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Abstract. Starting with IL as an enriched clpremonoid, in this paper, we explore some categor-
ical connections between L-valued topological groups and Kent convergence groups, where it is
shown that every LL-valued topological group determines a well-known Kent convergence group,
and conversely, every Kent convergence group induces an L-valued topological group. Considering
an LL-valued subgroup of a group, we show that the category of L-valued groups, L-GRP has ini-
tial structure. Furthermore, we consider a category L-CLS of L-valued closure spaces, obtaining
its relation with IL-valued Moore closure, and provide examples in relation to L-valued subgroups
that produce Moore collection. Here we look at a category of L-valued closure groups, L-CLGRP
proving that it is a topological category. Finally, we obtain a relationship between L-GRP and
L-TransTOLGRP, the category of L-transitive tolerance groups besides adding some properties
of LL-valued closures of LL-valued subgroups on LL-valued topological groups.
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1. Introduction

We have investigated a notion of L-valued topological groups in [3], where we considered
LL-valued subgroup of a group. Various aspects of L-valued subgroups of groups are studied
over the years by various authors, cf. [11, 23, 25, 26, 29] but its categorical behaviors are
explored in a certain extent in recent times [26], although the category of fuzzy sets being
studied for quite a long time, cf. [14, 33]. In [3], we also considered L-valued closure of an
LL-valued subgroup of a group in the context of L-valued neighborhood groups, where the
lattice under consideration was a complete MV-algebra with square roots.

Although our main objective of this paper is to explore further LL-valued subgroups from
categorical view point and study category of LL-valued closure spaces vis-a-vis category of
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IL-valued closures groups in conjunction with IL-valued topological groups, we add some
results on the connection of L-valued topological groups and classical Kent convergence
groups. However, we mainly focused on the impact of LL-valued closure structures on L-
valued topological groups instead of convergence groups. We arrange our work as follows.
In Section 2, we give a short survey on L-valued structures that we used in the text.
The idea of convergence spaces and their connection to topological spaces is quite old,
cf. [4-7, 10, 13, 20, 21, 27, 28]; following the concept of the compatibility of convergence
structures with groups structures as proposed by D. C. Kent [20], for the first time,
we explore a connection between the categories of L-valued topological groups and Kent
convergence groups, this is done in Section 3. We introduce the concept of L.-valued closure
space, and LL-closure of L-valued subgroup of a group in Section 4; we also introduce
here a category of L-valued closure groups - a topological category. With the help of
connections, as presented by L. N. Stout in [32] and C. L. Waker in [33] between the
categories of L-SET and L-TOL, the category of L-valued tolerance spaces [32], we prove
a connection between L-GRP, category of LL-valued subgroups, and L-valued transitive
tolerance spaces, L-TranTOL. Section 5 is devoted to study properties of L-valued closure
of IL-valued subgroups in the context of L.-valued topological groups, where some properties
from groups are taken into consideration.

2. Preliminaries

Throughout the text we consider L. = (L, <) a complete lattice with T, the top element
and 1, the bottom element of L.

Definition 1. [16, 17] A triple (L, <,%), where x: L x L — L is a binary operation on
L, is called a GLL-monoid if and only if the following holds:

(GLM1) (L, %) is a commutative semigroup;

(GLM2)Va e L: ax T = a,

(GLM3) % is distributive over arbitrary joins:

v o* (VkGK O[k) = \/k‘GK(’Y * Oék), fOT k € K7 ag, Y € L}'
(GLM}) for every v < « there exists B € L such that v = «a* 3 (divisibility).

The triple (L, <, *) is called a commutative quantale if (GLM1)-(GLM3) are fulfilled. If
* = A, then the triple (L, <, A) is called a frame or a complete Heyting algebra.
For a commutative quantale, the implication operator —, also known as residuum, is given

by

—:LxL—L a—=pg=V{yellaxy <}
A GL-monoid (L, <, ) is called a complete MV-algebra if

Va €L, (a - L) — L = a (double negation).

This means, in particular, that the unary operation -: L. — L,a — —-a = o — 1 is an
order-reversing involution.
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Definition 2. [16, 17] A triple (L, <,®), where ®: L x L — L is a binary operation on
L, is called a co-premonoid if and only if the following conditions are fulfilled:

(CP1) Vay,ag, 1,82 € L: oy < 1 and ag < fa implies oy @ ag < 1 ® Po;
(CP2)Vael: a<a®T anda < T ® a.

The category COPML consists of all co-premonoids as objects and morphisms as the
mappings ¢: (L1, <y, ®1) — (L2, <2, ®2) satisfying the following conditions:
(CPM1) ¢ preserves arbitrary joins;
(CPM2) ¢ (a ®1 ) = 1(a) ®2 (), Va, o’ € Ly;
(CPM3) ¢ preserves universal upper bounds; i.e., ¢(T) = T.

Definition 3. [16, 17/ A co-premonoid (L, <,®) is called a cl-premonoid if and only if

(CP3) v ® (\/keK ak) = Vier (Y ® ag), and (\/keK ak) @7 = Ve (ax @) for K #10,
ke K, ag,v €L, is satisfied.

Definition 4. [16, 17] The quadruple (L, <,*,®) is called an enriched cl-premonoid if
and only if the following are fulfilled: (CLP1) (L, <,%) is a GL-monoid;

(CLP2) (L, <,®) is a cl-premonoid;

(CLP3) % is dominated by ®: Yo, 3,7,0 € L,

(@®B) % (1) < (ax7) ® (B%0).

Definition 5. [16, 17] A GL-monoid (L, <,x) is said to have square roots if and only if
there exists a unary operator S: L. — L such that the conditions below are satisfied:
(S1) S(a) x S(a) = a, Vo € L;

(S2) B* B < a implies < S(a).

Since the formation of square roots is uniquely determined by (S1) and (S2), S(«) is also
written as a%.

A GL-monoid with square roots satisfies (S3) if it fulfills the following axiom:

(S3) (a*ﬁ)% = (a% *B%) viz, Vo, B € L.

If L = (L, <, %) is a GL-monoid with square roots, then the monoidal mean operator
®: L x L — L is given by

a@ﬁ:a%*B%,Va,BGL.

An enriched clpremonoid L = (L, <, %, ®) is said to be pseudo-bisymmetric if it satisfies
the following axiom:

(axpB)@ (y*6)=(a7)*(Bx))V({(eadl)*(BaT)) V({(Ley)*(Txd§)),
Ya, ,7,6 € L.

Remark 1. [16, 17] (1) If (L, <, %) is a GL-monoid with square roots, satisfying (S3), and
® is the monoidal mean operator ®, then the quadruple (L, <, *, ®) is pseudo-bisymmetric.
(2) If the cl-premonoid operation ® is identical to the quantal operation *, that is, ® = x,
then the triple (L, <, *, ®) is pseudo-bisymmetric.
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Proposition 1. [18] Let (L,<,*) be a GL-monoid. Then the following are fulfilled
Vo, B,7,0, a5, Bj,7; € L:

(1)a<pB—oyeaxf<~y;

(2) ax(a— B) < B;

(B)a<f=a—=>v<B—>m

(4)a<B=v—a>y—p;

(5) (= B) =B =>a;

(6) ax (B —=7) <B—(axy);

(7) o= (Njes Bi) = Njes (o = Bj);

(8) (Vjes5) = B = Njes(a; = B);

(9) if a, 8 € L with o < 3, then for any vy €L, yxa < v [3;
(10) Njey (o % v5) = (/\jeJ O‘j) * (/\jeJ ’YJ‘);

(11) (o = ) x (B = 0) < a* = v 0

(12) a<pesa—p=T;

(13)a - T =T, T wa=a«a,and L »a=T.

In what follows, the quadruple L = (L, <, *, ®) (or simply L) is assumed to be an enriched
cl-premonoid, where * is reserved for the GL-monoid operation, ® is for cFpremonoid,
unless otherwise specified. The set of all L-sets or L-valued sets and is denoted by LX (=
{v: X — L}). If f: X — Y is a function, then f<: LY — ¥ is defined for any u € LY
by f<(u) =po f;and f7: LX — LY is defined by

7 W)y) = Viv(@)[f(z) =y},

forallv e LX,y €Y.
If - is a binary operation on a set X, then we define the binary operation ® on LX as
follows. For v, € LX and 2z € X

v O va(z) = VH{n(@) x ()| =,y € X,w -y = 2}

usually, we write zy instead of z - y. If 11,15 € L, and —, %, ® are operations on L as
explained before, then these operations are carried over to LX point-wise:

(i) (1 = 12)(x) = w1 () = va();

(i) (11 * v2)(x) = v1(z) * va(x);

(iii) (11 @ 12) (z) = v1(x) ® 1a(z), Vo € X.

Definition 6. [17, 18/ A map F:LX — L is called an L-valued filter on X if and only
if the conditions below are satisfied:

(LF]) ]:(Tx) = T, F(Lx) =1 5

(LF2) if v1,v9 € LY with v < o, then F(v1) < F(o);

(LF3) F(v1) ® F(rn) < F(v1 @ ), Yy, ve € LX.

(SL) An L-valued filter F is called a stratified L-valued filter if Vo € L,Vu € LX, a *
F(p) < Flax*p).

The set of all stratified L-valued filters on X is denoted by F/(X). On Ff(X), partial
ordering < is defined by: if F,G € F£(X), then F < G & F(v) < G(v), Vv € LY. If
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x € X, then [z] € F(X), called point stratified L-valued filter on X, and is defined as
[z](v) = v(z), for all v € LX.

If F € F£(X), then the stratified L-valued filter f=(F): LY — L on Y is defined for any
pwelY by

= () = F (7 (1) = Flpo f).
If F e F(Y), then f<(F): LY — L is defined by

FEPNw) = VIFW)lu e LY, f<(n) < v},

for all v € X, is a stratified L-filter on X if and only if for all p € LY, f<(u) = Lx =
Fp) = L.
If v € LX and p € LY, then the product v x p: X x Y — L is defined by:

VX [ =VOpr]*[opry,

where pri: X XY — X, (z,y) —» x and pro : X XY — Y, (x,y) — y are usual projections.
Note that in the preceding definition of product LL-set the operation * holds only for finite
case; otherwise, we need to take x = A.

Proposition 2. [16] If (L, <,*) is a GL-monoid, then for stratified L-valued filters F
and F, the supremum F1V Fy exists if and only if F1(v1) *x Fa(va) = L Vin, 10 € LX such
that v1 * vo = Lx. In particular, the supremum is the stratified L-valued filter defined for
allv € LX by

Fi1V Fo(v) = \{F1(n) * Falva)| v1,va € LY, vy x vy < v},

Let (G,-) be a group. If F € L¥(G), then F~! is defined by F~!(v) = F(v~!), where

v 1 G — Lz — v(z71). Clearly, F1 € F(G), since for any v € LY, 77 (F)(v) =
FO-Ww) = FvY) = F(v), where 3: G — G,z — x~ ! Also, if m: G x G —

G, (g,h) — gh, then for any v1, 5 € L and z € G, m™ (v1 X 1) (2) = Vin(g.n)== (1 X 12) (g, h)
= V= (1 0prixvaopra) (g,h) = Vg, v1 0 pri(g, h) x va o pra(g, h) = Vg—, v1(g)
va(h) =11 © va(z).

Lemma 1. [3]/ Let L = (L, <,%) be a GL-monoid and (G,-) € |GRP|. Then for any
F,.Ge F(X), m7(FxG)=F0oG.

Definition 7. [17] Consider a mapping N: X — LY such that the following conditions
are fulfilled:

(LN1) W (Tx)=T;

(LN2) N (v1) < N (va) for all vy, ve € LY with vy < vy;

(LN3) M (1) @ N*(v2) < N (1 @ va), for all vy, vy € LX;

(LNJ) N*(v) < v(z), for all v € LX;

(LN5)Vz € X and v € LY, M*(v) < \V{N®(p): p e LY, u(y) < D] (v),Vy € X}

(SLN) o« N*(v) < N¥(a *v).

Then 9 = (M*),ex is called a stratified L-valued neighborhood system on X, and the
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pair (X, M = (MN¥),ex) is called a stratified L-valued neighborhood space.

If (X,M) and (Y,0M) stratified L-valued neighborhood spaces, then a map f: (X,MN) —
(Y,0M) is said to be continuous at a point € X if and only if M@ (v) < N® (F<(v)),
for all v € LY.

SIL-NS denotes the category of all stratified L-valued neighborhood spaces as objects and
all continuous maps as morphisms.

Definition 8. [17, 22] Let A C 1L such that the following are fulfilled:

(LT1) Tx,Llx € A;

(LT2) v1,10 €A =11 @y € A;

(LTg) {Vj}jGJ CA= \/jEJ v € A;

(SLT)v e A, a e L= axxv e A.

We call A an L-valued topology on X if it satisfies (LT1)-(LT3), and the pair (X,A) is
called an LL-valued topological space. If A satisfies (LT1)-(SLT) then we call it a stratified
L-valued topology on X and the pair (X,A) or X in short, if there is no confusion, is
called a stratified L-valued topological space; members of A are called open LL-valued sets
or L-valued subsets; the members of O(X) = {& € LX: £° is open} are called closed L-
valued sets or [L-valued subsets, where £¢ is the so-called qusi-complementation of £. Note
that ©(X) is closed under formation of arbitrary infs and finite sups. Furthermore, recall
that the closure of v € LY, denoted by v is defined as: v* = \{0 € O(X): v < 0}.

If (X, A) and (Y,T) are stratified L-valued topological spaces, then a function f: (X, A) —
(Y,T') is said to be continuous if and only if for any o € I, f (o) € A. The category
SIL-TOP consists of all stratified L-valued topological spaces as objects and all continuous
maps between them as morphisms, while the category L-TOP consisting of all L-valued
topological spaces as objects and all continuous maps between them as morphisms.

Every stratified L-valued topology A on X induces a stratified LL-valued neighborhood
system DMa = (NK) as follows:

NE(p) = V{v(@):ve A, v<u}, forall peL¥ and z € X.

Conversely, every stratified L-valued neighborhood system 9t = (0M%),cx on X induces a
stratified L-valued topology Agp on X :

Ap ={v e LX: v(z) <N*(v), Vo € X}.

It follows that the interrelationship between LL-valued neighborhood system and IL-valued
topologies can be viewed as:

velAs vz <N (v), Vee X (t)-

As a consequence of (f) it follows that the continuity between the objects in SL-TOP,
and the continuity between objects in SL.-INS are equivalent concept, cf. [18].
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3. L-valued topological groups and Kent convergence groups

We consider L. = (L, <,*,® = ) an enriched cl-premonoid, where * is a GL-monoid
operation. Let the category of groups and group homomorphisms be denoted by GRP.

Definition 9. Let (X,:) € |GRP| and (X,A) € |SL-TOP|. Then the triple (X,-,A)
is called a stratified LL-valued topological group if and only if the conditions below are
fulfilled:

(LTGM) the mapping m: (X x X, A x A) — (X, A), (x,y) — xy is continuous ;
(LTGI) the mapping 7: (X,A) — (X, A), x — x~1 is continuous.

The category of all stratified L-valued topological groups and continuous group homomor-
phisms is denoted by SL-TOPGRP.

Definition 10. /3] Let (X,-) € |GRP| and (X,M = (MN*),.x) € |SL-NS|.

Then the triple (X, M= (‘ﬁw)xex) is called a stratified L-valued neighborhood group if
and only if

(LNGM) N < NToNY, and (LNGI) N® " < (M)~ are satisfied, where for any & € LC:
N O MN(E) =m™ (N x NY) (§) = V{N" (&) AMW(&): &1,& € LY, & x & <m*(€)).

A stratified L-valued neighborhood system on a group X is said to be compatible with the
group structure of X if and only if the group operations are continuous; i.e., conditions
(LNGM) and (LNTGI) are fulfilled.

The category SIL-NS consists of all stratified L-valued neighborhood groups as objects and
continuous group homomorphisms as morphisms.

Example 1. Let (G, ) € |GRP|, and R': L — L defined by N = A\, cqlz]. Then
the triple (G, -, M) is a stratified L-valued neighborhood group, called indiscrete stratified
LL-valued neighborhood group.

Example 2. Let (G,-) € |GRP|, and R*: LX — L defined by M4 (v) = v(z). Then
the triple (G, -,‘ﬂd) is a stratified L-valued neighborhood group, called discrete stratified
LL-valued neighborhood group.

Lemma 2. [3] Let (G,-,A) € |[SL-TOPGRP)|, and a € G. Then the translations (left
and right) L,: (G,-,A) — (G,-,A),g — ag, and L,: (G,-,A) — (G,-,A),g —> ga
are homeomorphisms. Also the mapping Cq: (G, -, A) — (G, -, A), g +— gag™! the inner
automorphism is an isomorphism.

Definition 11. /20, 27] A Kent convergence structure ¢ on X is a subset ¢ CF(X) x X
such that the following conditions are satisfied:

(C1) x € q(2),VYx € X, where & denotes the ordinary principal filter on X generated by
the singleton {x};

(C2)F,G e F(X), FCG, x € q(F) implies x € q(G);

(C3) z € q(F) implies x € ¢(FN ).

Note that in [4], [6] and [7] the above notion is called a local filter convergence structure
q on X, however.

A mapping f: (X,q) — (X', ¢') is called continuous if for all F € F(X) and z € X, x €
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q(F) implies f(x) € q(f(F)). The category of all Kent convergence spaces and continuous
mapping is denoted by KCONYV. The category KCONYV is a strong topological universe,
cf. [10, 28].

The pair (X, q) is called a limit space if conditions (C1), (C2) and (C4): VF,G € F(X),
z € q(F) and x € q(G) implies x € ¢(FNG).

The category of limit spaces is denoted by LIM. A limit structure ¢ on X is called a
principal limit structure on X if and only if for every x € X there exists a unique filter
U, € F(X) such that the following relation holds:

g={(F,z) e F(X) x X: U, CF}.
The category of all principal limit spaces and continuous mappings is denoted by pLIM.

Remark 2. It is important to mention here that the categories of closure spaces, CLS,
and LIM with principal limit structures are isomorphic, cf. [28], we are not interested at
this stage to carry out research in this direction, and postpone it for further investigation.

Definition 12. [27] Let (G,-) € |GRP| and (G,q) € |KCONYV] (resp. (G,q) € |LIM]).
Then the triple (G,-,q) € |KCONVGRP| (resp. (G,-,q) € |LIMGRP|) if the following
are fulfilled:

(CGM) x € q(F) and y € q(G) implies zy € ¢(F© G);

(CGI) z € q(F) implies x~! € g(F~1).

The category of all Kent convergence groups and group homomorphisms is denoted by
KCONVGRP (resp. the category of all limit groups and group homomorphisms is de-
noted by LIMGRP).

Given a stratified L-topological space (X, Ay) with the corresponding L-neighborhood
system M. Then a filter F is said to be convergent to a point x € X (we denoted it as
T € qa,(F)) with respect to Ay if and only if for all v € LX the following holds:

N (V) < Vper (/\yGF y(y))

Lemma 3. Let (G,-,Ayn) € |SL-TOPGRP)|, where A is a stratified L-valued topol-
ogy on G and N is a corresponding LL-valued neighborhood system. Then (G-, qay) €
|[KCONVGRP,|.

Proof. Let (G,-,An) € |[SL-TOPGRP|. Then in view of the Lemma 5.4.1[18], we
only need to Check the conditions (CGM) and (CGI).
(CGM) Let for F,G € F(G) and z,y € G, x € gay,(F) and y € ga,,(G). Then for any
v, [ EG]LG: Ne(V) < Vper Ayrer v(w1), and Ny() < Vieg Ayyeq #(y2). Thus, for any
o €L",

Nay(0) < VN (v) # Ny () : v(@) * uy) < o(zy)} <
vu(x)*u(y)ﬁa(zy) \/F-GEIF@G /\yleF,ygeG V(J:) * /“L(y) < \/F~G€]F®G /\myEF-G O'(:Ey)
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This implies that Ny, (0) < Vp.gerog Neer.q (@), ie., 2y € qay, (FO G).

(CGI) Let F € F(G), and = € X. Then by invoking (f) in conjunction with the Lemma
5.4.1[18], if we consider z € ga,,(F), then for any v € LY, we have M, (v) <\ per (AyEF V(y)).
Now due to the continuity of 3, we have

‘ﬁx_l(y) < mz(l/_l) < VFEIF (/\yEF y_l(y)) = VF*leIE'*l (/\yflepfl l/(y_l)>.
That is, M1 (v) < Vp-1gp (/\y,leF,1 y(y_l)) implying 2! € ga,, (F~1).

Remark 3. Referring to the pp. 175 [18], one can observe that given a Kent convergence
structure g on X, then q induces a stratified L-valued topology A, in the following way:

Ay={0eL¥: 0(z) < Vacr (Noenso(2)), VF € F(X), x € q(F)}

From Lemma 5.4.2[1§/, it follows that there is a functor &: KCONV — SL-TOP,
where (X, q) = (X, A,) and &(f) = f.

Lemma 4. Let (G,-,q) € | KCONVGRP|. Then (G, -,ﬁq) € |SL-TOPGRP)|.

_ Proof. Let (G,+,q) € [ KCONVGRP|. Note that the product L-valued topology on
Ay x Ay is the initial L-valued topology with respect to the projects pri: X x X —
X,(z,y) — x, and pro: X x X — X,(x,y) — y. Further note that ﬁq X ﬁq =
{(wrpr)* (V2 pra): v 02 € ﬁq} is a base for the product L-topology on X x X, where
the L-set can be given by: o := \,¢; (yzl cpry) * (p? -prg)), and v}, u? € ﬁq. Thus, we
have for any v € ﬁq and (z,y) € X x X, and due to the property of * in L:

v(wy) = m"W)(@y) = Vier [(ori- () (@,9) * (ors (ud) (@ 9))] (], F € By,

Vs [ @)+ 12(0)], (042 € Ay).

< Vier [V aer (/\z1€A v (21)) * Vpes (/\zzeB vi(22))]

< Vier [Va.peroc Nuzeas (Vi (21) # 17 (22))]

= [VABEIF@G /\21226A~B V(leQ)]
That is, v(zy) < [Vperos JAVIpo v(z122)] and zy € ¢(F®G) due to the condition

(CGM) implying m* (v) € Ay x A,. This proves condition (LTGM).

Now let € ¢(F) for any F € F(G) and let v € A;. Then we have

1 0)(@) = v(5(2) £ Vacs (Aueyiy V(22)) = Vaciert (Asear 57 0)),

that is, ;< (1)(#) < Voiep1 (As,ea177(¥)(21)); and 27! € g(F~!) because of the
condition (CGI). These together imply that 7~ (v) € ﬁq, this proves (LTGI).

—~

Theorem 1. The functor §: SL-TOPGRP— KCONVGRP as defined below

SL-TOPGRP — KCONVGRP
g : (G7 ) Am) — (G7 B QArn)
f — f

has a left adjoint.
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Proof. In view of Lemma 3 in conjunction with Lemma 5.4.1 [18], §: SL-TOPGRP—
KCONVGRP is a functor. Define &: KCONVGRP — SL-TOPGRP by

KCONVGRP — SL-TOPGRP
& (G,-,q) — (G,~,Aq)
f — f

Then from Lemma 4 in conjunction with Lemma 5.4.2 [18] that & is a functor since in both
the cases the group homomorphism structures remain unchanged. That the functor & is
a left adjoint since in both the cases group homomorphism structures remain unchanged.
That the functor & is a left adjoint to § is an immediate consequence of the Proposition
5.4.3 [18].

4. Enriched lattice-valued subgroup of a group and enriched
lattice-valued neighborhood groups

Definition 13. Let L = (L, <, A, %) be an enriched cl-premonoid, (G, ) € |GRP|. Then
an L-set p: G — L s called an L-valued subgroup of a group G if and only if the following
conditions are fulfilled:

(LG1) ple) = T

(LG2) p(g) * p(h) < p(gh), Vg,h € G;

(LG3) u(g) < p(g™)-

Then the pair (G,-, 1) is called an L-valued subgroup space. Let (H,-, &) be another
L-valued subgroup of a group H. Define a mapping between L-valued subgroup spaces,
f: (G, pu) — (H,-, &) such that

n(g) <&(f(9), Vg€ G (1)

The category of all L-valued subgroup spaces and all group homomorphisms satisfying (1)
is denoted by L-GRP. Sometime we denote the set of L-valued subgroups of a group G by
L(G).

Example 3. [3] Let L = ([0,1],<,A,%) be an enriched cl-premonoid, where * is a t-
norm on [0,1]. Let G be the cyclic group C,, of order n (n > 1) with a as the generator;

specifically, Cp, = {e,a,a?,...,a" 1, a™ = e} with respect to multiplication -.

Define p: G — [0,1] by
1, ifx=e;
xTr) =
@) {711, otherwise.

Then (G, -, 1) is an enriched lattice-valued subgroup space. In fact, for (LG1) p(e) =1

while (LG3) follows from the definition. For (LG2), consider x,y € G with x # e and

y # e, then p(x) * p(y) = % * % < % x1 = % implying p(x) * p(y) < p(zy); other choices

follow similarly. Hence p is an enriched lattice-valued subgroup of the group G.
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Remark 4. In [33], C. L. Walker pointed out that for a category of fuzzy subsets F =
Set(l) where all objects are (X,v), X € |Set|, with v: X — | - a mapping from X
to the unit interval. The morphisms F are all mappings f: (X,v) — (Y, ) satisfying
v(z) < u(f(z)). Furthermore, note that in [14], J. Goguen, defined the category SET(L)
having objects the pair (X,v), where v: X — L, and morphisms f: (X,v) — (Y, p)
such that v(z) < u(f(z)) holds. L. Stout [32] argued that this category SET(L) has
wiatial structure and is cartesian closed. The initial structure is given as: for a family
of mappings (fj: X — (Yj,115));, v(@) = \; p;(fj(@)) gives the initial structure on X.
The cartesian closed structure is obtained as: (C(X,Y),V), where V(f) = Nexlv(z) —
w(f(x))], where for all (f: (X,v) — (Y,u)) € C(X,Y), and the implication — is given
by 1) — p(f(@) = VI AA (@) < p(f@)}

Lemma 5. L-GRP has initial structure where the underlying forgetful functor is given
by ¥: L-GRP— GRP.

Proof. Consider a group (G, -) and a family of mappings (f;: G — (Hj, “J))jeJ’ where
each f;: G — Hj is a group homomorphism, y; is a subgroup of Hj, for each j € J. Then
the structure on p on G is given by v(g) = A, 1;(fi(9))(= A; [ (1;)(g)), for all g € G,
note that for each j € J, ff (1) is also an L-subgroup of G, and the arbitrary intersection
v is also an L-subgroup of G, and hence (G, -,v) € |[L-GRP]|. Let (Z, -, p) € |[L-GRP|, we
prove that the mapping ¢: (Z,-,0) — (G,-,v) a group homomorphism is an L-GRP-
morphism if and only if f; o ¢: (Z,-,0) — (Hj,-, pj) is an L-GRP-morphism. We
only show g: (Z,-,0) — (G,-,v) is an L-GRP-morphism. So, for any z € Z, o(z) <
1 (F(0(2)) = Ajes 1 (1)(0(2) = v((2), e 0(2) < wlp(2)).

Theorem 2. Let L = (L, <,* = A) be a complete Heyting algebra, and (G,-,v) be an
L-valued subgroup space and T(G) = {f: (G,v) — (G,v); f is bijective and both f and
71 satisfy (£) }. Then (T(G),-, V) is an L-subgroup space, where (fg)(z) = f(z)g(x)
and [~H(z) = (f(x))~".

Proof. Clearly (T(G),-) is a group under composition. Define
V) = Aueglels) > W)V ETE) @
VEU(f) = Npealv(@) = v(f~H @), Vf € T(G)  (b)
Combining (a) and (b) it follows upon using Proposition 1(7) that
V(f) = Npealv(@) = v(f(2)) Av(f~(2))]. Then clearly (LG1) and (LG3) are true upon
using Proposition 1(7) and (LG2), i.e., V(idg) = T, and V(f) < V(f~!); we only look at
(LG2).
For, let f,g € T(X), then we have
V() AV(9) = Neealv(@) = v(f(@) Av(FH@DIA Apeglv(@) = vig(x) Av(g™ (2))]
< Nwcc (@) = v(F () Arlg@) Mg @) Av(F @] < Avealve) — v
(g~ (@) ()]
= Nucal(@) = v(f9(2) Av((f9)~ @) = V(f9).
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Definition 14. [23, 25] An L-valued subgroup is called L-valued normal subgroup if for
all x,y € G if it satisfies one of the following equivalent conditions:

(1) v(zy) = v(yz);

(2) v(zya™') > v(y);

(3) v(zyz™") = v(y).

Definition 15. A mapping ¢: LX — LX is said to be an L-valuedclosure operation on
X if the following conditions hold for every v, u € X :

(1) v < 0();

(2) v < p implies £(v) < £(p);

(3) L)) = £(v);

(4) €(Ty) = L.

The pair (X, ) is called is called an L-valued closure space and v € LX is called closed if
v ={0(v). Note that (2) implies {(v)V £(p) < (v V p), for any v, u € LX.

The category of all L-valued closure spaces and all closure preserving mappings, i.e., map-
pings f: (X, €) — (Y, £) that satisfy f~(L(v)) < L(f7(v)) for all v € LX, is denoted by
L-CLS.

Lemma 6. We have the following forgetful functor forgetting L-valued closure structure:

L-CLS — SET(L)
g4 (X0 —  (X,v)
f — /

where U((X,0)) = (X,v) and for f: X — Y, U(f) = f, f7: LX — LY, and U(f)
yields an SET(LL)-morphism.

Let X € [SET| and let  C L* be a collection of L-subsets of X. Then we call Q a lattice-
valued Moore collection if every intersection of members of 2 belongs to €2, i.e., given a
family (vj)jes of L-subsets: Vj € J, v; € @ = A,.,v; € Q. If Qs a lattice-valued
Moore collection containing Ty, then if {(u)g = A{v € Q: p < v, v is L-valued closed
set}, i.e. if #(u) is the intersection of all L-valued closed sets that contain pu, then ¢ is an
L-valued closure operator. We refer to Birkhoff [9], and Schechter [31], for the classical
notion of Moore collection.

Example 4. L-valued subgroups of a group (G,-) form a lattice-valued Moore collection;
this is so, since arbitrary intersection of L-valued subgroups is again an L-valued subgroup,
of. [11], pp. 115. In fact, if we let p = /\jeJ vj, then we can easily verify the Definition
13. In fact, (LG1) p(e) = Avj(e) =T forall j € J; (LG2) upon using Proposition 1(10),
we have: p(x)xp(y) = (Njes vi(@)*(NjesviW) < Njes i@) v () < Njeyviley) =
p(zy), so, plx)*p(y) < play); (LG3) p= N;e;(vj(@) < Njes(vi(@™")) = pla™). Also,
if uw € LG, then L-valued closure of p is the subgroup generated by u. This can be given
as:

(p)) = N{v: u < v, vis closed LE -valued subgroup of G},
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the L-valued subgroup that contains p.

In view of the Theorem 5.2.6[11], normal L-valued subgroup of the group G form a lattice-
valued Moore collection, and in particular, £(p), p € LE is the normal L-valued subgroup
generated by . More precisely, ({(n)) = N{v: p < v, v is closed normal LE-valued
subgroup of G},

Theorem 3. L-CLS is a topological category.

Proof. Note that the objects of L-CLS are structured sets and the composition of
closure preserving mappings is closure preserving.
Consider X is a set, (Yj,ﬁj )j ¢y @& family of L-valued closure spaces and a source & =

(fj: X — (Yj,ﬁj))jeJ of family of functions, then
Q={welX:w= Njes [ (wj),Vw; = 4;(wj), j € J}

is a lattice-valued Moore family which contains Ty. Then 2 induces an L-valued closure
operation on X given by: £(u)g = N{w € Q: u < w}, for all u € LX. Now let (Z,¢) €
IL-CLS|, and g: Z — X be a function such that f; o g: (Z,£) — (Y,¢;) is closure
preserving mapping for all j € J. If p € LY is a - closed, then 1 € Q and thus
p= Njes f; (w;) where w; = {;(w;) in (Y}, £;). In view of Proposition 1.2(5) [22], we
have:

g W =g [ \Nfi @) | = ANg" (f ) = \fjo9)* (w))
i i i

This implies (fj o g) (w;) is closed in (Z,¢) implying g (p) is closed in (Z, ).

Remark 5. Every L-valued topological space (X, A) is an L-valued closure space with the

closure operation defined by: ¢(v) = 708 =X for every v € LX. Also, every mapping

f+(X,A) — (Y,T') continuous if and only if it is closure preserving with respect to the

induced L-valued closure operations. In fact, if v € LX, then in view of the Proposition
- — .

1.4 [22], f7(Uv)) = f7 @) < f2(v) = Uf7 W), de, f7(Ur) < U7 V), mean-

ing f is closure preserving. Conversely, let v € LX and f be closure preserving, then

J ) = W) < 6 0) = TP 5 i, f75) < T70) meaning the map-
ping f: (X,A) — (Y,TI') is continuous by the Proposition 1.4 [22]. Thus we have the
following.

Corollary 1. L-T'OP, the category of L-valued topological spaces and continuous map-
pings is a full subcategory of the category IL-CLS

Definition 16. A triple (G, -,{) is called an L-closure group if (G,-) € |GRP| and (G, ) €
|L-CLS| such the following are fulfilled:

(clGM) L(v)(z) * £(v)(y) < (v -v)(zy), Vv € LE and VYz,y € G;

(clGI) ¢(v)(x) < (v~ (z71), Vv € LE and z € G.

The category of all L-valued closure groups and closure-preserving group homomorphisms

is denoted by L-CLGRP.
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Remark 6. If we consider each v € L(QG), i.e., each v € LC is an L-valued subgroup of
the group G, then we obtain a category L-CLGRP* of all L-valued closure of L-valued
subgroups of G, and closure-preserving mappings. Then L-CLGRP* is a subcategory of
L-CLGRP.

Theorem 4. L-CLGRP is a topological category.

Proof. Consider (G, -) a group, and a source S = (f;: (G,-) — (G}, ;) ; of family
of functions, where for each j € J, f;: G — G is a group homomorphism, then

Q={weL w=NAc;fi (W), Yw; =Lli(w)), j € J}

In view of Theorem 3, we have (G,-,f) is an L-valued closure space. We only verify
(clGM). So we have:

Uw) (@)« Lw)(y) = Njes I (@i (@) * Njes 157 (Wi (W) < Ajes i (wi) © £ (w))(y)
= Njes Ii (wj ©wj)(zy) < l(w - w)(zy).

Definition 17. /8, 19, 32] An L-tolerance space is a pair (X, 1), where 7: X x X — L
such that

(T1) T(x,z) =T, Yo € X (reflexivity);

(T2) 7(z,y) = 7(y,x) (symmetry).

If, in addition T satisfies (T3) 1(z,y) * 7(y,2) < 7(x,2), for any z,y,z € X, then we
speak of transitive tolerance relation which is essentially gives an LL-equivalence relation.
A mapping between L-valued tolerance spaces (resp. transitive L-valued tolerance spaces):
I (X, 1) — (Y, 7') is called L-valued tolerance preserving if 7(x,y) < 7'(f(x), f(y)).
The category of all L-valued tolerance spaces and LL-tolerance preserving mappings is de-
noted by L.-TOL while L-TranTOL denotes the category of transitive LL-tolerance spaces.

For an MV-valued algebra L, given L-TranTOL a category of transitive IL-valued toler-
ance spaces and L-valued tolerance preserving mappings, one can obtain a functor A: L-
TOL— L-SET where A(X,7) = (X,7D), D: X — X x X and A(f) = f, here A(f)
sends f to an L-tolerance preserving mapping to f: (X,7D) — (Y, 7'D), i.e., 7D(z) =
T(x, ) < 7 (f(2), f(z)) = 7'D(f(x)), i.e., 7D(x) < 7'D(f(x)). Conversely, given L-SET,
one obtains a functor B: L-SET— L-TranTOL as defined by: B(X,v) = (X, 7 :=vAv)
and B(f) = f, 7(z,y) = v(z) Av(y) < v(f(@) Av(f(y) = 7(f(@), f(y)).

In view of [11], pp 148, for a group (G, -), we consider a mapping o7, : L& — LE*E defined
by: or(v)(z,y) = v(z~'y), and analogously, or(v)(z,y) = v(zy~!). Then we have the
following.

Lemma 7. Let (G,:) € |GRP|, and the category L-TranTOL consists of morphisms
f:(G,7) — (H, o) which are L-valued tolerance preserving such that each morphism is
a group homomorphism. Then

L-GRP — L — TranTOL
A - (G,v) — (G, or(v))
f — f
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Proof. Let v € L(G), then we have py(v)(z,x) = v(z7'z) = v(e) = T which is (T1);
for (T2), we apply Theorem 5.1.1(5)[11](see also, Theorem 1.2.2[24]) to get pr(v)(z,y) =
viz7ly) = v((z Y)Y = v(y'z) = prly,x). Now for any z,y,2z € X, pr(v)(z,y) *
or(y,2) = vz y) xv(y~t2) < vz lyy1z) = v(z=t2) = pr(v)(x, 2), which is (T3). To
check the morphism part, we have for any ,y € G and v € L(G): 7(z,y) = pr(v)(z,y) =
valy) < V(Fa ) = V(F@) ) = s, fw) = (@) f), L.
@) < 7)), 1 ).

Lemma 8. Let (G,:) € |GRP|, and the category L-TranTOL consists of morphisms
1 (G,pr(v)) — (H, pr,(V")) which are L-valued tolerance preserving such that each mor-
phism is a group homomorphism. Then

L —- TranTOL — L-GRP
B (G, or(v)) —  (G,v)
/ — f

Proof. Let v € L€, and (G, pr.(v)) € |L-TranTOL|, it suffices to show that v € L(G).
Thus, for any x € X, v(e) = v(z7'z) = pr(v)(z,x) = T which is (LG1). For (LG2) is
obviously true while for (LG3), we have for any z,y € G: v(z) xv(y) = v(ze) * v(ey) =
pr(W)(z,e)xpr(v)(e,y) < pr(v)(x,y) = v(z~ty), ie., v(z)xv(y) < v(z~ly), this happens
when we combine (LG2) and (LG3), c¢f. Theorem 5.1.3[11]. This shows that v € L(G).
For the morphism part, let € G and v € L. Then v(z) = v(ex) = pr(v)(e,z) <

pL(V)(f(e), f(2)) = v ((f(e)) ' f(2)) = V' (f(ex)) = V' (f(2)), i-e., v(x) < V'(f(2)).

5. Enriched latticed-valued subgroups on lattice-valued neighborhood
groups

Let L = (L, <, %) be a complete MV-valued algebra with square roots. If (X, N = (mm)mex)
is a stratified L-neighborhood space, then in view of [12] (page 13), and [18] (page 226),

one can see that M induces a closure operator ~: LX — LX given for any z € X and
v e LX by

v(z) = (M)(v — 1)) — L.
Theorem 5. [3, 12, 18] (a) Let (X, M = (Ma),cx) € |SL-NS|. Then
v(z) = V{F(v): Fe F(X), F>MN}, YWwelX, and vz € X.

(b) Let (G, M= (My),c;) € |SL-NGRP| and v € L be an L-valued subgroup of a
group G. Then the L-valued closure 7 of v in (a) is an L-valued subgroup of G.

(c) Let (G, -, ) — (H, -, M) be continuous group homomorphism. Thenv(x) < f=(v)(f(x))
for all v € LG and x € G. Moreover, if v € L is an L-valued subgroup of G, then f=(v)

is an L-valued subgroup of H, and if u € LE is a L-valued subgroup of H, then f*(u) is
an L-valued subgroup of G.

(d) If v € LS is an L-valued normal subgroup of a group G, then U is also an L-valued




T M G Ahsanullah, Fawzi Al-Thukair / Eur. J. Pure Appl. Math, 14 (3) (2021), 949-968 964

normal subgroup of G.
(e) If (G, M) — (H,-,M) is a continuous group homomorphism and p € L is an
L-valued subgroup of H, then f<(u) is an L-valued subgroup of G.

Proof. (b) follows from the Theorem 5.1[3].
(c) Let v € LE, and 2 € G. Then since v < f<(f7(v)) due to Definition 6 (LF2),
F) < FUf(f7W)) = f7(F)(f7(v)), and since M,y < f7 (M) due to continuity
of f, we have
v(x) = \H{FW): Fe F(X),F =N} <\V{fT(F)F7W): f7(F) e FEY), [T (A W) =
=) (f7 ()}
<V A W) f17(F) e FE(H), f7(F)(f (V) =2 My (f 7 (v))}
—VIGUW): G e FE(Y), G > My} = PPN (@)), e Bx) < FP0N(F ().
(d) Let v € LE be an L-valued normal subgroup of a group G, and consider the mapping
Co: G — G defined by C,(g) = a'ga; need to that ¥ is also an L-normal subgroup of G.
Note that v is L-normal subgroup of G if and only if v(aga~!) = v(g). Now since the map-
ping C, is continuous, we have 7(g) < Ca(¥)(Ca(9)) = Viece (9 V(@) = Ve, (1)=g V(2) =
7(aga~t), i.e., 7(aga~') > 7(g), meaning that 7 is a normal L-valued subgroup of G.
(e) Let (G,-,M) — (H,-,9MM) be a continuous group homomorphism, and pu € L(H).
Then
“(w)(e) = VIF((w): F € F(G), F >N}
> V{[el(f~ (n): [e] € FE(G), [e] > N}
> V{u(e): [e] € F(G),[e] > M} = T, whence pu(e) = T, since pp € L(G), implying
fo(p)(e) =T.
Now let z,y € G and p € L. Then in view of the Definition 1(GLM3), we have:
£ PEHT0) = VIFU0): F € RGP 2 TBVIE ()16 € 766 >
Ny
= V{FU (W)« G(f~(w): F,G € FL(G), F =2 N7, G > N}
<SVH{FOG(f(n): FOgG e F(G), FOG >N, ©NY} (By applying Theorem 1.2.8 and
Theorem 1.2.11[24], whence f< (u) € L(G))
<SV{FoG(f(w): Foge F(G),Ny < F G} (since (G,-,MN) € |[SL-NS|, applying
the Definition 10(LNGM), and due to Lemma 1, 7 © G € F/(G))
= VIR (1) H € FL(G), Ny < H} = [ (1) ().
Finally, since f< (u) > f<(u), we get f<(u)(z™') > f<(u)(x), for any z € G. In fact,
for any p € L(H), f< (1) € L(G) by Theorem 1.2.11[24]. So, we have:
F=(n) () = VIF (/< (n)): F € F2(G), F > 0}
<SV{FHT () Fl e F(G), FE = ()71
<\V{FUf(w): Fle F(G), F~1 >0 '} (by Definition 10(LNGI))
= V{G(/~(1): G € Fi(G),6 > '}
= fo ™).

Lemma 9. 2] Let (G,-,A) € |SL-TOPGRP|, p € A and v € LE. Then pu-v € A.

Proof. Let z € G, p € A and v € LE Then p-v(z) = o, u(@) * v(t) =
Vieam(@t™) x v(t) = Vyeq Re(p)(x) * v(t). Fix t € G, then v(t) is constant and

~
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v(t) € L. Since and Ry: G — G is a homeomorphism, and p € A, \/,.o R¢(p) € A and
since A is stratified, and (L, *) is commutative semigroup, we have \/,co R¢(p) * v(t) =
v(t) * Vieg Le(p) € Ay e, p-v e A

Proposition 3. [18] Let (X, Ayn) be a stratified L-valued topological space with a corre-
sponding stratified L-valued neighborhood system N. Then (X, Ay) is Hausdorff-separated
if and only if for all x # y € X there are vi,vo € Ay such that vi x v = Ty and

vi(z) *1a(y) # L.

Definition 18. [18] Let (X, A) be a stratified L-valued topological space, N = (Ny)zex
be the corresponding L-valued neighborhood system, and A be a subset of X. Then closure
of A, written as A, is given by

A subset of X is said to be closed with respect to A if A= A.

Lemma 10. A stratified L-valued topological group (G,-, An) is Hausdorff-separated if
and only if some singleton {a} C G is closed. In particular {e} is a closed subgroup of G.

Proof. Let {a} C G be closed subset of G. Then since the mapping ¢: (GXG, AXA) —
(G,A), (g, h) — g~'ha is continuous, we have ¢~'({a}) = {(9,9): g € G} C G x G, the
diagonal which in view of the Corollary 6.2.1.2 [18], is a closed subset of G x G with respect
to the product stratified L-topology A x A implying that (G, -, A) is Hausdorff-separated.
Conversely, let ¢ {a}. Then = # a € X yields that there are v, € A such that
vi * V2 < T xngaye and Ny (v1) * No(r2) # L, which implies that x & {a}.

Lemma 11. If (G,-,Ay) is a Hausdorff-separated stratified L-valued topological group,
and A be a closed subgroup of G, then the normalizer of A in G: Ng(A) = {g € G: 7,(4) =
A} is a closed subgroup of G, where v,: G — G defined by v4(g) = ag~'a the conjugation
map.

Proof. If a € A, take c4(g) = gag~'. Then the mapping c,: G — G is continuous
and hence the inverse image of the closed set A: c;1(A) = {g € G: gag~' € A} is closed.
Thus, we have

Bi= Nyeaca (A) = {g € G: 7(A) C 4)

is a closed subset of G. Since the inversion mapping 3: G — G,g — g~ is a homeo-
morphism, A~! is closed, since A is closed, and hence Ng(A4) = BN A~! is closed.

1

Lemma 12. Let (G,-,A) be a stratified L-valued topological group, M be a corresponding
stratified L-valued neighborhood system on G and A is a subset of G. Then the centralizer

Zg(A)={g€G:[g,a] =e Vaec A}

is closed with respect to A. In particular, the center of G is closed subgroup.
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Proof. If a € A, then the mapping ¢ : G — G, g — [g,a] = gag~'a~! is continuous,

where the element of the type gag~'a™! is called commutator of the group G. Now since
{e} is closed subset of G, and since the inverse image of closed subsets under continuous
mapping are again closed, in view of the Corollary 6.2.1.2 [18], Zg(a) = {g € G: [g9,a] = e}
is closed, and as the Zg(A) = A,c4 Zg(a) is closed, hence the result follows.

6. Conclusion

In this article, as a continuation of our previous work on L-valued topological groups,
where the underlying lattice . was an enriched cl-premonoid, we have presented two
types of results, one is about the relationship between IL-valued topological groups and
their corresponding Kent convergence groups and conversely; the other is about L-valued
closure of L-valued subgroup of a group. Although, it is an well-known fact that there is
a close connection between principal limit convergence spaces and closure spaces, but we
did not touch upon this issue here even for L-valued generalization of these structures in
conjunction with group structures, that is, to study L-valued principal convergence spaces
and L-valued closure spaces. We intend to look into this issue in a future paper.
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