Further Application:
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Chapter 2
Matrices <ulé saqll

' EER

2.1 Matrix Operations

2.2 Properties of Matrix Operations
2.3 The Inverse of a Matrix

2.4 Elementary Matrices



2.1 Operations with Matrices

- Matrix: a rectangular array of numbers.

CUI Gl
dy;  Qyp Ay
A= [aij] B el Wil

a

a a

ml m2 m3

(I, ))-thentry: g,
row: m
column: n

Size: mX n

Ay

a2n

ds

n

mn

1 mxn

eM

mxn
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= I-th row vector

P A s - row matrix

- J-th column vector

Caj column matrix

Conj

- SqQuare matrix: m=n
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- Diagonal matrix: for square matrices

A=diag(d,,d,,---,d ) =

« | race:

If A=

Then

[aij ]nxn

Tr(A) =a; +ay, +-- A,

nxn
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=« Equality of matrices:

If A=[a;]nn: B=ID;]nn

Then A=B if andonlyif a; =b;, V1<i<m, 1<j<n

= EE b

If A=B

« EXp 1:

Enems Sat=10: 320 =22 e =358 = 1
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« Matrix addition:

If A= [aij ]mXn , B= [bij ]mxn Condition: matrices of same size

Then A+B =[a;] .. [0 ]mn =[3; +0; 10 Sum of entries

ij dmxn

= EXp 2: (Matrix addition)

—12+13_—1+12+3_05
e 0 ) P g B e L
Rt o I e ) T

i 9 DAl R 2 0
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= Multiplication by a scalar:
If A=[a;],,,, C:scalar
Then cA =[ca;],.,

= Matrix subtraction:
A-B=A+(-1)B

= Ex 3: (Scalar multiplication and matrix subtraction)

AP 8 2AN 0
e B=| 1 -4 3
Ak W Pl ey 7

Find (a) 3A, (b)-B, (c) 3A—B
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Sol:

AN M O
T
O© O ™M
N O O
_ | |
I
_\)\1)_)__
M_.\_Q\ @ OO . 6N
o
\I/)\h_/ (@ S=p HeD
S S = |
m M M
A\l %
\U_))__
YR s
& o 100D ||
_3 .
_412_043
_ _
N O < N 1
_
L
I M —
| T
_3 |
I I
< (a )]
(qp) _
< o)
N’ N’

Je o 12

-6

0

0

2

1 -4 3|=(-10 4

3% "G 178

Lt

(c)

3A-B=|-9 0
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- Matrix multiplication:
It A=[aylna0: B=[0y]n Al o] mj‘j\&‘ }\aJM
Anl e (5 b (A gY) Bac] dac
Then AB = [aij]mxn [bij]nxp 0 [Cij ]mxp SEE e ) % ‘_53;2\ )Lu\ e daaa GBL'A\ E
l l "Il saec

Size of matrix “AB”’
n
k=1

11 1j 1n

b21 : sz b2n

a a. - a . . . =
R il : : : : Ci G e Lo

bnl - bn' b
] nn | _
Ay QA e a'nn_ F ¥

e e SN i e AN e .

. Note: (1) A+B =B+A, (2) AB = BA
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- Ex 4: (Find AB)

v

Sol:

AB =

=3
5 257
S

]
—4 6

5 gl

|

-

—4

J

(D)) (D) +B)D) |
(4)(=3)+(=2)(-4) (D(2)+(=2)D)

OO OQ)+(0)QD) |
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- Matrix form of a system of linear equations:

Ay Xy + Xy o+ X, :bl
8, X, +8,,X, +--+a,, X =h,

2n“*n

) : m linear equations

(B X FA,X, +oo+ 3, X, =D

J

Ay, dp o Qg | X bl :/
el e e e R Single matrix equation
AXx =b
mxnnxl mx1
_aml amZ amn__Xn_ _bm_
I | I
A X b

Coefficients matrix  unknowns 13/61



=« Partitioned matrices:

@y 2 8 35
A=lay a8y, ay a,
Ay dyy gz Ay

[\ 8y, 1 8 1Ay,
A= i Ayy i dys i 24
 Qgp 1 Qgg 1 Qg

)

submatrix

|‘ AI; }
Aoy Ay
I

()

N—

N

I3
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Keywords In Section 2.1:

= FOW VECtOor: e 42is

= COlUMN Vector:s2 see 4sia

. diagonal matrix: 4 ki 48 sens

. trace:

. equality of matrices: <lé siadll Jalxi i (5 sl
. matrix addition: <l siadll aan

= Multiplication by a scalar: <ul 222 o

« matrix multiplication: <ol seaall o

« partitioned matrix: 4 s 44 siias
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2.2 Properties of Matrix Operations

= Three basic matrix operations:

(1) matrix addition

(2) scalar multiplication

(3) matrix multiplication OBt Tt

0

- 0O 0 0 0 0
R [() 0 0 n}‘ 0|
0 0 0

: 0 0
« Zeromatrix: 0 [n u]'

mxn

- Identity matrix of order n: |,

The identity matrix Z, is a n x n square matrix with the
main diagonal of 1’s and all other elements are O’s.

.(’ \|
o fron [130
L=lo 4] n=|0 1 0 Bl 0 1 o
\ J lO O 1 |
* 0 00 1)
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= Properties of matrix addition and scalar multiplication:
If A B,CeM_., c,d:scalar
Then (1) AtB=B +A
2) A+(B+C)=(A+B)+C
(3) (cd)A=c(dA)
(4) 1A=A
(5) c(A+B)= cA+cB
(6) (c+td)A=cA+dA
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= Properties of zero matrices:
If AeM__,
Then (1) A+0__=A
(2) A+(=A) =0,,,
(SreAi=0rr “=wei= 0lo) AR

c:scalar

= Notes:

(1) 0,,«,: the additive identity for the setof all m X n
matrices

(2) —A : the additive inverse of A
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= Transpose of a matrix:

e e o oy
if A=|C Sz T Falloy
B Qo Ann
Ayg| [Qgg| - aml_
Then AT =| | |22 " [ =Vl
1 Q10| |30 A
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= EX 8: (FInd the transpose of the following matrix)

Sol:

@ A-[s] @ A=[e 5 s

Rl 2 3

INLont G20

=A"=[2 8

| S

>,

I

DAL=
o O b~

©) A=
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= Properties of transposes:

@ (A" =A

(2) (A+B) =A" +B'
(3) (cA)' =c(A")

(4) (AB)T —B'A'
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= Symmetric matrix:
A square matrix A is said symmetric if A=AT

= Skew-symmetric matrix:

A square matrix A is said skew-symmetric if AT =-A

sl EXE i B
92" 8
If A=|a 4 5] Iissymmetric, find a, b, c?
U
Sol: L s - d
1 WA 1 a b o
A=|a 4 5| AT = P
5 5 =2, =38ci="5
N 2] k3o -* 6
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1392
If A=|a 0 3] Isaskew-symmetric, find a, b, c?
0% ER0:
Sol: . I
o s, L S
A=|a 0 3 -A'=l-1 0 -c
B & V) Sy T

I iy U s SRt [ W D R e

- Note: AA' is symmetric
Pf (AAT)T :(AT)T AT 1= AAT

. AA' is symmetric
23/61



= Real number:
ab =ba (Commutative law for multiplication)

= Matrix:
AB = BA  Qliiadl @ 8 age il

mxnnxp

Three situations:
(1) If m= p,then AB is defined, BA is undefined.

(2) If m=p,m=n,then AB €M BA e M, , (Sizesare not the same)

mxm?

BAe M

mxm!? mxm

(3) If m=p=n,then AB e M

(Sizes are the same, but matrices are not equal)
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« Ex 4:
check that AB and BA are not equal for the matrices.

N
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« Real number:
ac=bc, c#0

= a=b (Cancellation law)
- Matrix:
AC=BC C=0

(1) If Cis invertible, then A=B

(2) If Cis notinvertible, then A = B (Cancellation is not valid)
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- ExX 5. (An example in which cancellation is not valid)
Show that AC=BC

Ldebdelis

Sol: - e " il .
st | B ) -2 4
AC = =
0y 8 L T2 L A
SRR g O o = () 8 /N
BC = =
B2 (A1 2 SR SH T8
So AC=BC
But Az=B

27/61



Keywords In Section 2.2:

= ZEro Matrix: 4 ia 48 gaaq

. identity matrix: sas ol 44 gdns

« transpose matrix: 4 siic 48 om0

« Symmetric matrix: 4lilaic 48 gaax

= Skew-symmetric matrix: 4é e alilaic 48 gaina
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2.3 The Inverse of a Matrix

« INnverse matrix:

Consider Ae M, (square matrix)
If there exists a matrix B e M, such that AB=BA=1_,

Then (1) Ais invertible (or nonsingular)

(2) B is the inverse of A

= Note:

A matrix that does not have an inverse Is called
noninvertible (or singular).
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= Thm 2.7: (The inverse of a matrix is unigue)
If B and C are both inverses of the matrix A, then B = C.
Pf: AB = |
C(AB) =CI
(CAB=C
IB=C
B=C
Consequently, the inverse of a matrix (if it exists) it is unique.

= Notes:
(1) The inverse of A is denoted by A™

(2) AA = AtA=

30/61



= Find the inverse of a matrix using Gauss-Jordan Elimination:

[A | | ] Gauss-Jordan Elimination ll | A—lJ

v

= EX 2: (Find the inverse of the matrix)
A:{ 1 4}
-1 -3

AX =1 U h
[ A 0 e, i O
__1 _3:||:X21 ij k {O J
X, A%, X, +4X,, 10
— X1~ 3)(21 — X — 3X2j Z {O J

Sol:
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: 1} o >B (1 _:ﬂ = Xy = =3, X =1

O} o " >[é’ ?_ _Zﬂ = Xpp =4, Xy, =1
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= Note:

1 4 : 1 O]cassodaEimnaion| 1 0 : -3 —4
{—1 -3 0 1} S {o s il 1}
A | | Al

If A can’t be row reduced to I, then A is singular (noninvertible).
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- EX 3: (Find the inverse of the following matrix)

%JémeSMgMAQUL&
Sl A8 48 shadl) oS5 G a1

E 6 2 _3 5 s il by g 3as o)) A8 shinn sle Slleal) iy 068 -3

Syl Aol Hhaudl Gllae (e 5 sk (gf 8 a1 130 1ABak
ALE e 48 giad) Js&i g calgii jlical A o

eSall
Sol
1R ORS00
T ey PR O W T
A TR o ()
W e THRA 0 8l 0RO gt SRR 05 - SRI*080
St e 0] O (D) | e S ) | e e
R, |, 38 VOMO, T O 7, R
5 o o SO o i 0 ol | N 8 0RO
e 0 P e S R ST S T 1 T e 20}
Bl O ] SR . 2SS



N P 1~ OB =80 =0T 8 [ (MO8 Bl
S MR TR T (1) W) e | IS M e 2
o) O AR ] AL

=[1 A

So the matrix A is invertible, and Its inverse IS

Pt e W]
/2 g e e T g
-2 -4 -1
= Check:
AA = ATA=
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Further examples:
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= Power of a square matrix:

(DA’ = |

(2)A“ = AA--- A

(3) AI‘ | AS 3 Ar+s

(AI‘)S:AFS
Rl

0’ sy

ENE T
_O 0

k factors

(k > 0)

r,s:integers

d‘ 0
g
OO
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- Thm 2.8 : (Properties of the inverse matrices)

If A Is an invertible matrix, k is a positive integer, and c is a scalar

not equal to zero, then

(1) A™ is invertible and (A™)™ =

(2) A“ is invertible and (A*) ' =ATAT. AT =(AT) = AT

k factors

(3) cA is invertible and (cA)™ = l At c#0
C

(4) A’ is invertible and (A') " =(A™")’
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- Thm 2.9: (The inverse of a product)

If A and B are invertible matrices of same size n, then AB Is invertible and

(AB) =BA™

Pf:

(AB)(BA ) = ABB A= A(NAT=(AI)A = AA " =|
(BAY)(AB)=B(A*A)B =B (1)B=B(IB)=B'B =

If AB is invertible, then its inverse Is unigue.

So (AB)!=B"A"

= Note:

(AAA - A) = A ATATAT
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= Thm 2.10 (Cancellation properties)
If C is an invertible matrix, then the following properties hold:
(1) If AC=BC, then A=B (Right cancellation property)
(2) If CA=CB, then A=B (Left cancellation property)

Pf:
AC =BC

(AC)C*=(BC)C™ (Cisinvertible,so C™ exists)
A(CC™) = B(CC™)
Al = Bl
A=B
= Note:

If C is not invertible, then cancellation is not valid.
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- Thm 2.11: (Systems of equations with unigue solutions)
If A Is an invertible matrix, then the system of linear equations
Ax = b has a unique solution givenby |x=A"b

Pf:. Ax =D
A"Ax=A"D ( Ais nonsingular)
Ix=A"D
Xx=A"Db
If x, and X, were two solutions of equation Ax=Dh.

then Ax, =b=Ax, = X =X,  (Left cancellation property)
This solution Is unique.
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= Note:
For square systems (those having the same number of equations
as variables), Theorem 2.11 can be used to determine whether the
system has a unigue solution.

= Note:

Ax=Db (Ais an invertible matrix)

AR At A s o) B i)
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Keywords In Section 2.3:

INVerse matrix: 4sSe 48 saaq
invertible: («Sall 4L

nonsingular: 2,8 ne

singular: 2 s

. power: (sl sl 558
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2.4 Elementary Matrices

= Row elementary matrix:
An nxn matrix Is called an Elementary Matrix if it can be obtained

from the identity matrix 1., by a single elementary operation.

= Three row elementary matrices:

—(1) Ry =r;(1) Interchange two rows.
e MO s (e T (k = 0) Multiply a row by a nonzero constant.
(3) Rig") = rij(k)(|) Add a multiple of a row to another row.
= Note:

Only do a single elementary row operation.
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- Ex 1: (Elementary matrices and nonelementary matrices)

10 0] 100 Lo ol
()]0 3 0 (b)[o 1 0} ()0 10
[ HEABRGY

No (Row multiplication

(3)
Yes (r,7 (1)) No (not square) must be by a nonzero constant)

100 : -
10 0

()0 0 1 (e)[l 0}
2 1 ()]0 2 0
010 et

No_ Use tw6 elementar
Yes(r(l)  Yes(r2(1,)) ( rentapy
row operations)

= Remember:
Only do a single elementary row operation.
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« Thm 2.12: (Representing elementary row operations)

Let E be the elementary matrix obtained by performing an
elementary row operation on I . If that same elementary row
operation is performed on an mxn matrix A, then the resulting
matrix is given by the product EA.  (E is mxm square matrix)
r(l)=E
r(A) = EA

= Notes:
(1) I (A) = RijA
Q=R

(k) _ pk)
3) (A =RVA
46/61



= EX 2: (Elementary matrices and elementary row operW
0 1 Offo 2 1 6

Ri,A)

1 1

3 2|2 (A) =R,ZA)

s g TR

| PO 5 |\ PR o = WO Wty 1 BT )=
FORRON 19 8- ol (VM WL
'1(1)"10—4 i A i e ]

(b')OE Qs 202 TG S =N ]

DR Oy LI RO ORIl (g, =
550 A0, || M Ol T ST O P14
(2 -1 0f-2 -2 .3|=]0. -2 1}r?
LORB O L g "4 5" 5| SAH0" A Fe 350

A e gs mplie as T la e e L e o

(M) =R3'A)
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= EX 3: (Using elementary matrices)

Find a sequence of elementary matrices that can be used to write
the matrix A in row-echelon form.

R s Matrix 3x4; we use then I,
A= 1a—80 O« And apply Elem Row Oper that
P % transform A (to R.E.F) to I,
Sol: [y 1 ™
BF 1 2n0
E1:r12(|_3: 1 00 LR, 50"
e A A ) — PR A
. L0 b
BTl = RO R0
00
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(A)=EA

=
I'-13

A,

0
0
1
2.

)

(r

=
-
o
y—
-
=
(<b)
-
O
(¢b)
=
o
=
—~~
~
<
—
N
rl
~—r
~
)
— |
_ I
an
—
@)
Al
LL
N
L
™
LLI
I

.|B
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- Row-equivalent:

Matrix B iIs row-equivalent to A If there exists a finite number

of elementary matrices such that

B=EFE,, E,EA
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- Thm 2.13: (Elementary matrices are invertible)

If E Is an elementary matrix, then g *exists and

IS an elementary matrix.

= Important Note:

(1) (Rij)_l > Rij

J

(2 R)" =R

il
()

(3 R =R
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= EX;

Elementary Matrix Inverse Matrix

FORS0R Wi b 0

E1= 1 00 =R12 (Rlz)_l = El_l = a15.0=0 :R12 (Elementary Matrix)
001 "OHDRTS
oo e el e o e Tl R0k

E2 = _g (])' ?- o Rl(; ) (R13 ) = E2 = _8 g') g-)_: R1(3) (Elementary Matrix)
(100 o A L0 40 :

E3 — O 1 0 = R32 (R32 )_1 — E3_1 — O 1 O == Ré )(Elementary Matrix)
00 1 [ )
M (R)" =R,

@ ®y*
3) ®PY

By L 48 sinall e ol Cillaall (e gadaty e Sl 2
=Pl S b alta el 52/61




- Thm 2.14: (A property of invertible matrices)
A square matrix A is invertible if and only if it can be written as

the product of elementary matrices.

Pf: (1) Assume that A is the product of elementary matrices.
(a) Every elementary matrix Is invertible.
(b) The product of invertible matrices is invertible.

Thus A is invertible.
(2) If A'is invertible, Ax = 0 has only the trivial solution. (Thm. 2.11)

= [A:0] > [1:0]
B GEESE A=
S NSNS AT

Thus A can be written as the product of elementary matrices.
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« EX 4:
Find a sequence of elementary matrices whose product Is

-1 -2
A=
by
Sol:
)

s -1 -2 (D d g ) B
|23 w38 SE3eR8 AT
P fs'. 2 L5y 1 O
2—) 21 3 > I
0 1 0 1

1
Therefore RGZR,2RGIRCVA=1  Note the order
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Thus A=(R™)™* (RS 3))‘1(R )‘1(R‘ 2T,

_ RCDRAR@RQ)
e Rl R12 RZ R21

2 E B

= Important Note:
If A 'Is invertible

Then E, ---E,E,E,A=1
A'=E, ---EE,E,
E, - E,EE[A]=[1:A"]

Remember

() (R)" =R,
e

(K)\-1 _ p(=k)
(3) (R,] ) _Rjj
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- Thm 2.15: (Equivalent conditions)
If A Is an nxn matrix, then the following statements are equivalent.
" (1) Alis invertible.

(2) Ax = b has a unique solution for every nx1 column matrix b.

— (3) Ax =0 has only the trivial solution.

(4) Alsrow-equivalentto |, .

(5) A can be written as the product of elementary matrices.

—
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