The summation formula found in the example in Sec. 52 can be written

zz" =—_ when lz<l
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If we put z =re”, where 0 < r <1, the left-hand side becomes
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and the right-hand side takes the form
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Equating the real parts on each side here and then the imaginary parts, we arrive at

summation formulas
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SECTION 54

1. Replace z by z* in the known series

coshz= E < (Izl< o)
(1Z1< 0).
oo z4ﬂ+l (IZI< m)'
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The function —L-

Ly
lz—il < /2, as indicated in the figure below.

has a singularity at z=1. So the Taylor series about z =i is valid when
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1-z (A-D-(z-9 1-i 1-(z-i/1-D

This suggests that we replace z by (z—1)/(

(lzl< 1)
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SInz = -1)"
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to see that when 0< |zl < oo,
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3. Suppose that 1<|zl< o and recall the Maclaurin series representation

that

y n—11n this last series and then noting

Replacing n b |
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As for the domain 1< Izl< o, note that 11/ zl <1 and write

f(Z)“"'"'l—' : =_'Li ;l' ="i n£-3

2,'3 1—(1/2) 23 n=0 n=0 <
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1
1+ =
e
Z"']. 1___1_
Z
" et |
"%Z‘,“" (1<lzl< ).

1

7. The functio = —
e z(14+ z%)

has isolated singularities at z =0 and z =i, as indicated in

the figure below. Hence there 1s a Laurent series representation for the domain 0 <lzl<1

and also one for the domain 1 <lzl< oo, which is exterior to the circle |zl=1.

' ' ' tion
To find each of these Laurent series, we recall the Maclaurin series representa

- |zI< 1).
_...1_.—=Zzn (Z<)



enables us to write

But

B a (cosf—a)—isinb _
e® —a (cos@—a)+isinf (cosG a)—isin@

Za" < -Ea cosnB-—zZa sinné.
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Consequenﬂy,
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for [2 + 1| < oo by substituting z + 1 for z. Therefore
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for 0 < |z + 1] < 0.

! (7) Give two Laurent Series expansions in powers of z for the func-
tion
1
f) =

and specify the regions in which those expansions are valid.




\_E:/“ \ (8) Show that when 0 < z2—1| <2
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Solution. We first write z/((z — 1)(z — 3)) as a sum of partial
fractions:

(z-—l)z(z—?)) :%( zi1+333)

When 0 < |z — 1| < 2, |(z —1)/2| < 1 and hence
1 1 e 1
z—3 2—(z-1) 21—-(2—-1)/2

2 e n=0
Theretore
] 1 3
= ( 1 4 - Yo 3)
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we find that

Another differentiation gives -

g )_:(n+1)z —Z(n+1)-—-z "'Zn(n+l)z”"1 —Z(n+1)(n+").. (IzI< 1)
(l S Z) dZ n=0 n=0 n=| a=0

2. Replace z by 1/ (1—z) on each side of the Maclaurin series representation (Exercise 1)

(1zI< 1),
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The residue at 7 = 0, which is the coetficient of -}- 1S clearly 1.

&
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(0 <lzl< o)
. i §in '
The residue at z =0, or coefficient of —, is now seen to be --—21—.
Z
(c) Observe that
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Z"'SiHZ__l - __]_‘_ R __5._. ...z..._..... :-z—-—-“'z—"}‘ (O<IZI<M)'
“‘";"_"Z(Z_SM)_z[Z [Z R H 31!
: o a5 is 0. the residue at z=0 1s 0.
Since the coefficient of — in this Laurent Series 15 U,
Z
(d) Write cotz _ 1 cCOSz
z4 1 Z4 Sinz
and recall that
o ~1—Ei+fiﬂ”. (1z1< )
cosz'ﬂl'“é‘:,’*“‘j'” i 300
and ¢ z3 zS E (l:l< "")



Dividing the series for sinz into the one for cosz, we find that 4
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Note that the condition of validity for this series is due to the fact that sinz = () when

z=nn(n=0,£1,%2,...). Itis now evident that _9__9_;_2_ has residue - -—L at z = (),
Z 45

(e) Recall that

e
1 h o e e "o _ m'
SINNz Z+3!+5!+ (,Z,‘( )
and
1 5 S
—— =tz 4+ (l('_'-fjnu)_
B #

There is a Laurent series for the function

sinh z | : ]
—-————-——-—4 3 =_I'(Slnhz)(l_z2)
Z (1 -2 ) Z

the Maclaurin series (or sinh 2z

that is valid for 0 <lzl< 1. To find it, we first multiply

1
1—-2

and =

(0 <lzl<1)
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We then see that \

sinhz Sig
b= 2 (O<izl<1)
This shows that the residue of Sinh z l

24(1-—4’,2) at z=0 1s g

2. Ineach part, C denotes the positively oriented circle |z= 3.

e o SR

}//’ exp(—z .. :
& W jc—-%-z——ldz, we need the residue of the integrand at z = 0. From

el = the Laurent series
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exp(-2) _ 1 1__§_+.§____z_+...)._:_1____1__._1_.,__1_.___z_+... 7
22 z?' 1! 2! 3' - »
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we see that the required residue is —1. Thus
e

J' exp(—2) dz = 2mi(—=1)=-2m.
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(c) Likewise, tO evaluate the integral .[c : CXP(Z

integrand at Z = 0. The Laurent series

1) dz, we must find the residue of the
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Qy " (d) As for the integral [ —= s

W €z’ -2z

dz, we need the two residues of

56#_(,17 \ z+1 _ z+1
2 =2z z(z-2)’

| Z
product is - To obtain the residue at z =2, we write
z+1 (z=2)+3 1 1(1 3 ]
SO ettt e e ———————n 250 ame ) | ofe deiisins |4
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which is valid when 0 <z —2l< 2, and note that the coefficient of 12 in this product
z —
1S % Finally, then, by the residue theorem,
z+1 TEo Bl
dz = 2m(-——+ -—) =27.
IC 7’ =2z 2 2
b—Q 3. In each part of this problem, C is the positively oriented circle |zl= 2.
A z’
M (a) If f(z)=—, then
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when O <izl< 1. This tells us that



ch(z)dz 2rmiRes --f( ) 27i(0) =

z=( zz

(c) i iD= —-, it follows that —- f(l)--!-. Evidently, then,
Z /4 %

j f(z)dz =2miRes —

z=0 z

f( ) 27i(l) = 27

(O<lzd<1).







T 1
The principal part of zeXp(-—) at the 1solated singular point z =0 is, then

L
i
A 3!z2+ :

2 =(z+1)* —2z-1=(z+1* = 2(z+1) + 1

This enables us to write

2 2

& (z+1)" =2(z+1)+1 1
S e T b -— e i
g oy (z+1) 2+z+1'

: R e ] _
Since the principal part is Py the point_z = -1 is a (simple) pole.
(c) The point z =0 1s the 1solated singular point of §-1-I—15-, and we can write
Z
i 7 004
5 _Z(Z 3!+5'_...)_1_§_!.+3_I-... (0 <lzl< ).

— S — I e I

The principal part here is evidently 0, and so z =0 is a removable singular point of the

T —

function sz.
Z
(d) The isolated singular point of —— is z=0. Since
iz
2 4 3 '
COSZ-_-.-I- 1_5_+_z_..— =_1--—‘-z-.+§_...... (O(lzl( m),
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the principal part is }- This means that z =0 is a (simple) POIQ_O_fW T o
Z SO 3 < s

! = —1 at 1ts
2-2) (z-2)
isolated singular point 52,15, simply the function
(of order 3).

1
(e) Upon writing . we find that the principal part of 2-2)°

itself. That point 18 evidentlx a 92}3,__-,.




This enables us to write

1

o . a o g
f(z)= B [—-azl ~ -2-(2: - ai) -é—(z - ai)’ + ] (0<lz-ail<2a).

The principal part of fat the point z = gi 1S, then,

pnan s ana i il —

SECTION 67

: Z°+2 :
1. (a) The function f(z)= g has an isolated singular point at z = 1. Writing f(z) = 9—-@%
_ 5w
_/965 where ¢({) =z' +2, and observing that ¢(z) is analytic and nonzero at z =1, we see
ﬁo that z=1 1s a pole of order m =1 and that the residue there is B = ¢(1) =3.
e

' (b) If we write

f(z)=( : ) =————ﬂ5-’-—]—§-, sobiari ¢<z)=-’§-,

=

we see that z = i is a singular point of f. Since ¢(z) is analytic and nonzero at that

point, f has a pole of order m =3 there. The residue is

B = ———-——-¢”(—1/ 2) = 3

2 16

(c) The function
expz exp z

22+t (z—m)(z+ m)

has poles of order m =1 at the two points z =tmi. The residue at z = 77 1S

and the one at z =—7i 1S

2 gapiem) s Lo
O =2 2%
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1/4
2. (a) Write the function fx)==

h

741 (121> 0,0 <argz<2z) as

f(Z) ¢(Z) |

R Where - o174 - ';"03’-

The function ¢(z)

1S analytic throughout its domain of definition
figure below.

, Indicated in the

Also,

1 ! .
~log(-1) ~(In 1+ir) : T Tt 1+
Y 1’4__ 4 THRLT AN | - Iﬁ'f4__. ------—-—---750
o(-1)=(-1)"=e =e e (:c)s—-----4 +isin i

This shows that the function fhas a pole of order m =1 at z = -1, the residue there

being
- 1+
B=¢(-1)=—F ;8
: Logz
(b) Write the function f(z2)= 2+ 1)
Logz
f(z) - 2 -Ei)) where ¢’(Z) 4 (z +I)2 '

of order m=2 at z=1. Straightforward

From this, it is clear that f(z) has a pole

differentiation then reveals that

T+ 2
Iigs (z +1)° 8
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(Zz"l'l)z (JZ'> 0,0(argz,(z”)

Since

and

3. (a) We wish to evaluate the integral

J 3z’ +2 v
C(z=-D(z"*+9)

where C is the circle |z — 2| = 2, taken in the counterclockwise direction. That circle and
the singularities z =1, £ 3i of the integrand are shown in the figure just below.

. larity inside C, is a simple pole of
Observe that the point Z — 1. which is the only singularity inside C, is a simple poie 0
S :

the integrand and that

Res——— " o\

o (- +9) 9



In this case, all three singularities z=1, +3i of the i T
’ 0 s ¢
already know from part (a) that P NS anl ae BGAG @ L. We

3
Rcs__}_i_i-_z____ __1_

=1 (z—-1)(z* +9) ok

It is, moreover, straightforward to show that

o SR 3 ) } 15+ 49i
=3 (z=1)(2"+9) (e-D+3) )., 12
and
3% +2 37> +2 ] Ll
Res 2 & ' B vaead
z=-3i (Z — 1)(2 5 o 9) (Z iy ].)(Z 4 BI) 2=-3i

The residue theorem now tells us that

s - 15-49: ;
J' 327 +2 dz=2ﬂi(-l-+15+49l+ I)=6m.
c(z-1)(z*+9)

integral jc 2+ 4)




107

(Izl< 1)
1 1 1 1 3
et s N X)L iDL
2 (z+4) 4z’[1+(z/4)J 423,,,0( Z) -Z{, ' e 3 =
Now th -~
w the coefficient of - here occurs when 5 =2 and we see that

Res - : -_-__1__‘
=0 z°(z+4) 64

Consequently,

e s (1) x
eoera 2”’(84?)"35'

(b) Let us replace the path C in part (a) by the positively oriented circle [z + 2! = 3, centered
at —2 and with radius 3. It is shown below.

We already know from part (a) that

i)

Pl O

To find the residue at —4, we write

! = ...--?-(—z—-)-—-, where ¢(2)= ;—15-

This tells us that z =
o(—4)=-1/64. Consequently,

1
[is=2e(g5)™
cz’(z+4)







1. Write
2r
do 1
iy g dz
'! 3+4sin@ JC IO, dz

singular points of the integrand on the far right here are z=-;/2 and z7=-2i. The point
z==i/2 is a simple pole interior to C: and the point z = -2; is exterior to C. Thus

o de 1 1 R
S I S AT, ST =2m RCS [m]'—'ZﬂJ[ ] = (—-—):i
?.3‘5+4sm9 2==i/2| Q7% + 5iz -2 42+ Sil uuiry " 3i < 8

2. To evaluate the definite integral in question, write

jf do __:J‘ 1 iz______f 4izdz
J 1+sin° @ Cl+[z-—z'l)i iz Jczt-6z22+1
21

where C is the pbsitively oriented unit circle Izl=1. This circle is shown below.




