Chapter 3

!'_ Determinants

3.1 The Determinant of a Matrix

3.2 Evaluation of a Determinant using
Elementary Operations

3.3 Properties of Determinants

3.4 Application of Determinants



3.1 The Determinant of a Matrix

= the determinant of a 2 X 2 matrix:

R {aﬂ alz}
a'21 a'22

:>det(A) = |A| = apd,, — adydp,
= Note:
d;, z d; 4
d,; dy d, Ay
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= EX. 1: (The determinant of a matrix of order 2)

i T =2(2)-1-3) =4+3 =7
2

3 =2(2)-4(1) =4-4 =0
0 3

, 4 =0(#-2(3) =0-6 =-6

- Note: The determinant of a matrix can be positive, zero, or negative.
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« Minor of the entry & :

The determinant of the matrix determined by deleting the ith row
and jth column of A

Ay A, - al( j-1) al( j+1) o A,
M. = |G- Ay Beepgey 7 g
ij
a(i+1)1 - a(i+1)( j-1) a(i+1)( T I a(i+1)n
Apg e an( j-1) an( j+1) ~ A

. Cofactor of a; :
Cij - (_1)I+J M ij
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L e

11
A= 21

31
=M,

=C, = (-1)**M 2 =—My

a‘12
a‘22

a32

a13
a‘23
a33 d
A3
a33

all a‘13

M o=
dj; g

C:22 ey (_1)2+2 M DDt M 22
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= Notes: Sign pattern for cofactors

= = 4= &
f _ ol e
SRR
i@ B =
T ~ ? O T Yagh gl M a
T
+ - + [l ,
3 x 3 matrix 4 x 4 matrix N xn matrix

= Notes:
Odd positions (where i+ Is odd) have negative signs, and
even positions (where i+j Is even) have positive signs.
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« Ex 2: Find all the minors and cofactors of A.

O 2R e
AT R |
4 0 1
Sol: (1) All the minors of A.
-1 2
1

=M %=

=V

12




Sol: (2) All the cofactors of A.

Cij - (_1)i+j M ij

-1 2 3 2

— (€ —=- = O
4 1
2 0 1

Cl=c :::‘:_21 C22:+

21 O 4
2% . 0 1

C31:+ B o
-1 2 SN VA

= C.=+ 5’ =4
51 13 OJ-‘
0 2
__4, C23:— :8
i g |
0 2
o AT JJ:—G
3 i
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- Thm 3.1: (Expansion by cofactors)

Let A is a square matrix of order n.

Then the determinant of A Is given by

in = 1IN

(a) det(A)= A=) a,C; =a,C,+a,Ci, +--+8,C,
j=1

(Cofactor expansion along the i-th row, i1=1, 2,...,n )
or

(b) det(A)=|Al=) a,C;=2a,C,;+a,,C,; +---+a,C,
IS
(Cofactor expansion along the j-th row, =1, 2,...,n)
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« EX: The determinant of a matrix of order 3

iges

= det(A) =a,Cy; +a;,Cp, +a5,Cy
=8 Cy + 85,05 +8,,C

a‘ll
a21
a‘31

a'12
a22
a'32

= 831Cy +85,Cyp +85,C4
=ay,Cyy +8,Cy +85Cy
= 83,0, +8,,0C5, +85,C5,
= 835015 + 8,505 +85,C;;

a13
a‘23

a33 8|
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« EX 3: The determinant of a matrix of order 3

O 2 1 ; C11 ~ _1’ C12 =5 5’ C13 - 4
A: 3 _1 2 C21:_2’C22 :_4’ C23:8
4 0 1] C,=5 C,=3 C_=-6

Sol:
—=det(A)=a,C +a C +a.C =(0)(-1)+((2)OB)+@Q)(4)=14

ALy L 12 — 12 13 ~ 13

—IfG e e oy W R N RS0 (B

21 — 21 2202 23?3

—a C.+a.C.+a.C.=(4)5)+(0)(3)+1)(-6) =14

31 T 31 32 T 32 33033

—aC. +aC, +aC.=(0)(-1)+(3)(~2)+(4)(5) =14

LT Al 21 — 21 31 T 31

NG e e ) (5 Ny A (05 e ]

11202 22 22 3258 32

—a.C. +a.C. +a.C.=(D)(4)+(2)@8)+1)(-6)=14

i alE 23 23 33 33
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= EX 5. (The determinant of a matrix of order 3)
0?7 51"
A=13 -1 2| =det(A)=?
[ Ay

Sol:

AL 2 e
C11 = (_1)1 : 0 =-1 C12 = (_1)1 i 4

1

o

= det(A) =a,,C; +a,,C, +a,,C;;

=(0) =D+ ()G +D)(4)
=14

2
1

=(=D(-5) =5

3
C o _1 1+3
13 ( ) 4
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« Notes:
The row (or column) containing the most zeros is the best choice
for expansion by cofactors .

= EX 4: (The determinant of a matrix of order 4)

1 -213]0
e I 0 O I 0 N

A= 5 ol 2 = det(A) ="
R3 0|-2
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Sol:

det(A) = (3)(C,,) + (0)(C,,) + (0)(C,,) + (0)(C,,)
=3C,,

il 3(_1)1+3 O

=3 (O(-D™ +(-D*" +(3)(-D)*

B
3 4

— b
e

1 w2
4 -2
=3[0+ (2)(1)(-4) + B)(-1)(-7)]

=(3)(13)
=39
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= The determinant of a matrix of order 3:
Subtract these three products.

dil diz aAis
A=|az2 az .as
A3l d32 ass

Add these three products.

= det( A) :| A |: a-113-223-33 i a-123-233-31 i a13321a32 X a31a22a13
= a323-233-11 5 a33a213-12
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mRE o

0 16 -12

— det(A) =| A|=0+16-12 — (~4)—0—6 = 2
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= Upper triangular matrix:

All the entries below the main diagonal are zeros.

= Lower triangular matrix:

All the entries above the main diagonal are zeros.

= Diagonal matrix:

All the entries above and below the main diagonal are zeros.

= Note:
A matrix that is both upper and lower triangular is called diagonal.
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e X

upper triangular

Fa A, sar
O a22 a23

_O 0 gy |

lower triangular

a, 0 O
a21 a‘22 O
K a31 a32 a33 i

a a0
0 a,, O
0 a,

diagonal
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= Thm 3.2: (Determinant of a Triangular Matrix)

If A Is an n x n triangular matrix (upper triangular,
lower triangular, or diagonal), then its determinant is the
product of the entries on the main diagonal. That is

det(A) =| Al=a,,8,,8;--a

nn
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- EX 6: FInd the determinants of the following triangular matrices.

] . B 0 (0] {0 e O

O T, 0300 O

(@) A=_45 _62(1)8 () B=| 0 0 2 0 O
(P Oy e 0

B 0P 010 ™ 0N

Sol: T 3

(@) |Al=(2)=2)(1)(3) =-12

(b) [Bl=(1)B3)(2)(4)(-2) =48

20/62



3.2 Evaluation of a determinant using elementary operations

= Thm 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.
(@) B=r,(A) = det(B)=—det(A) (ie.|r;(A)=-]A)
(b) B=r™(A) = det(B)=kdet(A) (i.e.‘ri(k)(A)‘ = k|Al)

(c) B=r{(A) = det(B)=det(A) (i.e. |0 (A) =|A)
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» EX:

T s
A=|0 1 4|  det(A)=-2
PR i
A GLN12) NORAE [N N
A=[0 1 4| A=|1 2 3| As=|-2 -3 -2
KD Sy LR POk i

A=rD(A) = det(A) = det(r® (A)) = 4det(A) = (4)(~2) = -8
Ac=1,(A) = det(Az) = det(r, (A)) = —det(A) = —(=2) = 2
As=r$P(A) = det(As) = det(rS? (A)) = det(A) = -2
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= Notes:
det(r; (A)) =—det(A) = det(A)=—det(r; (A)

det(r"(A)) =k det(A) = det(A) = %det(ri(k) (A))

det(r;) (A)) =det(A) = det(A) =det(r;(A))
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Note:
A row-echelon form of a square matrix is always upper triangular.

= Ex 2: (Evaluation a determinant using elementary row operations)

CoNet S
A=l1 2 —2| =det(A)=?
MU Ty e

Sol:
2 -3 10 et =2

LA RO o[ B8 HESR R
IR e RN o
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ilise ot
e e, G
Oy
g )

(-1)
I3

=

()

Ia=e2
0 1
0 1

=70 1 -2=(NO)D =-7

Dm0 =1

—2
—7
-3
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= Notes:

EA/=|E|A

() E=R, =|g=|R;|=-1

= [EA =|r, (4] =-|A =[R|A = [E]A

C)ME= RO EIEIR S
= |EA =[r(A)=k|A =|R®|A =|E|A

(3) E=R® =|E/=[R{|=1
= [EA=|r (A} =14A = |R{*| A = |E]A
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= Determinants and elementary column operations

- Thm: (Elementary column operations and determinants)

Let A and B be square matrices.

(8) B=c,(A) = det(B)=-det(A) (iec,(A)]=-A)

(b) B=c”(A) = det(B)=kdet(A) (i.e.|c”(A)=k|A)

(c) B=c”(A) = det(B)=det(A) (i.e.

c,” (A)|=|A)
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» EX:

vie Sibon e
A=l4 0 1 det(A) = —
F00, %25
R = e [ g el A28 0N
A=|2 0 1 A0 % A [0
0 0 ! 0 0 : R0 24

A=c?(A) = det(A) = det(c"” (A)) = %det(A) = (%)(—8) =4
A-=C,(A) = det(A.) =det(c,(A)) = —det(A) =—(-8) =8
=cO(A) = det(As) = det(c? (A)) = det(A) = -8
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= Thm 3.4: (Conditions that yield a zero determinant)

If A Is a square matrix and any of the following conditions is true,
then det (A) = 0.

(a) An entire row (or an entire column) consists of zeros.
(b) Two rows (or two columns) are equal.

(c) One row (or column) is a multiple of another row (or column).
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agl XS

1
2 2 2]=0

5

8

2 110][9||=0
3 12| (6

=0

4
2 5 |00

6

6
—6

4
—2

-

2
0 0 0]=0

5

2

A
1{ 5 |12/F0

6

1
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= Note:

Cofactor Expansion Row Reduction
Order n Additions Multiplications Additions Multiplications
3 5 9 5 10
5 119 205 30 45
10 3,628,799 6,235,300 285 339
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= EX 5: (Evaluating a determinant)

oA
A et Sy
) s

T AN e ol Ml e

dETrE FoR TR S8 SFORTE. 1=
EER TN e BT
5

& T P B TR

_3 5 2 (ﬂ)—3 5 2
det(A)=|2 -4 -1|=|2 |0] 2

el O NG e o )l G
o Ry S
R G Gl
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_
N—TMMmMO

MANAN <N
—AM—daNm

O—AoO -

NN M

= EX 6: (Evaluating a determinant)

JEcen

M AN OO

—

11__50

AN M

(WSS
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S, -1 =
: G 1€ 3 MIT0, 207
-8 -1 2 3
3 ST IR 2 e e e
13 5 6 -4 5
_ : 1160 SRS T 11+ 16 AT [
O Oy L=
_8 Y
:5_1l+3
xR
= (9)(-27)

— —Lcis
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3.3 Properties of Determinants

= Thm 3.5: (Determinant of a matrix product)
det (AB) = det (A) det (B)
= Notes:
(1) det (EA) = det (E) det (A)
(2) det(A+ B) = det(A)+det(B)
(3)

dyy d, d 3 d;; dp
dy, + b22 dy, + b22 dyz + b23 =dy Ay
da ds, Agq dy; dy

a13
a‘23

a33

11

o D

21

QD

31

22

QD

32

23

QD

33
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= EX 1: (The determinant of a matrix product)

, O

—

3
0

2

1

Find |A), |B|, and |AB|

Sol:

| Al

Bl

B

0
3

2
0
3

2 0

=1
1

0
.
1

1
—2
—2

1
—2
—2

=11
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e 7 R (Mt ] S 2 RS e 7%
AB = 3 2|0 -1 -2|=|6 -1 -10
gl 0 1__3 1 —2_ Rl e ST
8 4 1
=|ABl=6 -1 -10|=-77
Gyt Ye-est],
= Check:

AB| = |A] [B]
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= Thm 3.6: (Determinant of a scalar multiple of a matrix)

If Aisann X n matrix and c Is a scalar, then
det (cCA) =c"det (A)

« EX 2:
10 -20 40|
A=| 30 0 50|
E=20ANSES L0
Find |A].
Sol: 4 L
%204
A=100 3 0 5|=|A=10°
s 50 gl

—2

o &4

— &

-2 4
QL5
—) |

— (1000)(5) = 5000
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=« Thm 3.7: (Determinant of an invertible matrix)
A square matrix A is invertible (nonsingular) if and only if

det (A) =0
» EXx 3: (Classifying square matrices as singular or nonsingular)
0 2 -1 0 2 -1]
A=Y 3, T2 BY=iige’ " =28
SN b Sy e e
Sol:
|A[=0 = Ahasno inverse (it is singular).

B|=-1220 = B has an inverse (it is nonsingular).
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=« Thm 3.8: (Determinant of an inverse matrix)
1
det(A)

If Aisinvertible, then det(A™)=

= Thm 3.9: (Determinant of a transpose)

If A isasquare matrix, then det(A") = det(A).

« EX 4: o 5 {
R SR (@) |Af=?  (b) |AT|=2
_2 1 -
Sol:
kg O3 A_l‘zizl
A0 -1 2|=4 A 4
S AT|=|A=4
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= Equivalent conditions for a nonsingular matrix:

If Aisan n X n matrix, then the following statements are

equivalent.
(1) Ais invertible.

(2) Ax = b has a unigue solution for every n x 1 matrix b.
(3) Ax =0 has only the trivial solution.

(4) Aisrow-equivalentto I,

(5) A can be written as the product of elementary matrices.

(6) det (A) =0
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« Ex 5: Which of the following system has a unique solution?

()
3%,
3%,

(b)

3%,
3%,

2X,
2X,
2X,

2X,
2X,
2X,
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Sol:
(@) Ax=Db

A=0

This system does not have a unique solution.

(b) Bx=b
B|=-12=0
This system has a unique solution.
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3.4 Applications of Determinants

= Matrix of cofactors of A:

B e, O, UG, ¢
[Cii] = C.Zl C;22 C.Zn Cij= (=1’ Mi
[N (et
= Adjoint matrix of A:
okl ges Gt
adj(A) =[Cij]" = C}Z sz C.”Z
CIC T s et
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= Thm 3.10: (The inverse of a matrix given by its adjoint)
If Ai1sann X ninvertible matrix, then

1 .
o = adi(A
det(A) A
s (=
Ty
A:
c d
fie e
o e Al = adi( A
— det(A) add bcb = det(A) 1(A)
adj(A){ } e e
Rk ad —bc|-c a
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R oy y

-1 3 2] (3)Find the adjoint of A.
Ay e =20 <)
ity O (b) Use the adjoint of Ato find A™

Sol: = C; = (_1)i+j M;;

— 0 -2
382 =172 -1 3

Ca=y 7% C2=Hy 7% %=y o7
B o -1 2 s
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= cofactor matrix of A = adjoint matrix of A

c,]=|6 0 3

— Inverse matrix of A

A—l

= Check:

AT 42

bl 29

1
adj(A
det(A) 1(A)
EAAG -
111 0 1
W
AA™ =]

wN wkFkr wlh

4 6

adj(A)=[c;] =|1 0

Wi Wik, Wi

2 3

det(A)=3
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- Thm 3.11: (Cramer’s Rule)
8, X +a,X, +--+a, X =b

1n“*n

2n’'n

8, X, + 8y X, +-+a, X =D,

a. X +a,X,+--+a X =b | b,
X b
Ax=b  A=[a,] =[A® A®,... A®] x=|7|b=|"
X b
ay dp A, - ke o
det(A)=| & % M=0
(this system has a unique solution)
dy Ay o Ay,
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A =A%, A, AT b AU A0

a; al( jAsY bl al( JaS A,
3 Ay e a2(j—1) bz a2(j+1) ot Ay
_anl an(j—l) bn an(j+1) ann_

(ie. det(A,)=bC, +b,C, +--+b,C,)
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= Pf:
AX=Db, det(A) =0

—x=A% = _adj(A)b
det(A)
_C11 Cu - Cnl_—bl_
' 1 Cp, Cp -+ Cp|by
det(A)| @ ¢ |
_Cln C,, - Cnn__bn_

_blcll A b2C21 e R - annl )
il 1 b1C12 o b2C22 e annZ
~ det(A) : :

b1C1n o b2C2n + iR » " annn
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= X,

g
I det(A)
_ det(A)
 det(A)

(bC,; +b,Cy; +---+b,C)

j:]_,z,...,n
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« Ex 4: Use Cramer’s rule to solve the system of linear equations.
-X + 2y - 3z =]1
2 X e =0
3X — 4y + 47 =12

Sol: N A 1o sakn
det(A)=(2 0 1|=10 det(A)=50| O 1|=8
SEN— 21 -4 4
-111]-3 e Ny N
det(A,)=(2 |0 ] 1|=-15 det(A,)=(2 O |0-16
B ]2 St Sl ?
¥ det(A) ol 5 det(A,) e ax, det(A,) =0
det(A) 5 det(A) 2 det(A) 5
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