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Abstract: We aim to examine the influence of the existence of a nonzero eigenvector { of the de-Rham
operator I on a k-dimensional Riemannian manifold (N¥, g). If the vector ¢ annihilates the de-Rham
operator, such a vector field is called a de-Rham harmonic vector field. It is shown that for each
nonzero vector field ¢ on (N k g), there are two operators T; and Y, associated with , called the
basic operator and the associated operator of g, respectively. We show that the existence of an
eigenvector { of I on a compact manifold (N, g), such that the integral of Ric(¢,{) admits a certain
lower bound, forces (Nk, g) to be isometric to a k-dimensional sphere. Moreover, we prove that the
existence of a de-Rham harmonic vector field { on a connected and complete Riemannian space
(N*, ¢), having div({) # 0 and annihilating the associated operator ¥¢, forces (N k, ¢) to be isometric
to the k-dimensional Euclidean space, provided that the squared length of the covariant derivative of
{ possesses a certain lower bound.

Keywords: de-Rham operator; eigenvector; k-sphere S’C‘; Ricci curvature; manifold; harmonic
vector field

MSC: 53C20; 53C21; 53B50

1. Introduction
We abbreviate a k-dimensional Riemannian manifold (N K, g) by k-RM (N K g). There
are several operators acting on smooth vector fields on a k-RM (N k g) , k > 2, these being

associated with the geometry of k-RM (Nk, g), and among them, some are naturally
associated with the metric g, namely the Ricci operator and the shape operator (in the
case where k-RM, (N k g) is treated as hypersurface of an ambient Riemannian manifold).

An interesting observation made by Gray cf. [1]) is that the Ricci operator is of central
importance when defining various classes of remarkable manifolds, the most natural being
Einstein spaces. Similarly, the hypersurfaces in a Riemannian manifold are classified
according to the behavior of the shape operator.

Given a smooth vector field { on a k-RM (N k, g) , there is a symmetric operator T
defined by
(£28) (X1, X2) = 28(T(X41), X2), (1)

for X1,X, € Q (Nk>. Here, Q (Nk) denotes the set of all smooth vector fields on N¥. We

call this operator T; : () (N k > — 0 (N k) , the basic operator of . Obviously, the operator
T; is symmetric and it plays a key role in characterizing the geometry of {. We recall
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that  is Killing if T; is the null operator, and it is well-known that Killing fields have a
fundamental role in modeling the geometry of k-RM (N K, g) on which they live (cf. [2-10]).

Also, we say that { is a conformal vector on an k-RM (N K, g) if the basic operator T; is a

scalar, namely Tg = ¢ for smooth functions ¢ on N¥ is called the conformal factor, and it is
known that conformal vector fields play very important roles in investigating the geometry

of k-RM (N k, g) on which they exist (cf. [7,11-22]).
Given a smooth vector { on an k-RM (Nk, g ), there is a second-order differential

operator V2( : Q(Nk) X Q(Nk) — Q(Nk) defined by (cf. [23-25])
(Vzg) (X1, X2) = Vx, V,{ = Vv, %,0, X1, Xz € Q(Nk),

where V stands for the Riemannian connection on the k-RM (N K, g) . Similar to Obata’s

differential equation (cf. [21,22,26,27]), the authors of [25] considered the differential
equation

(V20) (X1, X2) +A8(Z, X1)X2 =0, X1, X, € O(NF), @
showing that, for { # 0 on Nk, and for the positive constant A, the above differential
equation provides a necessary and sufficient condition for a complete and connected k-RM
(N K, g) to be isometric to the k-dimensional sphere with a constant curvature A. The rough

Laplace operator A : ) (Nk) -0 (Nk> is defined to be the trace of the operator V2, that
is,

k
8z =Yy (V2Z) (. F), @)
j=1

where {Fj, .., F} is a local orthonormal frame on (Nk, g). Note that, in [25], a significant
relationship was stated between A and V2g.

Recall that on a k-RM (Nk, g), the Ricci operator Q : () (Nk) — Q(Nk) is defined
using the Ricci tensor Ric by

2(QX1, Xp) = Ric(Xy, Xa), X1, Xp € Q(N").

Clearly, Q is a symmetric operator (cf. [11,28,29]). In this work, we are interested in

investigating the properties of the de-Rham operator I' on an k-RM (N K, g) . Recall that we
have T : Q) (Nk) -0 (Nk), defined by (cf. [7])

I=Q+A, @)

where A is the rough Laplace operator on k-RM (N K, g) . The de-Rham operator is used to
characterize vector fields with an associated tensor T; that is null; that is, it characterizes
Killing vector fields. A vector field { on k-RM (N K, g) is said to be an eigenvector of I if

for some constant a.

Next, we show that on the k-dimensional sphere Sk with a constant curvature c, there
are nonzero vector fields, which are eigenvectors of the de-Rham operator I'. Considering
Sk as a hypersurface of the Euclidean space E+! with the unit normal ¢ and the Weingarten
map — \/cI, a nonzero constant vector field u on the Euclidean space EFt1 makes it possible
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to write u = { + & where ¢ = (u,¢) and { is the tangential projection of u to the sphere SX.
Then, we let ¢ be the induced metric on the sphere Sk and V be the Riemannian connection
on Sk. By differentiating equation u = { + o¢ with respect to a vector field X on S¥, we
obtain

Vx{ = —VeorX, Vo=+/c, ©)

where Vo stands for the gradient of ¢. The last equation easily implies that
(V%) (%1, %) = —VeXa(@)Xa, X1, Xz € O(SF)
and taking the trace of the preceding equation, we derive

AL = —\/cVo,

and in view of (5), we obtain
AL = —cC. (6)

But, the Ricci tensor of the k-dimensional sphere Sk is expressed as Ric = (k — 1)cg,
and consequently, the Ricci operator Q of SK satisfies the identity

QC = (k—1)c. @)
Thus, Equations (4), (6) and (7) imply that
[(0) = (k=2)c, ®)

that is, { is an eigenvector of I' on Sk. Further, as  is induced by a nonzero constant vector
u of the Euclidean space E**! on the k-dimensional sphere S, it is easy to deduce that

¢#0.

The above remarks on the k-sphere Sk raise a natural question: Under what conditions

is a compact and connected k-RM (N K, g) admitting a nonzero vector field  satisfying

[(¢) = (k=2)cg

for some constant ¢ > 0 isometric to S§?
A vector field ¢ on an k-RM (Nk, g) with I'(¢) = 0 is called a de-Rham harmonic.

There are many k-RM (N K, g) which admit de-Rham harmonic vector fields. For example,

on the k-dimensional Euclidean space EX, the vector field ¢ is defined as
i E
¢ = ]/] i )
j=1 ay/

where i, .., y* are Euclidean coordinates on EF satisfying I'(¥) = 0, that is,  is a de-Rham
harmonic. Similarly, a k-dimensional Ricci soliton (N, g, {, A) with the potential field ¢ is

also a de-Rham harmonic (cf. [11,14]). Also, a vector field ¢ on an k-RM (Nk, g) that has

the basic operator T; = 0 is a de-Rham harmonic vector field, as the Killing vector field is a
Jacobi-type vector field (cf. [14], p. 45). These considerations raise yet another question:

Under what conditions is a connected and complete k-RM (N K g) admitting a nonzero
de-Rham harmonic vector field isometric to the Euclidean space E¥?

We answer these questions in Sections 3 and 4 of this paper. Concerning the first
question, we state that any connected and compact k-RM (Nk, g), k > 2 admitting a

nonzero eigenvector ¢ of I' with I'({) = (k — 2)c( for some constant ¢ > 0 and the integral
of Ric(g, {) having a certain lower bound provides a characterization of the k-dimensional
sphere S (cf. Theorem 1). Also, concerning second question, we prove that if there is
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a de-Rham harmonic vector field { on a connected and complete k-RM (Nk, g), k> 2,
with div({) # 0 and such that the squared length of V{ has a certain lower bound, then
(Nk, g) is isometric to EX, and the converse statement also holds (cf. Theorem 2). We

would like to emphasize that many geometric characterizations of spheres and Euclidean
spaces have been obtained in previous decades, the most recent being obtained through
some remarkable differential equations developed by Al-Sodais and the authors of the
present paper (cf. [30,31]).

2. Preliminaries

Let { be a smooth vector field on an k-RM (Nk, g). Then, we can see, through

Equation (1), that there is the basic operator T; of the vector field {. We denote by a the
1-form dual, which is dual to g, i.e., a(X) = g(X, (), and define a skew symmetric operator

Y:Q (Nk) —Q (Nk> , called the associated operator of { by
da(Xy, Xa) = 29 (¥ (X1), X2), X1, Xa € Q(Nk). (10)

Then, using the Riemannian connection V on k-RM (N k g) , we obtain that, for any
X1, X €Q (Nk>, we have

28(Vx, 0 X2) = 8(Vx§ X2) +8(Vx,0 X1) +8(Vx G X2) = 8(Vx, 0, Xa)
= g([X1, 8]+ VXq, Xo) +g([Xa, 0] + Vi Xa, X1)
+X1(8(8, X2)) — 8(8, Vx; X2) — X2(g(g, X1)) + (¢, Vx, X1)
= {(g(X1,X2)) +g([X1,¢], X2) + g([X2,¢], X1)
+X1(a(X2)) — Xo(a(X1)) — a([X1, X2])
= (£28) (X1, X2) +da(Xq, X)
= 28(Tz(X1), X2) +28(¥(X1), X2)

and we conclude that
Vx{ = T;(X) +¥;(X), Xe Q(Nk). (11)

We define a function o : N¥ — R by

k

o =Y s(T(E).F), 1)

j=1

where {Fj, .., F; } is the local orthonormal frame on k-RM ( N k g ). Then, as the associated
operator ¥; of { is a skew symmetric operator, using Equation (11), it follows that

div{ = 0. (13)

Also, we define

7" = L (e ) e(6), ¥l = L), #:(5))

]

and

k
Ive|? = ];g(vp,@, VEQ)-
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Lemma 1. For a smooth vector field onak—RM( , g)
o2 1
|Tc = || = 192l = ¥ - o>
Proof. Using Equation (11), we derive
T, (X) — %X = Vx{ — ¥ (X) — %X, X e Q(Nk)
and by choosing a local frame {Fj, .., F,} on N k we conclude that
o2 k o
=51 = ;( () = 2 Te () = 16)
k
- LT v ) o

k
ag ..
921 + 9|2+ 20— 2%divg ~2 ) (Ve ¥ (F)),
j=1
where we have used the skew symmetry of ¥;. Note that as T; is symmetric, while ¥; is
skew symmetric, it follows that
k

L 8(Te (Fy), ¥e(F)) =0
]:

and by employing this information in Equation (14), while using Equations (11) and (13)
we obtain

o2 1
|7 = 21| = 198 + ¥ - Lo — 2%

which proves the Lemma. O

Next, by making use of the expression of the curvature tensor field on N

R(X1,X2)X3 = VX, Vx, X3 = Vx,Vx; X5 — Vix, x,) X3, X1, X2, X5 € Q(Nk)
and Equation (11), we compute

R(X1, X2)¢ = (Vx, Tp) (X2) = (Vi Tp) (X3)
+ (Vx¥g) (X2) = (Vi ¥e) (Xa), (15)
where, for an operator S, we have
(Vx,5)(X2) = Vx,S(X2) — S(Vx, X2).

The Ricci tensor of k-RM (N K, g) , denoted by Ric, is given as

k

Zg(R(Fj,Xl)XZ,F)

i)s
=1

Ric(X1, Xp) =

and due to (15), we find that

Ric(X, Q) =

zg((wg) X) = (VxT7) () + (V£ ¥c) (X) — (Vx¥) (F), F)
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Using the symmetry of T; and the skew symmetric of ¥; in the above equation, as
well as (12), we deduce that

Ric(X, ) = ( i(w TC> > ~ X(0) —g(X,Ji (Vp].‘I’C) (F]-)>. (16)

Thus, we derive

k k
Q) = ~Vo+ Y (V5T ) (F) - Y (Ve¥e ) (), (17)
j=1 j=1
where {Fy, .., F; } is a local frame on k-RM (Nk, g) .
Also, using Equation (11) in the second-order differential operator

(Vzg) (X1, X2) = VX, V0 = Vv .0,
we obtain
(V20) (X1, %2) = (V, T2) (X2) + (Vi ¥e) (X2), X1, X € Q(NF)

and consequently

Af = Z (VF] TK) ( ) + Z (VFJTC.) ( ) (18)

3. Characterizing Spheres
In this section, we use an eigenvector { # 0 of the de-Rham operator I' on a compact
k-RM (N K, g) with the corresponding eigenvalue nonzero, namely I'({) = (k — 2)c{ for

some constant ¢ > 0 with a suitable lower bound for the integral of Ric({, {) in order to
discover a new characterization of the k-dimensional sphere Sk. It is worth noting that,
usually, the spheres are characterized by making use of Killing vector fields and conformal
vector fields due to the fact that the defining equations for these remarkable vector fields
ease the study, enabling us to reach the goal. However, demanding solely that a vector field
be an eigenvector of a basic operator is geometrically less convenient than the geometric
conditions involved in the definition of Killing or conformal vector fields. Our following
result is unique in this direction.

Theorem 1. A vector field { # 0 with the associated operator Y on a connected and compact k-RM
(Nk, g), k > 2 satisfies T({) = (k — 2)c{ for some constant ¢ > 0, and the Ricci curvature satisfies

. k=1, ..
[ R0 = [ | aver ¢ el
Nk Nk

if and only if (N*, g) is isometric to SE.

Proof. Suppose that { is a nonzero vector field with the associated operator ¥; on a
compact and connected k-RM (Nk, g) , k > 2 that satisfies I'({) = (k — 2)c{ and that

/Ric(g,g) > /[k;l(divé)2+u‘1’gH2 . (19)
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By integrating the equation in Lemma 1, we have

[llre= 1 = [ (1ver - et - 3e2). o)
Nk NG

Now, using a well-known integral formula (see [32])

/(Rlc(g ¢+ |£cg| IVCIIZ—(dngf) _

Nk

in Equation (20), we obtain
/HQ_JH _/(ngg ~JEcsf? — (div)? - e _(72>

which, after employing Equation (13), yields

lr= i = [ (recor+ i - - (57)).

Also, by Equation (1), we derive

1 2 2
e =2/

and (21) reduces to

Jle=5 = ] (e vz - - (1)) e

Note that

51 = Ll - hne - )

and using (12), we derive
HTr*IH = || **‘7

Combining the preceding equation with (22) yields

/HTg—JH —/<R1C 7,0) +2HTC—4H + 0 2 ||| - <kJ1:1>‘72>

or, equivalently,

Jlre=gl = J((57 )+ eef) - [ e e
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By using Equation (13) in the inequality (19) and by using it in Equation (23), we

conclude that
JERRE
Nk

which yields

T, = - L. (24)

g
k

Thus, by using a local frame {Fj, .., F;} on k-RM (N K g) in the preceding equation,
we deduce that

(V5T:) () = %Fj(U)Fj.

Hence,
k

Z (Vp/fg) (F]) = %VU.

j=1
By inserting the above equation into Equations (17) and (18), we conclude that
k—1 k
Q) = —~——=Vo - Y (V5¥) (F)

and
1 k
A = 2Vo+ ) (Vi ¥e) ()
j=1
Thus, we find that
k-2
Q) = —TVO'

But, from the hypothesis, we have I'({) = (k — 2)c{ and by virtue of the fact thatk > 2,
we conclude that

Vo = —ck(. (25)

Note that ¢ > 0 and ( is a nonzero vector, so the above equation implies that o is a
non-constant function, Now, by differentiating Equation (25) while using Equations (11)
and (24), we arrive at

VxVo = —ck(%X+‘I’§(X)>, X € 0(N¥).

Taking the inner product from the preceding equation with X and by using the skew
symmetry of ¥, we derive that

g(VxVo, X) = —cog(X, X).
After polarization, the above equation yields
g(Vx, Vo, Xo) = —cog(Xy, Xz), (26)
where ¢ > 0 is a real constant, while ¢ is a non-constant function. Hence, by using the

result of Obata (cf. [21,22,27]), from Equation (26), we see that (Nk, g) is isometric to S’C‘.

Conversely, suppose that (N K, g) is isometric to SX. Then, we can see that there exists

a nonzero eigenvector ¢ of the de-Rham operator on S¥ with the required eigenvalue. Now,
we need to show that (19) holds on S’C‘ for the vector field . Using Equation (5), we derive
that

Ao = div(Ve) = —/cdiv{ = —kco.



Mathematics 2023, 11, 4942 9 of 15
Hence,
AT = —kea?,
and this implies that
/HVU’HZ = kc/az. (27)
sk sk
Moreover, by Equation (5), we see that
div(g) = —ky/co (28)
and with the vector field { being closed on Sk, we have
Y, =0 (29)

Using the expression for the Ricci tensor of the sphere S¥, we have

Rie(¢,) = (k= 1)el|P
and after inserting Equation (5), we obtain
Ric(¢,¢) = (k= 1)|[ Ve
By integrating this equation and using Equations (27)—(29), we reach
. k=1, . 2

[ Ricte0) = [ [ @ivo? + |

sk sk
and this finishes the proof. [

4. Characterizing Euclidean Spaces
In this section, we use a de-Rham harmonic vector ¢ # 0 on a connected and complete
k-RM (N K, g) that annihilates ¥; as well as a suitable lower bound for the squared length

of V{ to find a new characterization of the k-dimensional Euclidean space E. Indeed, we
prove the following;:

Theorem 2. A connected and complete k-RM (Nk, g), k > 2 is isometric to the Euclidean

space EX, if and only if (N, ¢) admits a de-Rham harmonic vector field { # 0 with div () # 0,
annihilating the associated operator Y¢, and the length of V satisfies

1
IV > [¥e]* + o

Proof. Suppose that { is a nonzero de-Rham harmonic vector field with div({) # 0 and the
associated operator ¥; on a complete and connected k-RM (N K, g) , k > 2 that annihilates
¥, that is,

Y:(0)=0 (30)

and the length of V{ satisfies
1
IVl > ¥l + o (1)
Using the inequality (31) in Lemma 1, we conclude that

T, = —I. (32)

g
k
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Hence,
k

L(V4Te) (5) = 70
j=1

for a local frame {Fj, .., F;} on the k-RM (Nk, g). Thus, Equations (17) and (18) take the

forms '
k-1
Q) =~ Vo= L (V5 ¥e) (F)
]:
and
1 k
Al = EVO’—!— Z(Vp,‘f’g) (l:])
j=1

But, by using I'({) = 0 and the last two equations, we derive that

k_TZVa: 0.

As k > 2, the preceding equation implies that ¢ is nothing but a real constant, say c.
Now, by combining Equations (11) and (31), we have

Vxi = X+¥(X), Xe Q(N ) (33)
Define a function p : N¥ — R by

_ L
o=5lcI?
which, after differentiation and with the use of Equation (33), leads to

X(p) = g(%X—l—‘I’g(X),@), X e 0(NH),

Using Equation (30), we conclude that
c

But, div({) = ¢ # 0 and { # 0 imply that the function p is non-constant. By differenti-
ating Equation (34), and using (33), we obtain

VxVp = %(%X+‘Pg(x)), X e 0(N¥).

Taking the inner product in the preceding equation with X, since ¥ is skew symmetric,

we deduce that
¢(VxVp, X) = ag(X,X), Xe€ Q(Nk>,

where the constant a is given by ak? = c2. Therefore, a is a nonzero constant. By polarizing
the last equation, we deduce that
Hess(p) = ag,
where p is a non-constant function, and a is a nonzero constant. Hence, (N k, g) isometric
to the k-dimensional Euclidean space EF (cf. [33]).
Conversely, suppose that (Nk, g) is isometric to the Euclidean space E¥. Then, &
defined by (9) satisfies

(vzg) (X1,X2) =0, X1, X € Q(Ek>,
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and thus we have
AE = 0.

Also, as the Euclidean connection is flat, we have Q(¢) = 0. Thus, I'(¢) = 0, thatis, {
is a nonzero vector field on EF that annihilates the de-Rham operator. Moreover, by using
Equation (9) with respect to the Euclidean connection V on E, we have

V=X, X¢ Q(Ek), (35)
which gives div (&) = k # 0. Also, Equation (35) expresses that the vector field ¢ is closed.

Thus, we have
Ye=0. (36)

Moreover, from (35), we see that the basic operator Tz associated with ¢, as suggested
by Equation (1), satisfies

3(X1, %) = g(Te(X1), Xa), X, Xz € Q(EY),

where g stands for the Euclidean metric on EF. Thus, the basic operator is given by

Tr=1
and consequently,
o= f{g(Tg(Fj),Fj) =k (37)
j=
Finally, the Equation (35), gives
IVE|* = k. (38)

By combining Equations (36)—(38), we obtain that ¢ satisfies
2 2,1,
19517 = [ ¥ + o
and this ends the proof. O

5. Examples

Example 1. Suppose that { is a Killing vector field on a Riemannian manifold (Nk, g). Then,
according to Equation (12), as T; = 0, we have

Vx{ = Y¥:(X)

and o = 0. Then, Equations (17) and (18) imply that
k
Q) = - Y- (V5 ¥e) ()
=1
and

8= (V5% ) (F).

k
j=1

By combining these two equations, we realize that
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that is, a Killing vector is an eigenvector of the de-Rham operator corresponding to an eigenvalue

of 0.

Example 2. Consider a k-dimensional Ricci soliton (Nk, 8.0, /\) (cf. [11]). Then, for the potential
field ¢, T; = Al — Q, and the Equation (12) takes the form

Vx{=AX—-Q(X) +¥¢(X)
and o = nA — T, where T is the trace of Q. Thus, Vo = —V 1 and by using
k
1
L (750) (F) =59+
j=1
we see that Equations (17) and (18) imply that
k

Q) = %VT =Y (Ve¥) (F)

j=1

and
1 k
AL = —EVT—F g(ij‘i’g) (Fj).
]:

Thus, T'(C) = 0, and thus, the potential field  is an eigenvector of the de-Rham operator correspond-
ing to an eigenvalue of 0.

Example 3. Consider a k-dimensional connected Riemannian manifold (N¥, ¢), k > 2, that admits
a nonzero concircular vector field { and that the Ricci curvature of (N*, g) in the direction of { is a
constant ¢, that is,

Ric(Z,0) = c|]* (39)

Then, it follows that
Vx¢ = pX, (40)

where p is a smooth function. Then, it follows that T; = pI, ¥; = 0 and 0 = kp, Vo = nVp.
Then, Equations (17) and (18) imply that

Q) =—-(k—=1)Vp

and
Al = Vp.

Thus,
I'(g)=—(k—2)Vp. (41)

Now, using T; = pl, ¥; = 0 and Equation (15), we arrive at
R(X1, X2)0 = X1 () X2 — Xa(p) X1,

that is,
R(X1,0)¢ = X1(p)C — C(p) X1 (42)

and as R(X1,{){ is a symmetric operator, it follows that

X1(0)8(, X2) = Xa(0)g(g, X1), X1, Xz € Q(Nk),
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The above equation implies that

X(p)C = 8(¢, X)Vp, X € Q(N),
that is,
2
&&= liclve.
Thus, the vector fields  and ¥V p are parallel, and therefore, there is a function f such that
Vp = f¢. (43)

Inserting this information in Equation (42) leads to

R(X1,0)¢ = f{8(€, X1)¢ — Ig]*X |
and this equation implies that

Ric(Z,0) = — (k= 1)f|1¢]>

Combining it with Equation (39) and as NF is connected and { # 0, we derive —(k—=1)f=c
Hence, from Equations (41) and (42), we have

Hence, ¢ is an eigenvector of the de-Rham operator with the eigenvalue %c. Note that such
concircular vector fields exist on the warped product S' x g S¥=1, where 6 is a positive function on

the unit circle S1.

6. Conclusions

In this work, we observed that a nonzero eigenvector of the de-Rham operator I' on a
k-RM (N K g) could be used to obtain characterizations of a sphere as well as a Euclidean
space. The scope of study initiated in this paper extends two of our recent works [30,31]

on the characterizations of spheres and Euclidean spaces using a remarkable differential
equation called the Fischer-Marsden equation, which is given by

(Ao)g + oRic = Hess (o) (44)

on a k-RM ( Nk, (cf. [34]). Recall that, as shown in [30], a compact k-RM NF,
8 p 8

admitting a non-trivial solution to (44) necessarily has a constant scalar curvature. In this
article, we worked in a more general context, focusing not on the rough Laplace operator A
that appears in Equation (44), but on the de-Rham operator I' defined in Equation (4) as
the sum of the Laplace operator A and the Ricci operator Q. Consequently, we abandoned
the investigation of the Fischer-Marsden equation in this work, concentrating on the

eigenvectors of the de-Rham operator, i.e., the vector fields on a k-RM (Nk, g) satisfying

the equation I'(¢) = a{ for a constant a. But, it is known that, on a k-RM (Nk, g), each
nonzero vector field { has the basic operator T; and the associated operator ¥; and the
smooth function ¢ : N¥ — R defined by Equation (12). Using this, we proved that a
compact manifold (N¥, ¢), k > 2 with a nonzero eigenvector { of the de-Rham operator
I' and the integral of the Ricci curvature Ric(g, () with a suitable lower bound provide
necessary and sufficient conditions for (N¥, ¢) to be isometric to the sphere SK. We also
demonstrated that a complete and connected Riemannian manifold (N¥, ¢) with a nonzero
de-Rham harmonic vector field ¢ with div(g) # 0 that annihilates the associated operator
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¥ and the squared length of the covariant derivative of { possessing a suitable lower
bound give a characterization of the Euclidean space E.

For further investigations, it will be interesting to see whether the smooth function
o corresponding to the vector field { yields interesting information on the geometry of
(N K, g) . We could simultaneously impose some suitable restrictions on the operators T;
and Y, respectively, to facilitate this study.
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