Chapter 7

!'_ Eigenvalues and Eigenvectors

7.1 Eigenvalues and Eigenvectors

7.2 Diagonalization



7.1 Eigenvalues and Eigenvectors

= Eigenvalue problem:
If A IS an nxn matrix, do there exist nonzero vectors X in R"

such that Ax is a scalar multiple of x ?

« Eigenvalue and eigenvector: « Geometrical Interpretation
A . an nxn matrix }
A *ascalar .
- AX
X © anonzero vector in R"
Eigenvalue )
AX = AX Ax = Ax -

|2l

Eigenvector
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« Ex 1. (Verifying eigenvalues and eigenvectors)

o 2] ol

Eigenvalue

S ERHEHE

Eigenvector

Eigenvalue

wcfy S

I
Eigenvector
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- Thm 7.1: (The eigenspace of A corresponding to 4)

If A Is an nxn matrix with an eigenvalue A, then the set of all
eigenvectors of A together with the zero vector is a subspace of

R". This subspace is called the eigenspace of A .

Pf:
X, and x, are eigenvectors corresponding to A

(lLe. Ax, =AX,, AX, =1X,)
(1) A(X, +X,) = AX, + AX, = AX, + AX, = (X, + X,)
(l.e. X, + X, IS an eigenvector corresponding to 4)
(2) A(Cx,) = C(Ax,) = c(Ax;) = A(cX,)
(l.e. cx, IS an eigenvector corresponding to 1)
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= EX 3: (An example of eigenspaces in the plane)

Find the eigenvalues and corresponding eigenspaces of

-1 0
A —
Sol:

If  v=(x,¥)

o o

For a vector on the x-axis Eigenvalue /11 oy |

o ol le) s
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For a vector on the y-axis Eigenvalue 12 —1
-1 o]fo] [o] ko
O TN o Sy )

Geometrically, multiplying a vector (X, y)
in R by the matrix A corresponds to a

reflection in the y-axis.

The eigenspace corresponding to 4, = —1 IS the x-axis.

The eigenspace corresponding to 4, =1 Is the y-axis.
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« Thm 7.2: (Finding eigenvalues and eigenvectors of a matrix AeM,,)
Let A is an nxn matrix.

(1) An eigenvalue of A iIs a scalar A such that det(Al - A)=0.

(2) The eigenvectors of A corresponding to A are the nonzero

solutions of (Al-A)x=0.
= Note:
Ax=1Ax = (Al-A)x=0 (homogeneous system)

If (11— A)x =0 has nonzero solutions iff det(il—-A)=0.
«» Characteristic polynomial of AeM__.:

det(Al - A) = (Al - A)| = 2" +c, A +--+C A+,
= Characteristic equation of A:

det(Al— A) =0
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= EX 4: (Finding eigenvalues and eigenvectors)
2 -12
A =
1 -5

Sol: Characteristic equation:

=10 )
det(Al - A) =
-1 A+5
=1 +31+2=(1+D)(1+2)=0
=A== 12

Eigenvalues: 4, =-1 1, =-2
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The eigenspace of A

1
{234 - B
PN
98 - B -

Check: Ax = AX
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- Ex 5: (Finding eigenvalues and eigenvectors)

Find the eigenvalues and corresponding eigenvectors for
the matrix A. What is the dimension of the eigenspace of

each eigenvalue?

A—

Sol: Characteristic equation:

Al - Al =

bl

()
o
L

0
0

o‘
0
2_

-1
A-=2
0

Eigenvalue: 5 =2

0
0
A—2

=(1-2)°=0
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The eigenspace of A correspondingto 3 — 2:

0 -1 0} x 0
(AUl-A)x=|{0 0 Ofx, [=]|0
0 0 O0fx;| (O]
hOm =L 083 h0 X1 OZa g Ml s e 1)@ L0
B ON Ol =0 SORE OES EXCR=| O ==ts ORIk T [OAS. 1240
B0 R O 0% 0SSN0, (8 [l g |06 | N1l e 0 e B
Ao \
15/ 0 |+1t| O |s,t € R}:theeigenspace of A correspondingto A =2
0 1

Thus, the dimension of its eigenspace Is 2.
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= Notes:

(1) If an eigenvalue A, occurs as a multiple root (k times) for
the characteristic polynominal, then 4, has multiplicity k.

(2) The multiplicity of an eigenvalue Is greater than or equal
to the dimension of its eigenspace.
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« EX 6 © Find the eigenvalues of the matrix A and find a basis

for each of the corresponding eigenspaces.

R0, 40
O 55— 1)
A ey
Wi G0 s

Sol: Characteristic equation:

A-1 0 0 0
Oh Ao -5 a0
-1 O A=27 %0
-1 0 0 A1-3

=(A-1)°(1-2)(1-3)=0
Eigenvalues: 4, =1 4, =2,4,=3

Al— Al =
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O .G O "6

D4 =1

0

= S0

— 1l

= (41 - A)x =

0

—2

=T

©5 &N Aot Gt o =

O EGRFOM O
COl ICOSN )

0 O
0 O
-1 0
=

0
=15
— 10

0

X

N

X X X
o

~

0
10
0
-2
— 2t

2t

|
X X X
o

X

N

D

|
o O O O

+1

> 1S a basis for the eigenspace
of A corresponding to 4 =1

S,t#0
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(B3 280" S0 - 08X 0
(- A)X 0 2 -5 10| x, 0
- — o =
L E 0k BT IE e 0
0 A OISO R X0 s 6T
25 058" DAl TR P00 - 208 3 bl -Are O 3l 0:F
0% 20— 55110 TR FO =0 "6 X, — bt -5
~ :> = :t y t¢0
=130 500 0 0 S0 3250 X, 0 0
ol O RS O] M 0 R A0 L B A o R I
= o
-5 : , _
=>4 > IS a basis for the eigenspace
0 of A correspondingto 4 =3
1
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= Thm 7.3: (Eigenvalues of triangular matrices)
If A Is an nxn triangular matrix, then its eigenvalues are
the entries on its main diagonal.

« EX 7: (Finding eigenvalues for diagonal and triangular matrices)

< ; 1A o%: 0- 200 % 0
2.0 0 O M) (W 8
() S S R A ) P e
0 MOR0. 240
B O OOY R )
Sol: A Ol ()
(@) ATl I, oM =l 2 1)+ 5)
-5 -3 A+3
- A
P g e i ) B
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= Eigenvalues and eigenvectors of linear transformations:

A number A is called an eigenvalue of a linear transformation
T :V —> V If thereisa nonzero vector x such that T (x) = AX.
The vector x is called an eigenvector of T corresponding to A,
and the setof all eigenvectors of A (with the zero vector) is
called the eigenspace of A.
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= Ex 8: (Finding eigenvalues and eigenspaces)

Find the eigenvalues and corresponding eigenspaces

ey e O
A= 3Y Al O
Mo (O
Sol: e 0
\/II—A\: g S R e = A2 =)
0 0 A+2

eigenvalues: A, =4, 1, =2

The eigenspaces for these two eigenvalues are as follows.
B, ={(,1 0)} Basis for 4, = 4

B,={(1,-10),(0,0,1)} Basis for 4, = -2
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= Notes:

(1) Let T:R® — R® be the linear transformation whose standard matrix
is Ain Ex.8,and let B' be the basisof R® made up of three linear
Independent eigenvectors found in Ex.8. Then A',the matrix of T
relative to the basis B',is diagonal.

Do o
B'={(110),(1,~10),(0,0,1)} A7 8 6(;9 EO@
ﬂ\T/v L
Eigenvecto rs of A Eigenvalue sof A

(2) The main diagonal entries of the matrix A' are the eigenvalues of A.
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7.2 Diagonalization

= Diagonalization problem:

For a square matrix A, does there exist an invertible matrix P
such that P-AP is diagonal?

= Diagonalizable matrix:

A square matrix A is called diagonalizable if there exists an
invertible matrix P such that P-*AP is a diagonal matrix.

(P diagonalizes A)
= Notes:

(1) If there exists an invertible matrix P such that g = ptAP,
then two square matrices A and B are called similar.

(2) The eigenvalue problem is related closely to the
diagonalization problem.
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= Thm 7.4: (Similar matrices have the same eigenvalues)

If A and B are similar nxn matrices, then they have the

same eigenvalues.
Pf:

Aand B aresimilar= B=P AP
Al-B|=|Al-P*AP|=|P"IP - P™*AP| = [P (4l - A)P
=P 41 - AP|=|P7|P| I - A|=|P*P| A1 - A
=|Al- A

A and B have the same characteristic polynomial.
Thus A and B have the same eigenvalues.

22/38



- EX 1: (A diagonalizable matrix)

e Sk Of
AR R 1" 0
QO =52
Sol: Characteristic equation:
A-1 -3 0
\/II—A\z £ 3 0 1% 0
0 0 A+2

= (A—-4)(A+2)* =0

Eigenvalues: 4, =4, 4, =-2, 4, =—-2

()4 =4 = Eigenvector: p, =

(See p.403 EXx.5)

23/38



(2)A =-2 = Eigenvector: p, =

P:[p1

= Notes:

1) P=[p,

(2) P =[p,

P

Py

Ps

p3]: 1

ps] %

pl] T

4k

B . CH ML

O ERUE B O8O

0
p,=|0| (See p.403Ex.5)
_1_
4, 480510
— P*AP=|0 -2 O
0 ad0 7
20RO
— P*AP=| 0 4 O
0 R0 2
i) R0
— PAP=| 0 -2 O
BT O
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= Thm 7.5: (Condition for diagonalization)

An nxn matrix A iIs diagonalizable if and only if

It has n linearly independent eigenvectors.
Pf:

(=)Ais diagonalizable

there exists an invertible P s.t. D = P AP is diagonal

LetP:[pl | p2 | | pn]andD:diag(ﬂ'uﬁ?’”"ln)
_ﬂl Q& 23 %0 |
O r i)

PD=[p | po [ ] pud 2 -
DN O

:[/’Llpl | ﬂ*zpz | | ann]
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AP=A[p, | p, || pI=[Ap, | Ap, |-~ | Ap,]
AP =PD
AP e S )

(1.e. the column vector p. of P are eigenvectors of A)
- Pisinvertible = p,, p,,---, p, are linearly independent.
. Ahas n linearly independent eigenvectors.

(<)Ahas n linearly independent eigenvectors p;, p,,--- p,
with corresponding eigenvalues A, 4,,--- 4

n

lL.e. Ap, =Ap, 1=12,...,n
LetP=[p, | p. |- [Pl
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AP=Alp, | p, || P,]

=[Ap, | Ap, |-+~ | Ap,]
:[ﬂipl | /12p2 | | ﬂ‘npn]
_/’Ll DL % w0
0 A4 - 0
=T D 3 P e e =R
ELO R e R
" Py Puicecs P, @re linearly independent = P is invertible
S PTAP=D

= Ais diagonalizable

Note: If n linearly independent vectors do not exist,

then an nxn matrix A is not diagonalizable.
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= EX 4: (A matrix that is not diagonalizable)
Show that the following matrix is not diagonalizable.
1 %52
A =
Sol: Characteristic equation:

el M0 .
: l_JJ_(z )2 =0

Eigenvalue: 4, =1

URe2 0 1 _ 1
/II—A:I—Az{ }~{ O}:Elgenvector: plz{()}

Al — Al =

0 O 0
A does not have two (n=2) linearly independent eigenvectors,

so A Is not diagonalizable.
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= Steps for diagonalizing an nxn square matrix:

Step 1: Find n linearly independent eigenvectors p;, P, -, P,

for A with corresponding eigenvalues A4, A,,---, 4

n

otep 2= Let Pi=[p; [ip,.| =] P,
Step 3: : 4
A 0 - 0
v 0 4 - 0 )
P-sAP Dl " Mg S . |,where Ap. =Ap,, 1=1,2,...,n

0% Oy E T
Note: - >
The order of the eigenvalues used to form P will determine

the order in which the eigenvalues appear on the main diagonal of D.
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= EX 5: (Diagonalizing a matrix)

Pl LB
A A e 3
e e ]

Find a matrix P such that P AP is diagonal.

Sol: Characteristic equation:

A-1 1 1
MI—A\: -1 A1-3 -1{=1-2)(1+2)(1-3)=0
3 -1 A+1]

Eigenvalues: 4, =2, 4, =-2, 4, =3
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=i 5 O 51
> A4l-A=|-1 -1 -1|~-|10 1 0
3RS O O 0y
X | e L =
=300 0 |=t| 0 | = Eigenvector: p,=| 0
P e || | | UGN
A P e T O
=Yl NS e S B0 M S
PSRN WS 4 e () WSO G
e S TS ki
= (X, |=|—3t|=3t -1 | = Eigenvector: p,=|-1
X, g | 4 4




Let P=[p,

= PIAP=

P

s

— Eigenvector: p, =

v o e S T
-1 0 -1|~|0
e ot A
e

=t 1
] _1_

P A e 111
= F0~ =08

R Sy gL

.

0

3_

AR O

—_

()

32/38



- Notes: Kk is a positive integer

d, 0
(1) D= 0 d:2
0 0
(2)D=P AP

0
0

d

n

= D*=(P*AP)"

— Dk=

d* 0
0 d
0O O

=(P*AP)(P'AP)---(P*AP)
=P*APPHAPP™)--- (PP AP
=P 1AA--- AP
=P7AP

- A“=PD*P*
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= Thm 7.6: (Sufficient conditions for diagonalization)

If an nxn matrix A has n distinct eigenvalues, then the
corresponding eigenvectors are linearly independent and
A 1s diagonalizable.
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= EX 7: (Determining whether a matrix is diagonalizable)

Rl Sy
{0 01
VD)

Sol: Because A Is a triangular matrix,
Its eigenvalues are the main diagonal entries.

Ap=A, A5 =0, 24— =8
These three values are distinct, so A Is diagonalizable. (thm.7.6)
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