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Solution. The given family obeys

tan y

x
= c,

which on differentiation gives the following differential equation of the family

dy

dx
=
1

x
(sin y cos y) .

The differential equation of the orthogonal trajectories is

dy

dx
= − x

sin y cos y
,

which is a variable separable equation with solution

sin2 y + x2 = c1

2



Solution Proposition for M204 

 

Exercise  Solve the initial value problem 

2 2(2 sin cos sin ) (sin 2 cos ) 0,  (0) 3 y x x y x dx x y x dy y+ + − = =  

Solution 

The D.E can be written as: ( , ) ( , ) 0,  (0) 3 M x y dx N x y dy y+ = =  

With 
2 2( , ) 2 sin cos sin  and ( , ) sin 2 cos  M x y y x x y x N x y x y x= + = −  

Since  ( , ) 2sin cos 2 sin ( , ) y xM x y x x y x N x y= + = , the DE is exact. 

So there exists a function ( , )F x y such that 

2

2

( , ) 2 sin cos sin

( , ) sin 2 cos

x

y

F x y y x x y x

F x y x y x

 = +


= −
 

Integrating the second equation with respect to y, we obtain 

2 2( , ) sin cos ( )F x y y x y x x= − +  

Hence 

2 2( , ) 2 sin cos sin '( ) 2 sin cos sinxF x y y x x y x x y x x y x= + + = +  

That is      1'( ) 0. So ( ) .x x c = =  

The general solution is given by      
2 2sin cosy x y x c− =  

From the Initial condition we obtain 9.c = −  

The required solution is given by  
2 2sin cos 9 0.y x y x− + =  



Exercise  Solve the initial value problem 

2 2 2 32 3
(2 3 1 ) (3 2 ) 0,  (0) 1 

x
xy x y dx x y x dy y

y y

+
+ + + + + + = =  

Solution 

The D.E can be written as: ( , ) ( , ) 0,  (0) 1 M x y dx N x y dy y+ = =  

With  

2 2 2 32 3
( , ) 2 3 1  and ( , ) 3 2  

x
M x y xy x y N x y x y x

y y

+
= + + + = + +  

We have  
2 2

2

2 1
( , ) 4 3  and ( , ) 6 6  y xM x y xy x N x y xy x

y y
= + − = + +  

Since ( , ) ( , )y xM x y N x y  , the D.E is not exact. 

Note that 

( , ) ( , ) 1

( , )

x yN x y M x y

M x y y

−
=  

So 

1

ln( )
dy

yyy e e y


= = =  is an integration factor 

Hence we have the exact differential equation as  

3 2 2 2 2 3(2 3 2) (3 2 3) 0,  (0) 1 xy x y y dx x y x y x dy y+ + + + + + + = =  

Therefore there exists a function ( , )F x y such that 

3 2 2

2 2 3

( , ) 2 3 2

( , ) 3 2 3

x

y

F x y xy x y y

F x y x y x y x

 = + + +


= + + +
 

Integrating the first equation with respect to x, we obtain 



2 3 3 2( , ) 2 ( )F x y x y x y yx x y= + + + +  

Hence 

2 2 3 2 2 3( , ) 3 2 '( ) 3 2 3yF x y x y x y x y x y x y x= + + + = + + +  

That is      1'( ) 3. So ( ) 3 .y y y c = = +  

The general solution is given by      

 
2 3 3 2( , ) 2 3F x y x y x y yx x y c= + + + + =  

From the Initial condition we obtain 3.c =  

The required solution is given by   

2 3 3 2 2 3 3 0.x y x y yx x y+ + + + − =  

 

 

 

 

 


