Chapter 1

!'_ Systems of Linear Equations

1.1 Introduction to Systems of Linear Equations
1.2 Gaussian Elimination and Gauss-Jordan Elimination
Methods




|_ecture Outlines:

¢ Linear Equations and Systems of Linear Equations

“* Augmented Matrices

»* Elementary Row Operations

*»*Consistent and Inconsistent Systems

* Solving Syst of Lin Equations using Elementary
Row operation

** R.E.F and R.R.E.F properties

¢ Gaussian Elimination Method

¢ Gauss-Jordan Elimination Method

¢ Homogeneous Systems



1.1 Introduction to Systems of Linear Equations

= a linear equation in n variables:
axX+a,x, +a;x;++--+ax, =b
a,,a,,d,,...,a,, b: real number
a,: leading coefficient

X,: leading variable
« Notes:

(1) Linear equations have no products or roots of variables and

no variables involved in trigonometric, exponential, or

logarithmic functions.

(2) Variables appear only to the first power.
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= EX 1: (Linear or Nonlinear)

1 .
Linear (2)3x+2y=7 (b)§x+y—7zz:ﬁ Linear

- -
Linear (€)% —2x%,+10%;+x, =0 (d)(sln—)x1—4x2:e2 Linear

_Exponential
N onlinear (e)@zzz (f)@—Zy : N onlinear

tthe first power

N onlinear (9'+2X —3X; = (h4 N onlinear

rlgonome ric functions not the first power
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= a solution of a linear equation in n variables:

axX, +a,X, +aX;+---+a X =b

XSS X, e G YRS VK YER=G

n n

such a;s,+a,s, +a,S,+---+a.s, =b
that

= Solution set:
the set of all solutions of a linear equation
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« Ex 2 : (Parametric representation of a solution set)
X, +2X, =4
a solution: (2, 1), i.e. X, =2,X, =1
If you solve for x; in terms of x,, you obtain
X, =4-2X,,
By letting x, =t you can represent the solution set as
X, =4-2t
And the solutions are {(4—2t,t) |t e R} O {(5,2—35)|s€R]
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= a system of m linear equations in n variables (unknowns):

a13 X3
a‘23 X3

a11)(1 - a12 X2 +
Ay X+ ApX, +
a.X + a,.,X -+

= Consistent:

A system of linear equations that has at least one solution.

= INnconsistent:

a33 X3

a

m3

X3

_|_
_|_
_I_

_|_
_|_
_|_

ain Xn

a, X

2n“*n

ad, X

d

3n“'n

mn

X

A system of linear equations that has no solution.
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= Notes:

Every system of linear equations has either

(1) exactly one solution,
(2) infinitely many solutions, or
(3) no solution.
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= EX 4: (Solutions of a system of linear equations)

ORE S M N
ey ]

two intersecting lines

() x + y =3 > nifinite number
2X + 2y = 6 \ of solutions

two coincident lines

exactly one solution

f :i‘ q.\\ X

e N

Xt Yoo =1 \& no solution

two parallel lines .
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= EX 5: (Using back substitution to solve a system in row echelon form)
back substitution: basic idea is to eliminate variables between rows/lines

X — 2y = 5 (1)
e (2)

Sol: By substituting y =-2 into (1), you obtain

X — 2(-2) = 5
W=, %)

The system has exactly one solution: x=1, y =-2
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= EX 6: (Using back substitution to solve a system in row echelon form)

X — 2y + 3z = 9
y + 32 = 5
Z =2

Sol: Substitute z=2 into (2)

y + 3(2) = 5
ViER—"1=h

and substitute y =—1 and z=2 into (1)

e N BT

The system has exactly one solution:

x=Ly=-12=2

X

(1)
(2)
(3)

9
1
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= Equivalent:
Two systems of linear equations are called equivalent

If they have precisely the same solution set.

= Notes: Elementary Row Operations method (E.R.O.)
Each of the following operations on a system of linear
equations produces an equivalent system.

(1) Interchange/swap two equations (rows).

(2) Multiply an equation by a nonzero constant.

(3) Add a multiple of one equation to another equation.
leave the first as It Is, and replace the second by the

NEw one
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= EX 7: Solve a system of linear equations (consistent system)

X — 2y + 3z = 9 (1)
—X + 3y = —4 (2)
2X — 5y + 5z = 17 (3)

Sol: (1)+(2)— (2)
X — 2y + 32 = 9
y + 3z = 5 (4)
2X =,9y. + .5z =17
(D)x(=2)+3)—>(3)
X =AY 875 %29
VI < 378 ="5
s SR SATRA S ! (5)
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(4) +(5) = ()

X — 2y + 3z = 9
y + 32 = 5
Pyl — i (6)
(6)xz = (6)
X — 2y + 32 = 9
y + 3Z = 5
Zay =2

So the solution is x =1, y = —1, z = 2 (only one solution)

Note: all the listed systems are equivalent
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= EX 8: Solve a system of linear equations (inconsistent system)

Xy WSO TR X Y (1)
2 ki B ) A (2)
X, + 2%, — 3, = -1 (3)
Sol: (1)x(-2)+(2)—(2)
) x(=1)+(@)—>(3)
e YoV B R e |
EXan At = 0 (4)
5X, — 4X; = =2 ()
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(4)x(=1) +(5) = (5)

), e R
DN o AN = £ ()

OX=--532 (a false statement)

So the system has no solution (an inconsistent system).
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= EX 9: Solve a system of linear equations (infinitely many solutions)

X2 = X
X, = G
S
Sol: (1)« (2)
X — )
AT
e Cre )
1)+@)— )
X, — e
X, = X3
£ s L D

0
=1l

(1)
(2)
3)

(1)
(2)
3)

(4)
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X, R e

N = R e X

B S = No constraints on X,
then x, =3t -1,

Xo =1 teR

& =

So this system has infinitely many solutions.
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1.2 Gaussian Elimination and Gauss-Jordan Elimination

= MxN matrix:
d; d; Qi3 - Qg
dyy 8y Ay a,,
dg dz dgg d;, | |mrows
_aml am2 a'm3 S amn k|
n columns
= Notes:

(1) Every entry (or coefficient) a; in a matrix is a number.

(2) A matrix with m rows/lines and n columns is said to be of Size mxn .

(3) If m = nthen the matrix is called square of order n.
(4) For a square matrix, the entries a,;, a,, ..., a,,, are called:
the main diagonal entries.
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« EX1: Matrix

2]
(0 0
0 0
1 o
B
2
=

= Note:

One very common use of matrices Is to represent a
system of linear equations.

|

30
2

T

V2

4_

Size
1x1

2%x2

1x4

3x2
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= a System of m equations in n variables:

aq X, +  apX, + agX + ... + X, = bl
CUPOE SE o R DAL A e S e R
ARG P AT Al G L e g et = i,
QY inmais XOME T tles. Rl s RS sl
Matrix form: Ax =D
d;; 4 a13 e Ay, _X 1 _b 3
i il
dyy Ay Ay a,, X, b2
A=| a, a32. Ass ds, X=| . b= :
: X b
A | m _]
_aml a'm2 am3 . amn -
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= Augmented matrix:

all

QD

21
a‘31

d

m1l

a12

22

QD

a32.

d

m2

= Coefficients matrix:

a'11

QD

21
a‘31

a

ml

D
&

QD

22

QD

o2

m2

QD

23

QD

33

m3

n

QD

2N

QD

3n

mn

n

QD

2n

QD

3n

mn _|

=[Alb]
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= Elementary row operation:

(1) Interchange/swap two rows/lines. LR R,
(2) Multiply a row by a nonzero constant k. " : (k)R > R,

(3) Add a multiple of a row to another row. ri,-(k) (k)R +R, >R,

= Row equivalent:

Two matrices are said to be row equivalent if one can be obtained
from the other by a finite sequence of elementary row operation.
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= EX 2: (Elementary Row Operations E.R.O)

HES oM 0R3
0 134
= A i
(PO e
(5T TRORE I TR
ke MM 72
IS 2
552 =1
ORI 271367 5)

29/39



= EXx 3: Using elementary row operations to solve a system

Linear System

X — 2y + 3z
-X + 3y
2X — by + bz

X — 2y + 3z
y + 3z
2X — JdYy + 5z

X — 2y + 3z
y + 3z

Associated

Augemented Matrix

1 07
S
2 -5
RO
0,/
K2 o=t
1,
Ol L
IO 1

3
0
5

or W Ww

w

9
—4

Elementary
Row Operation

Y (MR, +R, > R,

rs” (-2)R,+ R, > R,
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X

X

Linear System

2y +
y +

2y +
y +

32
32
21

32
32

Associated

Augemented Matrix

0 0

0 1

Elementary
Row Operation

Y ()R, +R, = R,

=

5 1
Iy :(E)Rs —> R,

A reduced form of the
augmented matrix:
System easy to solve
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Definitions of R.E.F. and R.R.E.F.

= Row-echelon form: (conditions 1, 2, 3)
= Reduced row-echelon form: (conditions 1, 2, 3, 4)
(1) A row consisting entirely of zeros occur at the bottom

of the matrix.

(2) For each row that does not consist entirely of zeros,
the first leftmost nonzero entry is 1 (called a leading 1).

(3) For two successive (nonzero) rows, the leading 1 in the higher

row is farther to the left than the leading 1 in the lower row.

(4) Every column that has a leading 1 has zeros in every position

above and below its leading 1 (the leftmost leading 1 is the only

nonzero entry in the column).
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= EX 4: (Row-echelon form or reduced row-echelon form)

[Em{E2 =] . [0 1[0 5] reduced row -
5T (row -echelon _l_L (

00 11]3
[0 0 1|-2| form) [0 0 00] echelon form)
[1l-5 2 -1 3] I
0 0 1[ 3 —2|(row-echelon (reduced row -
000 1L 24 echelon form)
o 00 o ™™
e AL Fb g e T
U2 1 -1 Ol
TR, A F ONT 2R
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« Gaussian elimination method:

The procedure for reducing a matrix to a row-echelon form.

= Gauss-Jordan elimination method:
The procedure for reducing a matrix to a reduced row-echelon

form.

= Notes:
(1) Every matrix has an unigue reduced row echelon form.

(2) A row-echelon form of a given matrix is not unigue.
(Different sequences of row operations can produce
different row-echelon forms.)
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= EX: (Procedure of Gaussian elimination and Gauss-Jordan elimination)
—Produce leading 1

"0, —2= 00 8,127 l@4—10612 28‘
214 -10 6 12 28 2 0 8 12
4 5 6 -5 4 56 -5 4

I’.12

r—The first nonzero column

Produce leading 1

. leading 1 : =
rl(z) (D235 364 14 rl(3—2) 1 4 /Z§2 Bt plid?
T O™ 20 8512 - 1010(=23 0 Cap 12
4 5 6 5 4] 0] 0 gl O A7 —24
i Zeros elements below leading 1 ‘\The first nonzero Submatrix
column
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r leading 1 a : .
il S EN ) o LG ] ) R R I

r2 r.23
== 1040 0 =4"'-6| —— 000 & 190, -4 =6
00 (B0 -17 -24] 10" 0L 0% O RERL6

\_ Zeros elements below leading 1 \
Produce leading 1

Submatrix

Zeros elsewhere

1 YRRt . p
n;§)'1 A\ e > [l 14 (9 [14-32 0 2
)N ORI . R A T e SORHVL A S0 S0kt
0 0 0 0 2 RS 0 O e 2
leading 1
(row -echelon form) (row -echelon form)
r) BT o5 <Al gy RN, Wi e, DK
= TN ) O VTN O &R0, 22 Fox cme N YOR O 08 50, %2
00 0012 O - 0540 21 32

ced row -echelon form)

—

(row -echelon form) (red
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R.E.F and R.R.E.F. STEPS SUMMARY

Dldaal A€ Gl o35 Sl 1 3 gee il 29383 -1
(pe 5iall) 1 (ssbon (Dbl (osl) 2 gaall (& puaie Jl Jani -2
(if a then multiply by 1/a)
Cilie Line 28laly jiia (5 sbud ae jiall asl gl Jand pealiall JS Jaas -3
G AY S JY1
S i L.,SM\ sl s dd sdiaal) e dalud) G < gladl) 1udt a4
e.cjld\ A;\jl\
REF. 4w o deanin 48l 0 )Y @l ghadl) salaiy -5
RR.E.F 4dJias 5 sa N 4d stadll ) 231 -6
Aoy 48 b il lanl) ) asliclizas Canai g adeie e jlau ja) (e lag
Lac yiall daY) 34 Haal

Note:
Steps 1to 5 called Gaussian Elimination Method
Steps 1 to 6 called Gauss-Jordan Elimination Method
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= EX 7: Solve the following system using Gauss-Jordan elimination
: method (only one solution)

X — 2y + 32 = 9
= e = =/
2X — 5y + 5z = 17
Sol:
augmented matrix

bl =0 S8 RO R N Copl P2k TS b O) r2(31) Rl 2 TN
M B B e e R e
| 2 -5 0 17] o) -2 2 0 F
)
r32 (1 —2 3 9|ru®,ry@, 51 0 0 1] X = 1
T 0 e LS 2 O, L DS y — Wl ],
0= KD EOMOpI8T. 24 A )

(row -echelon form) (reduced row -echelon form)


HP
Stamp


« EX 8 © Solve a system by Gauss-Jordan elimination method
(infinitely many solutions)

20T A S N = F ()
3X, +# 9X, = 1

Sol: augmented matrix
3 (-3 (D) (-
[2 4 -2 O} I ,r1(23),r2( 1)’r2(12)‘ [1 085 2} (reduced row -
21T 0 | |0 1 —3 -1 echelon form)
the corresponding system of equations is
YA T O Y=

R —SXs =l

leading variable : x;, X,
free variable : X,
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el A )

X, = =14 3X,

L6 FX5
X, =2—5t,
o= AR teR
Xar— 1

So this system has infinitely many solutions.
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= Homogeneous system of linear equations:

A system of linear equations is said to be homogeneous
If all the constant terms are zero.

+ + +

Q)
S

>

D D
-

=)

mn

X X X

=

=)

>

o O
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« Trivial solution:
==X =T = TN=1(])
« Nontrivial solution:

other solutions

= Notes:
(0) Any consistent system with m<n has infinite number of solutions

(1) Every homogeneous system of linear equations is consistent.

(2) If the homogenous system has fewer equations than variables
(m<n) then it must have an infinite number of solutions.

(3) For a homogeneous system, exactly one of the following is true.
(a) The system has only the trivial solution.
(b) The system has infinitely many nontrivial solutions in
addition to the trivial solution.
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= EX 9: Solve the following homogeneous system
P S ) G Ty R
20 T XS LR =)
Sol: augmented matrix
ot

52)
1 -130 o 07,1 {1 0 2 0O(reduced row -
28t 1930 |0 1 —1 O /[echelon form)

leading variable : x;, X,

free variable : X,
LEBIG
X, ==2t, X, =1, Xx;=t,teR

Whent =0, x, = X, = X, =0 (trivial solution)
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Keywords In Section 1.2:

matrix: 4 ssas

row: —ua

column: 2 see

entry: r=ic

Size: aaa

sguare matrix; 4= . 48 gas
symmetric matrix: 4bilaic 48 sas
trace of a matrix: 48 siadll il
order: «.

main diagonal: ) k8
augmented matrix: 4z s« 48 soias
coefficient matrix; 4 siaall Jalas
Trivial: e
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