
 Chapter 7 

Eigenvalues and Eigenvectors

7.1  Eigenvalues and Eigenvectors

7.2  Diagonalization
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7.1 Eigenvalues and Eigenvectors

◼ Eigenvalue problem:

If A is an nn matrix, do there exist nonzero vectors x in Rn 

such that Ax is a scalar multiple of x？

◼ Eigenvalue and eigenvector:

A：an nn matrix

：a scalar

x： a nonzero vector in Rn

xAx =

Eigenvalue

Eigenvector

◼ Geometrical Interpretation
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◼ Ex 1:  (Verifying eigenvalues and eigenvectors)
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◼ Thm 7.1: (The eigenspace of A corresponding to )

If A is an nn matrix with an eigenvalue , then the set of all 

eigenvectors of  together with the zero vector is a subspace of 

Rn. This subspace is called the eigenspace of  .

Pf:

x1 and x2 are eigenvectors corresponding to 

)  ,  ..( 2211 xAxxAxei  ==
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◼ Ex 3: (An example of eigenspaces in the plane)

  Find the eigenvalues and corresponding eigenspaces of
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For a vector on the x-axis Eigenvalue 11 −=

Sol:
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For a vector on the y-axis
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Eigenvalue 12 =

Geometrically, multiplying a vector (x, y) 

in R2  by the matrix A corresponds to a 

reflection in the y-axis.

The eigenspace corresponding to               is the x-axis. 

The eigenspace corresponding to               is the y-axis.

11 −=

12 =
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◼ Thm 7.2: (Finding eigenvalues and eigenvectors of a matrix AMnn )

0)Idet( =− A(1) An eigenvalue of A is a scalar  such that                           .

(2) The eigenvectors of A corresponding to  are the nonzero

      solutions of                       .

◼ Characteristic polynomial of AMnn:

01

1

1)I()Idet( cccAA n

n

n ++++=−=− −

−  

◼ Characteristic equation of A:

0)Idet( =− A

0)I( =− xA

Let A is an nn matrix.

If                        has nonzero solutions iff                         . 0)I( =− xA 0)Idet( =− A

0)I(      =−= xAxAx 
◼ Note:

(homogeneous system)
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◼ Ex 4: (Finding eigenvalues and eigenvectors)
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◼ Ex 5: (Finding eigenvalues and eigenvectors)

Find the eigenvalues and corresponding eigenvectors for 

the matrix A. What is the dimension of the eigenspace of 

each eigenvalue?
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The eigenspace of A corresponding to                :2=
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◼ Notes:

(1)  If an eigenvalue 1 occurs as a multiple root (k times) for 

the characteristic polynominal, then 1 has multiplicity k.

(2)  The multiplicity of an eigenvalue is greater than or equal 

to the dimension of its eigenspace.
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◼ Ex 6：Find the eigenvalues of the matrix A and find a basis 

             for each of the corresponding eigenspaces.
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◼ Thm 7.3: (Eigenvalues of triangular matrices)

If A is an nn triangular matrix, then its eigenvalues are 

the entries on its main diagonal. 

◼ Ex 7: (Finding eigenvalues for diagonal and triangular matrices)
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◼ Eigenvalues and eigenvectors of linear transformations:

. of eigenspace  thecalled

 is  vector)zero (with the  of rseigenvecto all setof  theand

 ,  toingcorrespond  ofr eigenvectoan  called is  vector The
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◼ Ex 8: (Finding eigenvalues and eigenspaces)
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◼ Notes:

)}1 ,0 ,0(),0 ,1 ,1(),0 ,1 ,1{('            
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7.2 Diagonalization

◼ Diagonalization problem:

For a square matrix A, does there exist an invertible matrix P 

such that P-1AP is diagonal?

◼ Diagonalizable matrix:

A square matrix A is called diagonalizable if there exists an 

invertible matrix P such that P-1AP is a diagonal matrix.

                     (P diagonalizes A)
◼ Notes:

(1) If there exists an invertible matrix P such that                  , 

then two square matrices A and B are called similar.

(2) The eigenvalue problem is related closely to the 

diagonalization problem.

APPB 1−=
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◼ Thm 7.4: (Similar matrices have the same eigenvalues)

If A and B are similar nn matrices, then they have the 

same eigenvalues.

Pf:

APPBBA 1similar are  and −=
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

A and B have the same characteristic polynomial. 

Thus A and B have the same eigenvalues.
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◼ Ex 1: (A diagonalizable matrix)
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◼ Thm 7.5: (Condition for diagonalization)

An nn matrix A is diagonalizable if and only if 

it has n linearly independent eigenvectors.

Pf:

ablediagonaliz is )( A
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][][
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PDppp

ppp

ApApAp

pppAAP

n

n

nn

n

n

=



















=

=

=

=

























00

00

00

][

][

][

][

2

1

21

2211

21

21

ablediagonaliz is 

invertible is tindependenlinearly  are ,,,

1

11

A

DAPP

Pppp n



=



−



Note: If n linearly independent vectors do not exist, 

          then an nn matrix A is not diagonalizable.
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◼ Ex 4: (A matrix that is not diagonalizable)
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Sol: Characteristic equation:
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A does not have two (n=2) linearly independent eigenvectors, 

so A is not diagonalizable.
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◼ Steps for diagonalizing an nn square matrix:

Step 2: Let ][ 21 npppP =

Step 1: Find n linearly independent eigenvectors

              for A with corresponding eigenvalues

nppp ,,, 21 

Step 3:
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Note: 

The order of the eigenvalues used to form P will determine 

the order in which the eigenvalues appear on the main diagonal of D.
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◼ Ex 5: (Diagonalizing a matrix)
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◼ Notes:  k is a positive integer
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◼ Thm 7.6: (Sufficient conditions for diagonalization)

If an nn matrix A has n distinct eigenvalues, then the 

corresponding eigenvectors are linearly independent and 

A is diagonalizable.
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◼ Ex 7: (Determining whether a matrix is diagonalizable)
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Sol: Because A is a triangular matrix, 

         its eigenvalues are the main diagonal entries.

3 ,0 ,1 321 −=== 

These three values are distinct, so A is diagonalizable. (Thm.7.6)
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