Chapter 3

!'_ Determinants <aaall

3.1 The Determinant of a Matrix

3.2 Evaluation of a Determinant using
Elementary Operations

3.3 Properties of Determinants

3.4 Application of Determinants



3.1 The Determinant of a Matrix

= the determinant of a 2 x 2 matrix:
o &
a, a,
—det(A) = |A| = aa, — a,a,
= Note: Symbol

{aﬂ alz}
a21 a'22

all a'12

a21 a22
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= EX. 1: (The determinant of a matrix of order 2)

)

L 5| =AU =443 =7
2

: —2(2)-4(1) =4-4 =0
0 3

s —0(4)—2(3) =0-6 =6

- Note: The determinant of a matrix can be positive, zero, or negative.
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= Minor of the entry & :

The determinant of the matrix determined by deleting the ith row
and jth column of A

a;y A, - al( j-1) l al( j+1) A,
M. = |60 Sy Feepgay 7 oo
ki
A(isa)1 Ay Qe T Knn
Ay e an(j—1) an(j+1) — A,
- We define the Cofactor of theentry &; © 1 vioo;
C 1 i+ M (determinant by deleting
o ‘- h h
Called Cofactor i ( ) i the i row and j*' column)
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L e

dpy
A=|a,

As
= M i

— C21 = (_1)2+1 le =-M 21

a'12
a'22

a'32

Ay,
a32

a'13
a'23

a33

A3
a33

all a13

M p
dg; dgy

sz ey (_1)2+2 M Dk M 22
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= Notes: Sign pattern for cofactors

+ = 4+ - +
f _ - + - + =
G T =
+ - + - +
T = ? LN Yol - gl M a
+ - + - +
+ - + Fmeaies. \
3 x 3 matrix 4 x 4 matrix N xn matrix

= Notes:
Odd positions (where i+ Is odd) have negative signs, and
even positions (where i+j Is even) have positive signs.
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« Ex 2: Find all the minors and cofactors of A.

0 2 1
A="3 TN 2
e R RET N b
Sol: (1) All the minors of A (9 minors).
-1 2 2 3 —
= iy = it Wt 12 :_51 M13: =4
4 1 4 0
2 0 0 2
M21: :2, M22: :—4, M23: :—8
4 1
Zagi | Op 0 2
a1 S R M33:| J'|:_6
-1 2 3 2 s =




Sol: (2) All the cofactors of A (9 cofactors).

Cij ~ (_1)i+j M ij
-1 2 3 2 3 —
— (€ == =0 5, WO e =
1 4 1 4 0
2 0 1 2
C21:_ == C22:+ = 4h C :—O =8
0 ! Vi |
2 1 0 1 0 2
C31 > :5’ C32:_ :3’ C33 = :_6
-1 2 CN VA 3 -
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= Thm 3.1: (Expansion by cofactors)

Let A is a square matrix of order n.

Then the determinant of A Is given by

In —In

(a) det(A)=|Al=) a,C; =a,C,+a,Cp, +--+a,C,
j=1

(Cofactor expansion along the i-th row, I1=1, 2,..., n)
or

nj ~nj

(b) det(A)=Al=> a,C;=2a,C;+a,,C,;+---+a,C
i=1

(Cofactor expansion along the J-th column, j=1, 2,..., n)

Rk: expansion along any row or column 9/62



« EX: The determinant of a matrix of order 3

et

= det(A) =a,,C;; +a,C;, +a,,Cy;
= 8y Gy +8Cp + 850,

a‘ll
a'21
a'31

a'12
a22
a'32

= 831Cyy +85,Cgp + 85,4
=a,Cy; +8,Cy +a5,Cy)
= 83,Cpp +85Cp +85Cy
= 835015 + 8,505 +a5,C;

a13
a23

a33 8|
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« EX 3: The determinant of a matrix of order 3

IR ) S e e T o
AR w1 C21:_2’ sz =—4, C23:8
—4 0 1— C31 & 5’ C32: 3’ C33 =—6

Sol:
=det(A)=a C +a C +a.C.=(0)(-1)+((2)(5)+(1)(4)=14

AL kL 12 — 12 13 ~ 13

—9G = e o oy N EE N SN (B

72k o 7 22 — 22 23?3

—a C. +a.C_+a.C.=(4)(5)+(0)3)+1)(-6)=14

31 31 32~ 32 33033

—aC.+aC, +a.C.=(0)(=1)+(3)(=2)+(4(5) =14

AL AL 21 — 21 il gl

—a C.+a.C. +a.C.=(2)5)+(1)(-4)+(0)(3) =14

172 > 172 22 — 22 325 32

—a.C.+a.C. +a.C. =(1)(4)+(2)8)+1)(-6)=14

13 1S 23 ~ 23 S "33
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= EX 5: (The determinant of a matrix of order 3)

HOmir? SR
A=13 -1 2| =det(A)=?
_4 0 1_
Sol:
oyl 7 y S
Cu= (_1)1 ; 0 1 ==l C12 = (_1)1 i 4 1 = (_1)(_5) =5
+ 3 e
Ci= (_1)1 > 4 OJ-‘ =4

— det(A) =a,,C;; +a,,C;, +3,,C5
=(0)-D+(2)OB)+D)4)
=14
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= Notes:
The row (or column) containing the most zeros is the best choice
for expansion by cofactors .

= EX 4: (The determinant of a matrix of order 4)

e 7 e W0

ok | = — det(A) =?
O 200953
RE% ORI
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Sol:

det(A) = (3)(C,,) + (0)(C,,) + (0)(C,,) + (0)(C,,)
=3Cy,

3 3(_1)1+3 O 2 3

K P52
=SSN0 Gl e (2)(-1)** +(3)(-1)*°
=3[0+ (2)(1)(—4) + B)(-1)(-7)]
=(3)(13)

=39

2
S-S ?

B
3 4
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= 1 he determinant of a matrix of order 3:

Called the Arrow Method
Subtract these three products.

dil diz A3
A A0 ] A 27 a3
A3l d4d32 ass

Add these three products.

= dEt( A) :| A |: a11a22a33 + a12a23a31 ar a13a21a32 "4 a31a22a13
= a32a23a11 <1 a33a213'12
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o EX 5 (A5DU) 48 siiaal) Jadh agh ay ju lual 43, 5k)
Called the Arrow Method

-4 0 6

= -1
= 4
0 16 12

— det(A) =| A|=0+16-12 — (-4)-0—6=2
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= Upper triangular matrix:

All the entries below the main diagonal are zeros.

= Lower triangular matrix:

All the entries above the main diagonal are zeros.

= Diagonal matrix:

All the entries above and below the main diagonal are zeros.

= Note:
A matrix that is both upper and lower triangular is called diagonal.
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e X

upper triangular

P s e
O a22 a23

_O 0 Ay |

Ay
a'21

_a31

lower triangular

0 O
a,, O
a32 a33 i

i 3050
0 a, O
0730 Jak

diagonal
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= Thm 3.2: (Determinant of a Triangular Matrix)

If Ais an n x n triangular matrix (upper triangular,
lower triangular, or diagonal), then its determinant is

the product of the entries on the main diagonal. That is

det(A) = Al= d,8p,83; " -d

nn
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« EX 6: Find the determinants of the following triangular matrices.

] . =05 OO0 07

A T, X i) ) = M

() A:_45 _62(1)8 () B={ 0 0 2 0 O
0004 O

. 0P oR W ™ORN

Sol: g 3

(@) |Al=(2)=2)(1)(3) =-12

(b) [Bl=(1)B3)(2)(4)(-2) =48

20/62



Keywords Iin Section 3.1:

» determinant ; 22sll

= MINOr ;| r=aisll

» cofactor : Jaladll

= expansion by cofactors : <Sleally Juladl)

= upper triangular matrix: (ew 4.0 48 0 a0
= lower triangular matrix: Lile 4505 48 sdins

= diagonal matrix: 4 k8 48 sas
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3.2 Evaluation of a determinant using elementary operations

= Thm 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.

(@)
(b)
(€)

B=r(A P det(B) = —det(A)

B=r®(A) |= | det(B)=kdet(A)

=r{(A) |= | det(B) =det(A)

(ie.]r, (A)| = —{A)
(i.e.[r(A) = k|A)

(i.e.[r(A) = |A)

Clbladl il Lo Aol el clilee s
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knowing that A and its determinant are given

= EX:
eS8
A=0 1 4
PR 4
_ 4
Q:ti:;?nant of A= 0
1

DW= .00

det(A) =-2

123 MOl 74 il A ST e o
Ao A = RIS 2B A T 2 = S
iy Lo 2N P A UL

A=r(A) = det(A) = det(r® (A)) = 4det(A) = (4)(-2) = -8

Az =1,,(A)

= det(Az) = det(r,, (A)) = —det( A) = —(=2) = 2

As=rS2(A) = det(As) = det(rs? (A)) = det( A) = —2
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= Notes:
det(r; (A)) =—det(A) = det(A)=—det(r;(A))

det(r® (A)) = k det(A) = det(A) = %det(ri(k) (A))

det(r®) (A)) =det(A) = det(A) = det(r (A))
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Note:

A row-echelon form of a square matrix is always upper triangular.

= Ex 2: (Evaluation a determinant using elementary row operations)

A=

20 3 S O
10 7y S

Tl e

Sol:

2
det(A) =1
0

= det(A) =7
‘rc:a}:wda#f
-3 10 r | 27 L2
2.1 == — 2428 10
NS O g —38
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0 -7 14

O =3
1525288 —2

0 1

OF (0l

i el

-2 =(OOEY =7

c_\)&\uu

aal) i glia A
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= NOtes:

EA=|E|A

f) E=R, =

T
If(2) E=RY =

r
If(3) E=R{’ =

—

(E: elementary matrix sas)s s sl dlee e J o) (Sas 1)

E|=[R;|=-1

EA|=|r; (A=A =|R;[ A/ =[E|A
E|=|R®| =k

EA|=|r(A)] =K[A/=|R{|A=[E]A

=[R2
A - 1 (A) - 14 - RE)A - LA

27162



= Determinants and elementary column operations

= Thm: (Elementary column operations and determinants)

Let A and B be square matrices.

() B=c,(n) =
(b) B=c“(A) =

(c) B=c”(A) =

det(B) = —det(A)
det(B) = k det(A)

det(B) = det( A)

shd) clles Jia

(l.e.
(l.e.

(l.e.

Cij (A)‘ a _‘A‘)
()] = K|A)
c,” (A)|=|A)
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» EX:

2 1 -3
A=14 0 11 det(A)=-8
_O O -
« FInd det of: _ ’ A ’ - -
g AT RN % Z [l
AR P04 ) A= O "1 A:={4 0 1
0 0 : LU0y Wi RONBE. 2

1 1

Ao =2 (A) = det(Ar) = det(c? (A)) = %det(A) = (%)(—8) £y,
_C.(A) = det(A) = det(c, (A)) = —det(A) = —(~8) =8
_cO(A) = det(A:) = det(c® (A)) = det( A) = —8
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= Thm 3.4: (Conditions that yield a zero determinant)

If A Is a square matrix and any of the following conditions is true,
then det (A) = 0.

=5

(a) An entire row (or an entire column) consists of zeros.

(b) Two rows (or two columns) are equal.

(c) One row (or column) is a multiple of another row (or column).

> adelli Badaal) 5 pila
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agl XS

1
2 2 2|=0

5

8

2 110(|35||=0
3 12| (6

=0

4
2 5 [0EO

6

6
-6

A
—2

-

2
0 0 0]=0

5

2

4
1{ 5 |12/FO

6

1
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= Note:

You have now surveyed two general methods for evaluating determinants. Of these,
the method of using elementary row operations to reduce the matrix to triangular form

is usually faster than cofactor expansion along a row or column. If the matrix is large,
then the number of arithmetic operations needed for cofactor expansion can become
extremely large. For this reason, most computer and calculator algorithms use the
method involving elementary row operations. The following table shows the numbers

of additions (plus subtractions) and multiplications (plus divisions) needed for each of

these two methods for matrices of orders 3. 5, and 10.

Cofactor Expansion Row Reduction
Order n Additions Multiplications Additions Multiplications
3 5 9 5 10
5 119 205 30 45
10 3,628,799 6,235,300 285 339
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In fact, the number of additions alone for the cofactor expansion of an n x n
matrix is n! — 1. Because 30! = 2.65 x 10*?, even a relatively small 30 x 30 matrix
would require more than 10°? operations. If a computer could do one trillion operations
per second, it would still take more than one trillion years to compute the determinant
of this matrix using cofactor expansion. Yet, row reduction would take only a
few seconds.

1
4
7

co ot o
o o W

Cofactor expansion in the 2nd row would be:
4% Coy + 5% Coy + 6% Cog
(51 means the cofactor of row 2, column 1. $So far that's 3 multiplications and 2 additions.
Each cofactor (2x2 matrix) is something like this:
Agy ¥ Ay — Agy * Ay
So that's 1 more addition (really subtraction, same thing) and 2 multiplications.
Since there are 3 cofactors, that means an additional 3 additions and 6 multiplications.

So a total of 9 multiplications and 5 additions.
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= EX 5: (Evaluating a determinant)
-3 5 2 shadl clilee Juexindy 3 gae 5l sl bl Ji
v ) S et &S Juanind a2y e o Aapidl
N (co-matrices)

T g el s T T
det(A)=|2 -4 -1=|2 -4 3
-3 0 6 -3 0 0

5

= (-3)(-p* _34 =(-3)(-1=3

_3 5 2 (f)—3 5 2
e | e b | el

P (O NN L g P O

3
5

=2

-G, =EoED) =3
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_
NT—TMMO

MOANANT AN
MmN M

oO—0 -

NN ™M

= EX 6: (Evaluating a determinant)

AN <

(9.9 L% s |

M AN OO
—i _ Lo O

Ned 1M

(D1
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S, 1- 03 =2
_ G 15 2 BT, SO0
)-8 -1 2 3
: I DErer 3 el e T
13 5 6 -4 57
v E 8P DM ORI 3™ M5
O O T |
_8 T
:5_1 1+3
ot
= (9)(=27)

55
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3.3 Properties of Determinants

= Thm 3.5: (Determinant of a matrix product)

det (AB) = det (A) det (B)
. Notes:
(1) det (EA) = det (E) det (A)
(2) det(A+ B)# det(A)+ det(B)

(3)
a, a; g

a21 + b21 a22 + b22 a‘23 A7 b23

Ay Az Ag

all
a21

a31

a12
a22

a32

a13
a23

a33

QD

o QO

11

21

31

o D

QD

12

22

g2

13

o QD

23

QD

33
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= EX 1: (Check The determinant of a matrix product)

—

0

—

-2 2]
Sl

0

Find |A), |B|, and |AB|

Sol:

| Al

~ O

o w

i

B=|0

B

Lol
-1
SRl

2 0
= !
Skl

1
—2

_2_

1
—2
—2

— k!
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1 -2 R0, 8 4 1
AB=|0 3 0 -1 -2 6 -1 -10
LA A 7| i S 7 e Y (R
8 4 1
=|AB|=6 -1 -10/=-77
Sy W]
= Check:

AB| = |A] [B]
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= Thm 3.6: (Determinant of a scalar multiple of a matrix)

If Aisann X n matrix and c Is a scalar, then

det (CA) = c" det (A)

« EX 2:
R0, *—_20 %407 1
Given: A=| 30 O 50}|and 3
-20 -30 10| -2
Find |A|.
Sol: y b
g LR 1
A=100 3 0 5|=|A=10°3
a2 3l 12

—2 4

(0. 53%0
— 5t

19 W4
0 5
£ 1

— (1000)(5) = 5000
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» Thm 3.7: (Determinant of an invertible matrix)
A square matrix A is invertible (nonsingular) if and only if

det (A) 20 Sl allall ko)l
» EXx 3: (Classifying square matrices as singular or nonsingular)

(R 2= U2 =l
S ] Bk A
Sol:
|A[=0 = Ahas no inverse (it is singular).

B|=-12£0 = B has an inverse (it is nonsingular).
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« Thm 3.8: (Determinant of an inverse matrix)

If Aisinvertible, then|det(A™) =

1
det(A)

= Thm 3.9: (Determinant of a transpose)

If A Isasquare matrix, then

« EX 4: Mt 0h o 5 {
R kA (@) |Af=?  (b) |A"|=7
2 il
Sol: 1 §
1N A A—l‘:izl
(A o= o= 2 A 4
2 I AT|=|A =4

det(A") =det(A).
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= Equivalent conditions for a nonsingular matrix:

If Aisan n X n matrix, then the following statements are

equivalent.
(1) Ais invertible.

(2) Ax = b has a unigue solution for every n x 1 matrix b.
(3) Ax =0 has only the trivial solution.

(4) Aisrow-equivalentto I,

(5) A can be written as the product of elementary matrices.

(6) det (A) =0
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« Ex 5: Which of the following system has a unique solution?

(@)

(b)

3%,
3%,

3%,
3%,

2X,
2X,
2X,

2X,
2X,
2X,

3 A8 d) sl e
Edlalaal) 48 ghuaa (9S5O (A
Lgadaa L;'.\H ‘533\ § Sall Z\J,i@

¥ )
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Sol:
(@) Ax=Db

A=0

This system does not have a unique solution.

(b) Bx=b
B|=-12=0
This system has a unigue solution.
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3.4 Applications of Determinants

= Matrix of cofactors of A:

Ci]=

Cll
C:21

Cnl

C12
C22

an

Cnn

Cij = (—1)i+j Mij

= Adjoint matrix of A: Transpose of Cofactors matrix (Co-matrix)

adj(A) = [Ci]" =

Cll C:21
C12 C22

Cln C2n

Cnl
Cn2

C

nn
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= Thm 3.10: (The inverse of a matrix given by its adjoint)

If Aisann X ninvertible matrix, then

G

1

" det(A)

= Application for 2x2 matrix

'

— det(A) =ad —bc

d =D

adj(A){ }
—C a

2X2 J Apedlly IS (aS BaY

adj(A) }
1
Al =
~ 7 T det(A)
hes
ad —bc

adj(A)

|

=C

d
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« EX1 & EX2:

—-1
A=| 0
1 i)

Dl A2
= e
—2

Cij = (_1)I+J Mij
=21

Sol: -

— (O — ot

(a) Find the adjoint of A.

(b) Use the adjoint of A to find A™

1 1) =7
b T e e Sk O
=, %% =LA
A P % T D P Y
A (] ST ol TR ey
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— cofactor matrix of A = adjoint matrix of A

c,]=|6 0 3

— Inverse matrix of A

adj(A)

—1

= Check:

1

(A)

W

det
4 6 7
do-=05 o
2812

AAT = |

i S 7

bl 29

W Wik Wl

adj(A) =|C, [

Wi Wik, W

4 6
=11 0
2 3

det(A)=3
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- Thm 3.11: (Cramer’s Rule or Method)

" A, X FaLX, +Fa X, =D,
8, X, +8,X, +--+a, X =D,
/_an1X1+an2X2+'“+anan=bn | b,
@ A@ . AM X b,
Ax=b | A=[a;] =[AY AP ... A" x=|"7|b=|"
X b
&y dp - A, - s Tl
Il P RN
det(A)=| & % "£0
(this system has a unique solution)
Ay Ay o Ay,
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A =[A®, A® ... AUD b AGD .. A®]

A oo al( j-1) b1 al( T A,
3 Ay e a2(j—1) bz a2(j+1) 8y,
_anl an(j—l) bn an(j+1) ann_

(ie. det(A)=bC, +b,C, +- +b,C, )

_ det(A))
b det(A)

Solutions =X j=1,2,---,n

b asanlly X pitally Galdl) 3sand) (s s Al 4 ghuaal) JiaS A,
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- Pf:
AX =D, det(A) =0

=x=Al =+ _adj(A)b

det(A)

_C11 Cp - Cnl"bl_
¥ 1 C12 sz an b2
det(A)| @ e [l

_Cln C, - Cnn__bn_

_b1C11 + bCy + - + BbCy :
| 1 blC12 = b2C22 an L), 0 annZ
~ det(A) : .

blcln i bZCZI’l 2l T A annn

52/62



1

= X = det(A) (b1C1j +b2C2j +---+annj)
det(A.
= ( J) j=1,2,---,n
det(A)
Note:

Cramer's Rule only works only on square
matrices that have a non-zero determinant

and a unique solution.
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« Ex 4: Use Cramer’s rule to solve the system of linear equations.

—-X + 2y

2X

_I_

3z

VA

3X — 4y + 4z

Sol: 1 9

=AlET
=10
= 5
1
=10 det(A)=0
2
-1
=-15, det(A)=|2
3
_det(A) -3
det(A) 2

43
det(A)=|2 0 1
o
gt
det(A)=12 |0 1
2
L _det(A) 4
det(A) 5
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