𝑎 𝑓(𝑥) 𝑑𝑥 can be approximated by

𝑇𝑛 = 1
2(𝐿𝑛 + 𝑅𝑛) =

𝑛
∑
𝑘=1

1
2[𝑓(𝑥𝑘−1) + 𝑓(𝑥𝑘)]Δ𝑥

= 𝑏 − 𝑎
2𝑛 [𝑓(𝑥0) + 2𝑓(𝑥1) + 2𝑓(𝑥2) + … 2𝑓(𝑥𝑛−1) + 𝑓(𝑥𝑛)]
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Trapezoidal Rule

Example
Approximate ∫2

1
𝑑𝑥
𝑥 using trapezoidal rule with 𝑛 = 4

Δ𝑥 = 2 − 1
4 = 1

4

𝑥1 = 1, 𝑥2 = 5
4, 𝑥3 = 3

2, 𝑥4 = 7
4, 𝑥5 = 2

𝑇𝑛 = 2 − 1
2 × 4 [𝑓(1) + 2𝑓 (5

4) + 2𝑓 (3
2) + 2𝑓 (7

4) + 𝑓(2)]

= 1
8 [1 + 2 (4

5) + 2 (2
3) + 2 (4

7) + 1
2] = 1171

1680 ≈ 0.697
.
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Error Estimation

Theorem
If 𝑓″ is continuous and 𝐾 ∈ ℝ+ such that |𝑓″(𝑥)| ≤ 𝐾 for every 𝑥 ∈ [𝑎, 𝑏],
then the error estimates for trapezoidal rule of calculating ∫𝑏

𝑎 𝑓(𝑥)𝑑𝑥 is

|𝐸𝑡| = ∣∫
𝑏

𝑎
𝑓(𝑥)𝑑𝑥 − 𝑇𝑛∣ = 𝐾(𝑏 − 𝑎)3

12𝑛2
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Trapezoidal Rule

Example
Estimate the error of approximatiing ∫2

1
𝑑𝑥
𝑥 using trapezoidal rule with

𝑛 = 4

Note that
𝑓(𝑥) = 𝑥−1, 𝑓 ′(𝑥) = −𝑥−2, 𝑓"(𝑥) = 2𝑥−3

𝐾 = 2
.

|𝐸𝑡| = 2(2 − 1)3

12 × 42 = 1
48

.
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Exam problem

Example

Use the trapezoid rule with 𝑛 = 4 to approximate ∫
4

1

1
𝑥𝑑𝑥

.
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Simpson’s Rule
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Simpson’s Rule

Let 𝑓 ∶ [𝑎, 𝑏] → ℝ with regular partition 𝑃 = {𝑥0, … , 𝑥𝑛} into 𝑛
subintervals where 𝑛 is even each of width Δ𝑥 = 𝑏−𝑎

𝑛 . Then the definite
integral ∫𝑏

𝑎 𝑓(𝑥) 𝑑𝑥 can be approximated by

𝑆𝑛 = 𝑏 − 𝑎
3𝑛 [𝑓(𝑥0) + 4𝑓(𝑥1) + 2𝑓(𝑥2) + … 4𝑓(𝑥𝑛−1) + 𝑓(𝑥𝑛)]
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Simpson’s Rule

Example
Approximate ∫2

1
𝑑𝑥
𝑥 using Simpson’s rule with 𝑛 = 4

Δ𝑥 = 2 − 1
4 = 1

4

𝑥1 = 1, 𝑥2 = 5
4, 𝑥3 = 3

2, 𝑥4 = 7
4, 𝑥5 = 2

𝑆𝑛 = 2 − 1
3 × 4 [𝑓(1) + 4𝑓 (5

4) + 2𝑓 (3
2) + 4𝑓 (7

4) + 𝑓(2)]

= 1
12 [1 + 4 (4

5) + 2 (2
3) + 4 (4

7) + 1
2] = 1747

2520 ≈ 0.6933
.
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Error Estimation

Theorem
If 𝑓 (4) is continuous and 𝐾 ∈ ℝ+ such that |𝑓 (4)(𝑥)| ≤ 𝐾 for every
𝑥 ∈ [𝑎, 𝑏], then the error estimates for trapezoidal rule of calculating
∫𝑏
𝑎 𝑓(𝑥)𝑑𝑥 is

|𝐸𝑡| = ∣∫
𝑏

𝑎
𝑓(𝑥)𝑑𝑥 − 𝑆𝑛∣ = 𝐾(𝑏 − 𝑎)5

180𝑛4
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Simpson’s Rule

Example
Estimate the error of approximatiing ∫2

1
𝑑𝑥
𝑥 using Simpson’s rule with

𝑛 = 4

Note that
𝑓(𝑥) = 𝑥−1, 𝑓 (4)(𝑥) = 24𝑥−5

𝐾 = 24
.

|𝐸𝑆| = 24(2 − 1)5

180 × 44 = 1
1920

.

Ibraheem Alolyan Integral Calculs Math - KSU 18 / 17



Simpson’s Rule

Example
Estimate the error of approximatiing ∫2

1
𝑑𝑥
𝑥 using Simpson’s rule with

𝑛 = 4
Note that

𝑓(𝑥) = 𝑥−1, 𝑓 (4)(𝑥) = 24𝑥−5

𝐾 = 24
.

|𝐸𝑆| = 24(2 − 1)5

180 × 44 = 1
1920

.

Ibraheem Alolyan Integral Calculs Math - KSU 18 / 17


	Rectangle Rules
	Trapezoidal Rule
	Simpson's Rule

