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of Ricci solitons by allowing the soliton constant in Ricci flow equation to be a smooth
function. In the present paper, we focuss our study on the most important class of
almost Ricci solitons, namely gradient Ricci almost solitons (M", g, Vo, f) with potential

MSC: function o and associated function f, abbreviated as GRRAS (M", g, Vo, f). On a nontrivial
53C21 GRRAS (M", g, Vo, f), these two functions o and f together with scalar curvature t
53C25 play a significant role. Among the basic properties of a connected GRRAS (M", g, Vo, f),
53E20 it has been observed that there exists a smooth function § called the connector of
53E40 the GRRAS (M", g, Vo, f) as it connects the gradients of the potential function o and
53B50 the associated function f, respectively. In our first result it is shown that a nontrivial

GRRAS (M", g, Vo, f) with connector § gives a generalized soliton, thus establishing
an unexpected duality. In our second result, we show that a compact and connected
nontrivial GRRAS (M", g, Vo, f) with connector § = —c, for a positive constant ¢, and
Generalized solitons a suitable lower bound on the integral of thg Ricci curvature Ric (Vo, Vq) is isomgtr'{c
n-sphere to the n-sphere S"(c) and the converse too is shown to hold. In the third result it is
Ricci curvature established that a complete and simply connected nontrivial GRRAS (M", g, Vo, f) of
positive scalar curvature, with a suitable lower bound on Ric(Vo, Vo) and the vector
Vo being eigenvector of the Hessian operator H, with an appropriate eigenvalue, gives
a characterization of S"(c). In our final result, we consider a compact and connected
nontrivial GRRAS (M", g, Vo, f) of positive scalar curvature and ask the associated function

f to satisfy a Poison equation to get yet other characterization of S™(c).
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1. Introduction

An n-dimensional Ricci soliton is a quadruplet (M", g,u, u) consisting in a smooth n-dimensional manifold M" equipped
with a Riemannian metric g, a vector field u called potential field and a constant wu, satisfying (cf. [11])

1
Efug—i-Ric: ng, )

where £,g is the Lie-derivative of the metric g with respect to u, Ric is the Ricci tensor of (M", g). A Ricci soliton
(M”,g, u, M) is a stable solution of the Hamilton’s Ricci flow (for details, see [9,11,20-22]). The origin of Ricci solitons
lies in Hamilton’s quest of solving the century old conjecture, namely the Poincaré conjecture, and latter it turned out that
they were not only important in settling this conjecture but have huge impact in different aspects of differential geometry
as well as relativity. A Ricci soliton (M”, g.u, ,u) is said to be a gradient Ricci soliton if the potential field u is a gradient of
a smooth function ¢, that is, u = Vg. As remarkable examples of such solitons we have the Gaussian soliton, the cylindrical
soliton, as well as the gradient Ricci solitons with a warped product structure (for details, see [16]). There had been a huge
interest in the study of a gradient Ricci soliton (M”, g, Vo, /L) (cf. [1,11,12,17-19,21,24,29]). The notion of Ricci soliton was
generalized to Ricci almost soliton, where the constant w in Ricci soliton is replaced by a smooth function f (cf. [30]). Thus,
an n-dimensional Ricci almost soliton (M”,g, u, f) on a Riemannian manifold (M", g) consists of a vector field u, called
potential field and a function f, called associated function that satisfies (cf. [30])

1
ifug—i-Ric: fg (2)

and that it is also a stable solution of the Ricci flow with different initial conditions compared to Ricci solitons (see [3,25]).
We shall abbreviate an n-dimensional Ricci almost soliton (M", g, u, f) by a RAS (M", g, u, f). After the introduction of RAS
(M”, g.u, f), the focus of attention shifted from Ricci soliton to RAS (M", g, u, f) and first attempts were to find conditions
under which a RAS (M”, g, u, f) is a Ricci soliton, that is, the associated function f is a constant (cf. [4-6,14,15,21,32,33]).
A RAS (M", g,u, f) is said to be nontrivial, if the associated function is not a constant, that is, the RAS (M", g.u, f) is not
a Ricci soliton. If the potential field u is a gradient of a smooth function o, called the potential function, that is, u = Vo,
then we call the RAS (M", g, Vo, f) the gradient Ricci almost soliton or the GRRAS (M", g, Vo, f). The defining equation
(2) for a GRRAS (M", g, Vo, f) takes the form

Hes (o) + Ric = fg, (3)

where Hes(o) is the Hessian of the function o.

As a first example of a GRRAS (S” (c),g, Vo, f), we consider the sphere S"(c) as an embedded surface in the Euclidean

space E™1 that has shape operator T = —./cI and unit normal &. Then for the coordinate vector field il on E™1 where

au
u', .., u™1 are coordinates on E"*1, we have
0 ]
— =u+0¢ o={(—§&), 4
N @)
where u is the tangential projection of the coordinated vector field % on S™(c). Denoting the induced metric on S"(c) by

g and letting V the symmetric torsion free connection with respect to g, and differentiating equation (4) with respect to a
vector field E on S"(c), while using fundamental equations of surface, we conclude

Veu= —+/coE, Vo =./cu. (5)

The Hessian of the function o on using above equation is given by Hes(o) = —co g and the Ricci tensor of the sphere S"(c)
being given by Ric = (n — 1)cg, we conclude

Hes (o) + Ric= fg,

where f = ((n—1)—o)c. Hence, we get the GRRAS (5" (¢), g, Vo, f).

Another example comes from the Hyperbolic space (]HI"‘1 , gl) of constant curvature —1. We consider the warped prod-
uct M" =R xp H" !, where h(t) = cosht, defined on R and the warped product metric g = dt?> + h®g;. Then taking
o (t)=sinht and f(t) =0 (t) — (n — 1), we get the GRRAS (M", g, Vo, f).

The motivation behind studying gradient Ricci almost solitons lies in their role as self-similar solutions to a perturbed
version of the Ricci flow, known as the Ricci-Bourguignon flow, originally introduced in [7]. This flow has recently garnered
substantial interest, with a resurgence of research beginning from [8]. In particular, the study of the Ricci-Bourguignon
almost soliton and gradient Ricci-Bourguignon almost soliton on semi-Riemannian manifolds was initiated in [28].
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In [26], authors generalized the notion of a Ricci soliton, by considering the following equation

1
i£ug+ARic= ng+uvn e, (6)

on a Riemannian manifold (M", g), where A, u, v are constants, and called a generalized Ricci soliton (M",g,u,k,u, v).
The generalized Ricci solitons depend on three real parameters and for particular values of these parameters they refer to
known important classes in differential geometry (cf. [2]). For instance, they reduce to Ricci soliton equations, as well as
they reduce to vacuum near-horizon geometry in general relativity, special cases of Einstein-Weyl equations (cf. [26]). There
is a further generalization called a generalized soliton (M”,g, u, A, U, v) satisfying equation (6), where for a generalized
soliton one requires A, u, v are smooth functions (cf. [2]). If the potential field u = Vo, in the generalized soliton, we get
the gradient generalized soliton (M", g, Vo, &, i, v).

In this work, on a connected GRRAS (M”, g, Vo, f ) we first show the existence of a smooth function ¢ that satisfies
Vo =2fVo and this allows to define a smooth function § on a GRRAS (M”, g, Vo, f) satisfying

Vf=éVo. (7)

The function §, as it connects the gradient of the associated function f to the gradient of the potential function o of the
GRRAS (M", g, Vo, f), is said to be the connector of GRRAS (M", g, Vo, f). Note that the relation Vf =§Vo means that
the gradients of f and o are linearly dependent at every point of M™. This property is automatic in the GRRAS setting once §
is defined, but it is a nontrivial assumption in the broader context of generalized solitons. As we are interested in studying
geometry of a GRRAS (M", g, Vo, f) and in doing so, first we discover that, because of the connector defined in (7), there
is a duality between a nontrivial GRRAS (M", g, Vo, f) and the gradient generalized soliton (M", g, V f, i, i, v). The GRRAS
(M", g, Vo, f) has its origin in the Ricci flow, where as the gradient generalized soliton (M", g,V f, , i, V) is randomly
defined on a Riemannian manifold, and thus the above duality result in particular gives a proper background to the study
of gradient generalized soliton.

We have seen in the case of GRRAS (5" (c), g, Vo, f) that the associated function is f = ((n — 1) — o’)c. This implies
V f =—cVo, and therefore we conclude that the connector of the GRRAS (S” (c),g, Vo, f) is given by § = —c. This naturally
stimulates a question: Under what condition a compact and connected GRRAS (M”, g. Vo, f ) with connector § = —c, for a
positive constant c, is isometric to S" (c)? In section 4, we answer this question and prove that a compact and connected
GRRAS (M", g, Vo, f ) with scalar curvature 7 and connector § = —c for a positive constant c, satisfies

/waaww)z/qumo—rf+m—nﬁaﬂ
Mn Mn
if and only if (M", g, Vo, f) is isometric to S" (c).
We also prove that a complete and simply connected GRRAS (M”, g, Vo, f ) with positive scalar curvature t satisfies

. n—1 Ao
Ric(Vo,Vo) > —Tg(Vcr, V (Ao)), VysVo = TVJ,

if and only if T is a constant n(n — 1)c and the GRRAS (M“, g, Vo, f) is isometric to S™ (c).
Note that the trace of the Fischer-Marsden equation (cf. [10,23]) on a Riemannian manifold (M”, g) with scalar curvature
T is given by the differential equation

h, (8)

T
n—1

Ah=—

where 7 being scalar curvature. Note that if a compact Riemannian manifold (M”, g) admits a nontrivial solution of the
Fischer-Marsden equation, then the scalar curvature t is a constant. However, if (M”, g) admits a solution of differential
equation (8), the scalar curvature need not be a constant. In the last section of this paper, we consider a deformed form of
the differential equation (8), namely

72

T
A== e ®)

satisfied by the associated function f of the compact and connected nontrivial GRRAS (M”,g, Vo, f) of positive scalar
curvature t. Indeed we show that (9) renders t a constant, explicitly n(n — 1)c, and also that (9) gives a characterization of
the sphere S"(c).

We note that related approaches have recently been developed in [25,31]. In [25], the authors show that the Ahlfors
Laplacian, traditionally linked to conformal geometry, provides a natural tool for proving rigidity results for Ricci almost
solitons and constructing solutions to Einstein’s vacuum constraint equations, while in [31], the authors establish some
rigidity and classification results for complete and compact almost Ricci solitons, characterizing when they reduce to Einstein
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manifolds, often spheres, via geometric dynamics, energy conditions and orthogonal tensor decompositions. In contrast,
our approach introduces the connector § as a central methodological tool: it encapsulates the precise relation between
the gradients of the potential function o and the associated function f in a GRRAS, and serves as the key ingredient for
establishing a duality with gradient generalized solitons. This perspective allows us to derive new characterizations of the
sphere S™(c) via §-driven integral inequalities, thus providing a unifying framework that complements and extends the
above works.

2. Preliminaries
We consider an n-dimensional GRRAS (M”, g, Vo, f), where o and f are smooth functions on M" satisfying
Hes(o) 4+ Ric= fg, (10)
where Ric is the Ricci tensor and the Hessian Hes(o') is defined by

Hes(o) (E,F)=g(VeVo,F), E,Fe®(M"), (11)

where ® (M”) is the space of smooth vector fields on M" and Vg is the covariant derivative with respect to E. Note that
the Hessian operator H, of the function o is defined by

Ho(E)=VgVo, Ec®(M"), (12)
which is related to Hes(o') by
Hes(o)(E,F) =g (Hy(E),F), E,Fe®(M"). (13)

Note that the Trace of the Hessian operator H, of the function o is Ao the Laplacian of ¢. Ricci operator S is a symmetric
tensor related to Ricci tensor by

Ric(E,F)=g(S(E),F), E,Fe®(M")

and the Trace of the Ricci operator S, is the scalar curvature 7. For a local orthonormal frame {Xi, .., X;} on the GRRAS
(M”, g, Vo, f ) we have the following well known expression for the gradient of the scalar curvature

1
EV‘L’ = ; (VS) Xk, X, (14)

where

(VS)(X,Y)=VxSY —S(VxY).
Using the following expression for the curvature tensor field R of the GRRAS (M”, g, Vo, f),

R(E,F)K =[Dg,Df]K — Dig.;jK, E,F,K€®(M"),

and the equation (12), we get

R(E,F)Vo = (VHg) (E,F) — (VHo) (F,E), E,Fe®(M"). (15)
Lemma 1. On an n-dimensional GRRAS (M", g, Vo, f) with scalar curvature , the following hold
1
() Ao = nf — 1), (ii)S(Vo)=—(—DVf+ V.

Proof. (i) follows on taking the Trace in the equation (10). The equation (10) implies
He =fI-S

and taking the derivative in above equation enables us to reach
(VHo) (E,F) =E(f)F —(VS)(E,F), E,Fe®(M").

Thus, on employing above equation in equation (15), we conclude
R(E,F)Vo =E(f)F —F(f)E—(VS)(E,F)+ (VS)(F,E), E,Fe® (M”).

4
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Now, chose a local frame {Xi, .., X;;} on the GRRAS (M", g, Vo, f) and use it with the above equation, in computing
Ric (F,Vo) =) g (R(Xc. F) Vo Xu)
k

=—-—-DF(f)+ Zg((VS) (F, Xi) — (VS) (Xk, F), X&),
k

which on using symmetry of the Ricci operator S and equation (14) implies
1
Ric(F,Vo)=—m—-1F(f)+ F(r) — iF(T)'

This proves (ii). O

On a Riemannian manifold (M”, g), the squared length ||S||? is defined by
ISI? =" g (SXk, SXi) (16)
k
and the squared length |Ric|? is given by
IRicl? =" (Ric (X;. X))”.
jk

Thus, we have

LT |2 ) T 2
)Rlc—ﬁg‘ —Z(RIC(X],Xk)—Eg(XJ,Xk))

ik
S T ) 72
=Y g(SXj. %) - 2 > Ric (Xi, Xi) + -
Jjk k
2
= s> - = (17)
n

Now, we state the following Lemma (cf. [6], Theorem 1)

Lemma 2. [6] On an n-dimensional compact GRRAS (M”, g, Vo, f ) with scalar curvature t, the following hold

. T 12 n-2
/’ch—fg’ - /g(Va,VT).
n 2n
Mﬂ

Mmn

3. Some basic properties of GRRAS

In this section, we consider an n-dimensional GRRAS (M”, g, Vo, f), with potential function o and associated function
f and derive several basic properties. First we prove the following:

Lemma 3. On an n-dimensional connected GRRAS (M”, g, Vo, f ) there exists a smooth function ¢ satisfying

Vo =2fVo.

Proof. Let T be the scalar curvature of the GRRAS (M", g, Vo, f ) Then define a smooth function ¢ : M" — R by
p=t+I|Vol? =21 DFf.

For E € ® (M"), we have
E(p)=E(7) +2g8(HsE, Vo) —2(n — DE(f).

Now, using Hy; = fI — S as outcome of equation (10) in above equation, we reach at
E(p)=E(7) +2g(fE—SE,Vo)—2(n—1DE(f),

that is,
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Vo=Vt +2fVo —25(Vo)—-2(n—1)Vf.

Employing (ii) of Lemma 1 in above equation, we get the result. O

Lemma 4. On an n-dimensional connected GRRAS (M", g, Vo, f ) there exists a smooth function 8 satisfying
Vf=46Vo.

Proof. Note that by Lemma 3, the 1-form « on the GRRAS (M”, g, Vo, f) defined by o =2 fdo is closed and therefore, we
conclude df Ado =0 and it is equivalent to

E(f)F(o)=F(f)E(0), E,Fe®(M"),
that is,

E(f)Vo =E()Vf, E,Fe®(M").
Choosing E = Vo, we have

g(Vo,Vf)Vo =|Va|*VFf,
which on taking the inner product with V f, yields

g(Vo, VY’ =[Val* IV fI*.

This proves that the vector fields V f and Vo are parallel and therefore, there exists a smooth function § such that
Vf=6éVo. O

Definition 1. On an n-dimensional connected GRRAS (M”, g, Vo, f) the smooth function 8 of Lemma 4 is called the connector of the
GRRAS (M", g, Vo, f).

Recall that Ricci solitons as well as Ricci almost solitons arise as solutions of Ricci flow, where as generalized Ricci
solitons as well as generalized solitons are defined using equations generalizing equations of Ricci solitons and Ricci almost
solitons. However, owing to the property of GRRAS (M", g, Vo, f ) that it has connector §, gives a duality with generalized
Ricci soliton, giving it background of Ricci flow. Indeed, our next result establishes this duality.

Theorem 1. For an n-dimensional connected GRRAS (M", g, Vo, f) with connector 8, (M", g,V f,do, 8,8 f, j1) is a gradient gener-
alized soliton, where the function u satisfies dé = udo.

Proof. Employing Lemma 4, we have for E € ® (M")
Hf(E)=E@)Vo +8Hs(E), E€® (M”),
that is,
Hes(f) (E,F)=E(8)F(0) + 8Hes(o)(E, F), E,Fe®(M").
Inserting equation (10), we have
(Hes(f)+ 8Ric)(E,F)=38fg(E,F)+E@)F(0), E,Fe® (M”). (18)

Note that by Lemma 4, we have df = ddo, that is, dé Ado = 0. By the similar argument as in the proof of Lemma 4, we get
there exists a smooth function @ such that Vé = uVo. Thus, equation (18) becomes

(Hes(f) + 8Ric) (E, F) =46 fg(E, F) + nE(0)F(0), E,Fe®(M"),
that is

Hes(f)+éRic=6fg+ pndo @ do. (19)

This finishes the proof. O
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Remark 1. Observe that the converse of the above Theorem too holds provided the function § # 0 and Vf = §Vo. Suppose
(M”, g, Vf,do,s8,8f, ,u) is a connected gradient generalized soliton with V f = §Vo, where the function | satisfies d§ = pudo
and § # 0. Then using V f = 8Vo, it follows that

Hy (E)=E@)Vo +38H, (E), E€®(M"),
which in view of equation (19) implies
8Hy (E) = —8S(E)+8fE+ wE(0c)Vo —E(8)Vo, Ee€® (M”).
Thus, we have
8 (Hy (E) +8S(E) — fE) =0,
where we used d§ = udo, that is, E(§) = wE (o). As 8§ # 0 on connected M" gives H, + S = fI. Hence, we get GRRAS
(M", g, Vo, f).

4. GRRAS with constant connector

Given an n-dimensional connected GRRAS (M”, g, Vo, f ) with connector §, in this section we are interested in studying
the geometry of a GRRAS (M”, g, Vo, f ) with connector § a constant. It follows from Lemma 4, that if the connector § =0

on a connected GRRAS (M”,g, Vo, f), then it is a Ricci soliton. Therefore, we shall focus on GRRAS (M”,g, Vo, f) with
connector § a nonzero constant. In particular, we prove the following characterization of a sphere:

Theorem 2. A compact and connected nontrivial GRRAS (M", g, Vo, f) of dimension n, with connector § = —c, for a positive constant
¢, has scalar curvature T and Ricci curvature Ric (Vo , Vo), satisfying

/ Ric(Vo, Vo) > / [(nf —T4co) (- 1)0202]
Mn Mn
ifand only if (M", g, Vo, f) is isometric to S"(c).
Proof. Recall from Definition 1 that the connector § is the smooth function relating the gradients of f and o via Vf =4§Vo.

Suppose (M”, g, Vo, f ) is an n-dimensional, compact and connected nontrivial GRRAS with connector § = —c, for a positive
constant ¢, having scalar curvature t and Ricci curvature Ric (Vo, Vo) satisfying

/Ric(Va,Vc)z/[(nf—r—f-co)z—i—(n—l)czcrz]. (20)
Mmn Mn

Then by Lemma 4, we have V f = —cVo, which on differentiating with respect to E € ® (M”) gives

Hy(E) = —cHo (E)

and as ¢ > 0, we have H, = —%Hf. Consequently, we compute
5 1
|Hy +col|” = —EHf‘i'CO'l
1 2 2.2
=C—2||Hf|| +nc’o® —20Af (21)

Note that using Lemma 1 and V f = —cVo, we have
Af=—cAo=—c(nf —1).
Thus, equation (21) assumes the form
1
|Hy +col|? = = ||HfH2 +nco? 4+ 2co (nf — 7).
On integration, we have
1
/ |Hy +col|® = C—Z[ ”Hf||2 +/ (nczaz +2co (nf — r)). (22)
Mn Mn Mn

7
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Next, we employ the Bochner’s formula (cf. [13])

[ (Ries v+ 1| - a2) <o
ps

in equation (22), arriving at

/||Hg+CGI||2:l2/((Af)z—Ric(Vf,Vf))-i-/(n6202+260 (nf—t)).
C
M" M” Mﬂ

Note that V f = —cVo and by virtue of (i) in Lemma 1, A f =c (nf — t), we see that above integral becomes

/||Hg+CGI||2=/[(nf—r—i—co)z—l—(n—l)czoz]—/Ric(Vo,Vo).
Mn Mn Mn

Using inequality (20) in above equation, we conclude

/ I|Hy +col|? =0.
Mn

This proves that Hes(o) = —co' g, where owing to the fact that the GRRAS (M", g, Vo, f) is nontrivial implies o is not
a constant and that the constant ¢ > 0. Hence, (M”,g, Vo, f) is isometric to S™(c) (cf. [27]). Before proceeding to the
proof of the reciprocal assertion, we would like to note that we have applied the Bochner formula for the function f on a
compact Riemannian manifold. The compactness assumption ensures that integration yields no boundary terms, allowing us
to conclude from inequality (20) that the L2-norm in the left-hand side must vanish.

Conversely, suppose the GRRAS (M", g, Vo, f ) is isometric to S™(c). Then we know that by equation (5) we have the
GRRAS (S” (c), g, Vo, f), where f = ((n —1) —o)c. This confirms that V f = —cVo, that is, the connector is § = —c. More-

over, by equation (5), it follows that Ac = —nco and it implies that
/ Vo ||® =nc / o2 (23)
Sn(c) S7(c)

and that the Ricci tensor of the sphere S™(c) is Ric = (n — 1)cg. Thus, on using equation (23), we reach at

f Ric(Vo,Vo)=nn—1)c? / o?. (24)
S"(c) sm(o)
Now, on the sphere S™(c), we have T =n(n—1)c and f =((n—1) —o)c, and hence nf — t +co = —(n — 1)co. Thus, we
have
[(nf —T4co)+n— 1)C20'2] =n(n —1)c? / o?. (25)
sn(c) s"(c)

Through equations (24) and (25), we finish the proof. O

In the next result, we will use a nontrivial complete and connected GRRAS (M”, g, Vo, f ) to find yet other characteriza-
tion of the sphere S"(c). Indeed we prove the following:

Theorem 3. An n-dimensional complete and simply connected nontrivial GRRAS (M”, g, Vo, f), n > 2, of positive scalar curvature t
satisfies

s n—1 .. Ao
(i) Ric(Vo,Vo) > — — g(Vo,VAo), (ii)Hs (VU):TVO'
if and only if T is a constant n(n — 1)c and (M", g, Vo, f) is isometric to S™(c).

Proof. Here again, § denotes the connector from Definition 1. Suppose an n-dimensional complete and simply connected
nontrivial GRRAS (M", g, Vo, f) of positive scalar curvature 7 satisfies

Ric(Vo,Vo) > — <HT> g(Vo,VAo) (26)
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and
Ao
Now, using a local frame {Xj, .., X}, we compute

div(Hs (Vo)) =Y g(Vx.Ho (Vo). Xi)
k

=Y " g((VHy) (X, Vo) + Hy (Ho Xi) . Xi).
k

Employing the symmetry of the operator H,, we reach at

div(Hs (Vo)) = |Ho > + & (VU, D (VHe) (X, Xk)> .
k

Also, we compute

div ((Ao) Vo) =g (Vo,VAo) + (Ac)?.

Now, using equations (27), (28) and (29), we conclude

1 1
H, |2 Vo, VHy) Xk, Xp) | — —g(Vo,VAG) — — (Ac)? =0.
I Ho | +g< o ;< o) (Xk m) -g(Vo,VA0) =~ (A0)

On using Ao = TrH,, we have for E € & (M"),

E(A0) = Eg(Ho X, Xi)
k

=Y 8((VHo) (E. Xp) + Hy (VEXi) . Xi) + Y _ & (Ho Xk, VEX))
k k

=Y g((VHo) (E, Xi), Xi) +2 ) g (Ho Xk, VEXp).
k k

Journal of Geometry and Physics 217 (2025) 105644

(27)

(31)

Note that VgXj = Za),{(E)Xj, where a),i are connection forms, which satisfy w,ﬂ + a)’j‘ =0 and H, being symmetric, we

j
have Hy; X), = Za;<Xi and (a;<) is a symmetric matrix. Thus, we have
i

> 8 (Ho Xe, VEXi) = Y wj(E)aig (X, Xi) =0,
k ijk

Thus, the equation (31) becomes
E(A0)=Y_g((VHe) (E, Xi), Xi),
k
which on using equation (15) provides

E(A0)=Y_ g((VHy) (Xk. E) + R (E. Xi) Vo, Xp)
k

= Zg(E, (VHo) (Xk, Xi)) — Ric (E, Vo).
k

Replacing E by Vo in above equation, we have
Zg(VG, (VHo) (Xk, Xk)) = Ric(Vo, Vo) +g(Vo,VAo).
k

Inserting this equation in equation (30), we obtain

1 1
|Hg 1> + Ric (Vo, Vo) + g (Vo,VAc) — Hg(Vo, VAo) — . (Ac)? =0.

9
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Now, using equation (10), we have H, = fI — S and it implies
IHo I =nf? +1ISI* — 2f T
1 1
= (IISII2 - —r2> + = (nf —1)2.
n n
Consequently, using Lemma 1, we have
1 1
IHo II* = (nsn2 - —r2> +-(A0)?
n n

and inserting it in equation (32), we arrive at

2 1, n—1 .
ISI? ~ 2% ) + =g (Vo.VA0) + Ric (Vo Vo) =0.

Now, using inequality (26) and the Schwartz’s inequality
1
IS|I? > -72
n
in equation (33), we conclude

1
ISI = -72.
n

Journal of Geometry and Physics 217 (2025) 105644

(33)

But equality in the Schwartz’s inequality for ||S||2 holds precisely when S = %I . Consequently, this equation implies

1
(VS)(E.F)=_E(O)F, E.Fe® (M").
Thus, we conclude

3 (VS) (e X = v,
k

which in view of equation (14) and n > 2 gives VT =0, that is, T is a constant say n(n — 1)c. Moreover, as T is positive, we

confirm that the constant ¢ > 0. Then the equation (10) with S = %I gives

T
Hy = ( - —) 1,
o=(f—1
and on taking derivative in above equation, implies
(VHo) (E,F)=E(f)F, E,Fe®(M").
Now, inserting above equation in equation (15), we conclude
R(E,F)Vo =E(f)F — F(f)E, E,Fe CD(M").
Contracting above equation, we reach at
Ric(F,Vo)=—-m—1DF(f),
that is
T
EVO’ =—Mn-1Vf.
Thus, as T > 0, we have

_n(n—l)V
T

Vo = f.

(34)

Define o = f — % and observe that as f is not a constant implies & is not a constant. We have

T

o =—-cVo,
which in view of (34) implies

10
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T _
Hg:—ch:—c(f— E)I:—col,

where c is a positive constant. Hence, (M”, g, Vo, f) is isometric to S™(c) (cf. [27]).

Conversely, suppose the GRRAS (M”, g, Vo, f ) n > 2, is isometric to S"(c). Then by equation (5) it follows that GRRAS
(S” (c),g, Vo, f), where we have f = ((n —1) —o)c and Ao = —nco. Clearly the scalar curvature T =n(n — 1)c is positive
and we have Ric (Vo, Vo) = (n—1)c||Vo|? and as V (Ao) = —ncVo, we get

n—1
Ric(Va,Va):—Tg(Va,V(Aa)) (35)
and that using equation (5), we have
Hs(E) =—cOoE,
for vector field E on S™(c). Thus, using Ao = —nco, we conclude
Ao
Hys (Vo) = TVO’. (36)

Equations (35) and (36) finish the proof. O

Remark 2. Consider the warped product M™ = R x;, H" ! with h(t) = e' and warped product metric g = dt> + h%g;, where
(H"-1, g1) is the Hyperbolic space of constant curvature —1. Define

ot)=¢e — n- ze_Zf
and
f(t)y=e' — @e*zt —(m-1.
A direct computation shows that (M", g, Vo, f) is a non-compact GRRAS with connector
s()=1+ M,
ng_Zefzt +et

which is not constant. Therefore, the manifold does not satisfy the hypotheses of the above Theorems, illustrating that the sphere
characterizations obtained there rely essentially on the constancy of 8.

5. A generic differential equation on GRAS

One of the celebrated differential equations in differential geometry is the Fischer-Marsden equation on a Riemannian
manifold (M", g), namely

(Ah) g + hRic = Hes(h) (37)

and it has been subject of interest for last few decades (cf. [23]). A compact (M", g) admitting a nontrivial solution of
differential equation (37) is known to have constant scalar curvature. The trace of equation (37) is the following differential
equation

T
Ah=— h. (38)
n—1
In this section, we consider the deformed form of this differential equation, namely the Poisson equation
2
T T
Ah = — (39)

- h+—
n—1 +n(n—1)

on a compact and connected GRRAS (M”, g, Vo, f ) It is worth noting in the case of T a constant, differential equations (38)
and (39) are identical up to rescaling. It turns out that differential equation (39) plays a vital role in shaping the geometry
of a compact and connected GRRAS (M", g, Vo, f) as seen in the following:

Theorem 4. A compact and connected nontrivial GRRAS (M”, g, Vo, f ) of dimension n > 2, with positive scalar curvature T and
associated function f verifies

2

nn—1)
if and only if T is a constant n(n — 1)c and the GRRAS (M”, g, Vo, f) is isometric to S™(c).

Af:—nzlf—i-

11
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Proof. The proof roadmap is the following. We first relate div(SVo) to the scalar curvature T and A f. We then integrate
this relation and apply Lemma 2 to deduce that the manifold is Einstein. Finally, we combine this with equation (10) to
determine H, explicitly and show that the manifold is isometric to S"(c).

We start by supposing that the associated function f of the n-dimensional compact and connected GRRAS (M”, g, Vo, f),
n > 2, of positive scalar curvature t, satisfies

2

T T
Af=— . 40
f n—lf+n(n—1) (40)
Then (ii) in Lemma 1, implies
1
div(SVo)=—-mn—-1Af + EA‘L',
which in view of equation (40), changes to
. 2 1
d1v(SVa)=rf—7+§Ar. (41)
Next, choosing a local frame {Xj, .., X;} for computing
div(SVo) =Y g(Vx;SVo,Xj) =Y g((VS)(Xj, Vo) +S(Vx;Vo), X))
J J
and using symmetry of S and equation (14), we arrive at
div(SVo) =) _"g(Vo,(VS) (Xj. Xj)) + > _ g (Hs Xj. SX))
J J
1
=-8(Vo, VD) + > g(Ho X, SXj).
J
Now, employing equation (10) in the form H, = fI — S in the above equation, we derive
1
div(SVo) = 58(Vo, V) + fr—|SI?
and combining it with equation (41), we conclude
1 2 1
Sg(Vo, VD) + fr—|SIP=1f - — + S At
2 n 2
and did we reach at a crucial step
1 , T2 o1
—g(Vo,Vr)=|S||- — — + = AT?
2 n 2
Yes, we did, as now we could integrate above equation and use Lemma 2, with n > 2 to declare
n T2 72
[|rie=2e[ = [ (nsu2 - —).
n—2 n n
Mn Mn
Now applying role of the equation (17), above equation changes to
2 / [Ric ¢ ’2 —0
n—2 nsl ="
Ml’l
proving that
T T
Ric=—g, S=-I (42)
n n

Then, with similar arguments as in Theorem 3 for n > 2, we get that 7 is a positive constant say n(n — 1)c, that is, we have
S = (n — 1)cl. Employing this information in equation (10), and using Lemma 1, we conclude

T A
Ho:fl—(n—l)clz(f—E)I:Tol, (43)
which yields

12
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(VHo) (E,F) = %E(AG)F, E.Fed(M").

Inserting above equation in equation (15), we have

R(E, F)Vo = % (E(AG)F — F(AG)E), E,Fed(M"),

which yields

n—1
Ric(F,Vo) = —TF(AO').
Thus, combining above equation with equation (42), we conclude

T n—1
—Vo=——V(Ao0),
n n

which on using T =n(n = 1)c, yields V (Ao +nco) =0 and therefore, on connected M", we have Ao + nco =¢c, where ¢
is a constant. We have

Ao =¢—nco (44)

and on defining o =¢ —nco, we see that ¢ is a nonconstant function as o is being potential function of nontrivial GRRAS
(M", g, Vo, f), we conclude

Vo = —-ncVo, Ao =-—-ncAo.

Thus, for E € ® (M"), and in view of equation (43), we have
HzE = —ncHgsE = —CcAOE,

which on using equation (44), gives
Hz = —c(c —nco) = —cal,

where @ is nonconstant function and c is a positive constant. Hence, the GRRAS (M”,g, Vo, f) is isometric to S"(c) (cf.
[27D).

Conversely, suppose a compact and connected n-dimensional, n > 2, GRRAS (M“, g, Vo, f ) is isometric to S"(c). Then,
we know that through equation (5), that we get the GRRAS (S” (c),g, Vo, f) with associated function f =(n—1) —o)c.
Clearly, the scalar curvature Tt =n(n — 1)c > 0 and as Ao = —nco, we get

Af=—cAo =nc’oc =nc((n—1)c— f) (45)
Also, we have

T e T nefn- D@ =ne(@— Do f
m— nn—1) nc nn )c“ =nc((n )c ),

which on combining with equation (45), gives

2

T T
Af:_n—lf+n(n—1)

and this finishes the proof. O

Remark 3. We note that some of our integral conditions bear a partial formal resemblance to certain inequalities appearing in [25]
using Ahlfors Laplacian methods, though the derivations there use analytic tools related to the Ahlfors Laplacian. Here, the inequalities
arise naturally through the geometric structure encoded in the connector 8, thus providing a complementary viewpoint.
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