Lecture 2

!'_ Matrices

2.1 Operations with Matrices
2.2 Properties of Matrix Operations
2.3 The Inverse of a Matrix

2.4 Elementary Matrices
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2.1 Operations with Matrices

« Matrix:
djy d;, d3 v Qg
dyy Ay Ay ot Ay
A= [aij] =| 485 d3 83 -+ dg, eM ..
_aml am2 a'm3 i amn Jdmxn

(i, ))-thentry: a

1

row: m
column: n
size: mXn
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= I-th row vector

ri:[ail A, - ain] row matrix

= |-th column vector

Caj column matrix

- SqQuare matrix: m=n
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= Diagonal matrix:

A=diag(d,,d,,---,d ) =

nxn

= lrace:

If A= [aij ]nxn

Then Tr(A) =a;, +d,, +---t+a,,
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mE X
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- Equal matrix:

If A: [aij]mxn’ mxn

B :[bij]

Then A=B ifandonlyif a; =b; V1<i<m, 1<j<n

- Ex 1: (Equal matrix)
N2 a b
A= B=
s ek

If A=B
ez Sl 2ey c7= 300 Ge-—F4
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= Matrix addition:
If A= [aij]mxn’ B= [bij]
Then A+B= [a.. R [bij ]mxn - [aij b bij ]mxn

ij dmxn

mxn

- EX 2: (Matrix addition)

—12+13_—1+12+3_05
O Y P ) R T R [ ) | TR e
e Rl ™ P gl ™

L5 2 | S A R 0

7/61



= Scalar multiplication:
If A=[a;],.,, C:scalar
Then cA=|ca,

ij dmxn

= Matrix subtraction:
A-B=A+(-1)B

= EX 3: (Scalar multiplication and matrix subtraction)

By i M 008
A=|-3 0 -1 B=| 1 -4 3
Akl W PRy 7

Find (a) 3A, (b)-B, (c) 3A—B
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Sol:

AN ™M O
ST |
O O ™M
o o O
_ | |
I
_\)\1)_)__
M_.\_n(/_\ @& el . 6N
qp)
))\1I_/ @ f S5p Heh
S & |
o ™M
A\l s
o N __
R ot el
& 00 [
l e |
SEE N -Gy MW Sl o
_ _
N O - N 1
_
_
I M —
| T
_ & |
I I
< m
(qp) _
© fe)
~— ~~

(oM T2

-6

0

0

2

1 -4 3|=(-10 4

B GaS 178

Y

(c)

3A-B=|-9 0
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- Matrix multiplication:

I A:[aij]mxn’ B :[bij]nxp
Then AB = [aij]mxn [bU ]nxp ~ [Cij]mxp
—
Size of AB

n
k=1

a'11 a?z a?n R o RO
a. a. a' by o (B o by, 'y
. lll o : B o P T
b. - |b.| - b
_anl A, ann_ = 5 S =

« Notes: (1) A+B = B+A, (2) AB = BA
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- Ex 4: (Find AB)

five

Sol:

AB =

2?3

V)
4 —2| B=

i JIH)
5 0

(-D(=3)+()(-4) (D@)+QO)
(4)(=3)+(=2)(4) (H(2)+(-2)1)

O+ 0)(-4)  B)(+(0)() _
gt g

b 5T
15 10
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= Matrix form of a system of linear equations:

Ay Xy + Xy o+ Qg X, :bl
&, X +a,X ++a, X =b,

2n“*n

) : m linear equations

(@ X T A, X+ A X, =D

J

Ay, dp 0 Q| K bl :/
G i o it b e | T Single matrix equation
Ax =b
mxnnxl mx1
_aml amz amn__Xn_ _bm_
I | I
A X b
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=« Partitioned matrices:

submatrix
3 Au}
Ay Ay
(B 2, a; ay (n]

A= dyy Ay Ay Ay (=T

a31 a32 a‘33 a'34 0 r3 a

N

A, 1 Ay 1 Ay
A= | Gy | T3 | Gy :@ C, € €]
1 83 1 855 1 8y
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2.2 Properties of Matrix Operations

= Three basic matrix operators:
(1) matrix addition
(2) scalar multiplication
(3) matrix multiplication

« ZEromatrix;. 0

mxn

. |dentity matrix of order n: |,
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= Properties of matrix addition and scalar multiplication:
If AAB,CeM__, c,d:scalar
Then (1) A+tB=B+A
2) A+(B+C)=(A+B)+C
(3) (cd)A=c(dA)
(4) 1A=A
(5) c(A+B)= cA+cB
(6) (c+td)A=cA+dA
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= Properties of zero matrices:
If AeM__,
Then (1) A+0 . =A
(2) A+(=A) =0,,,
(SreAi=0r “=wei= Oor A0

c:scalar

= Notes:
(1) 0., .. the additive identity for the set of all m X n matrices

(2) —A: the additive inverse of A
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= Transpose of a matrix:

_511 d, -
T e I VI
A 8no Ay
A| || aml_
Titien A | Sellee B Sl eM_
|8n| |8 ) _

18/61



= EX 8: (FInd the transpose of the following matrix)

Sol:

@ A-[s] @ A=[4 5 @

R ben

¥ 3208

= G

|

>,

I
w N -
o o ~

U
>,
Il
A
(@)
N

(©) A=|2
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= Properties of transposes:
D) (A") =A
(2) (A+B) =A" +B'
(3) (cA)' =c(A")
(4) (AB)T =BT AT
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= Symmetric matrix:
A square matrix A is symmetric if A=AT

= Skew-symmetric matrix:

A square matrix A is skew-symmetric if A" =-A

« EX: i -
%28
If A=|a 4 5| Issymmetric, find a, b, c?
b ¢ 6
Sol: L ' A i
i 2WE3 1 a b
A= e AN B Al kS e A=A
E = a=2,b=3c=5
ROy Ca6) k3o -* 6
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Sol:

oo O

@y

O O
OwnhNo

. NESr

IS a skew-symmetric, find a, b, c?

oo

0 -a
-1 0
-2 -3

A SRR =3

- Note: AA' is symmetric

Pf:

(AAT)T :(AT)T AT :AAT
. AA' is symmetric

-b
=
0
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= Real number:
ab =ba (Commutative law for multiplication)

« Matrix:
AB = BA

mxnnxp

Three situations:
(1) If m= p,then AB is defined, BAis undefined.

(2) If m=p,m=n,then ABe M BAe M, (Sizes are not the same)

mxm?

(3) If m=p=n,thenABeM__, BAeM_

(Sizes are the same, but matrices are not equal)
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=« Ex 4:
Sow that AB and BA are not equal for the matrices.

fl e 2 —
A= and B-=
St KR
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« Real number:

ac=Dbc, c#0

=sra=ibh (Cancellation law)
= Matrix:

AC=BC C=0

(1) If Cis invertible, then A=B

(2) If Cisnotinvertible,then A = B (Cancellation is not valid)
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- ExX 5. (An example in which cancellation is not valid)
Show that AC=BC

A AR

Sol: - i " ol .
1S 3u| (e ==—2 — 2 %4
AC = =
0y il T2 S L, T
ORI g ) 27 A8
BC = =
[Py S DT e B
So AC=BC
But A#=B
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2.3 The Inverse of a Matrix

« INnverse matrix:

Consider Ae M
If there exists a matrix Be M such that AB=BA=1_,

Then (1) Ais invertible (or nonsingular)

(2) B is the inverse of A

= Note:

A matrix that does not have an inverse Is called
noninvertible (or singular).
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= Thm 2.7: (The inverse of a matrix is unigue)
If B and C are both inverses of the matrix A, then B = C.
Pf: AB = |

C(AB) =CI

(CAB=C
IB=C
B=C

Consequently, the inverse of a matrix Is unigue.

= Notes:
(1) The inverse of A is denoted by A™

(2) AA=ATA=
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= Find the Inverse of a matrix by Gauss-Jordan Elimination:
[A | | ] Gauss-Jordan Elimination >l| | A—l

= EX 2: (Find the inverse of the matrix)
A:{ 1 4}
-1 -3
AX =1
B Dt iy -Deet Mg O
__1 _3}{)(21 ij :{O J
B A ot Nl 10
— Xy _3X21 — Xp _3X2j z {O J

Sol:
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X, + 4%, =1

o i 3X21 =0 (1)
X, + 4X,, = 0

o ey O | (2)

o b 41 g]mar J101-9) Ly

1 4 O rl(zl)’rz(1_4) N 1 0 _4 = =
(2):{—1 ~af 1} ’[0 L 1} g
Thus

X Aoy -3 -4
X=A1={Xﬂ xlz}{l 1} (AX =1=AAT)
21 22
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= Note:

1 4 : 1 O]cas-dodangiimnationl 1 0 : -3 —4
{—1 -3 : 0 J ST {o gdtd gl J
A | | At

If A can’t be row reduced to I, then A is singular.
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= Ex 3: (FIind the inverse of the following matrix)

(e
O R
(gt
Sol:
1-1 0:100
R M = e M S S R R TN
2 0
I 1 T N O R OTEG R S0 0%
Sz 5 E O Mg AR s N R (8 ] AR 810
L T 2 s O B 4=y SREG (6] Ll
(4) 1_1 O 100 At 1_1 O 1 O O
P LS R 0 T I W™ Sy P S i I L S
oo =il 2, T ) 0 0 1:-2-4-1



R WL 1~ O e 80~ QU A S [~ 1SGA0N:
il G- SINORE, o€ TGaRNL St A gy e <)
o) O P T T AL %
= [11 A1

So the matrix A is invertible, and Its inverse IS

Pt W]
e eI T )
-2 -4 -1
= Check:
AA = ATA=
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= Power of a square matrix:

(DA = |

(2)A“ = AA--- A

(3) AI’ ] AS . Ar+s

k factors

(AI’)S:AI‘S
syt
0 d,
@p=|.
0 0

(k > 0)

r,s:integers

=)

d* 0
0 d
0O O
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- Thm 2.8 : (Properties of inverse matrices)

If A Is an invertible matrix, k is a positive integer, and c is a scalar

not equal to zero, then

(1) A™ is invertible and (A=A

(2) A“ is invertible and (A*) "= ATAT. AT =(AT) = A

k factors

(3) cA is invertible and (cA)™ =%A‘1,C¢O

(4) A’ is invertible and (A") " = (A7)’
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- Thm 2.9: (The inverse of a product)

If A and B are invertible matrices of size n, then AB is invertible and

(AB) ' =B*A™
Pf:

(AB)Y(B'A ) =ABB YA =AD)A =(ANA = AA" =
(B*A ) (AB)=B*'(A*AB=B (1) B=B*(IB)=B'B=1
If AB is invertible, then its inverse is unique.
So (AB) =B *A™

= Note:

(AAA A ) = A ATATAT
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= Thm 2.10 (Cancellation properties)
If C Is an invertible matrix, then the following properties hold:
(1) If AC=BC, then A=B (Right cancellation property)
(2) If CA=CB, then A=B (Left cancellation property)

Pf:
AC =BC

(AC)C*=(BC)C™ (Cisinvertible,so C* exists)
A(CC™) = B(CC™)
Al = Bl
A=B
= Note:

If C is not invertible, then cancellation iIs not valid.
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- Thm 2.11: (Systems of equations with unigue solutions)
If A Is an invertible matrix, then the system of linear equations
AX = b has a unique solution given by
=l
Pf: Ax=Db
A7Ax=A"D ( A is nonsingular)
IXx=A"D
Xx=A"D
If x, and X, were two solutions of equation Ax=h.

then Ax, =b=AX, = X, =X, (Left cancellation property)

This solution Is unique.
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= Note:

For square systems (those having the same number of equations
as variables), Theorem 2.11 can be used to determine whether the
system has a unigue solution.

= Note:

Ax=Db (Ais an invertible matrix)

P ] i o T
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2.4 Elementary Matrices

= Row elementary matrix:
An nxn matrix is called an elementary matrix if it can be obtained

from the identity matrix I, by a single elementary operation.

= Three row elementary matrices:

L) R; =r; (1) Interchange two rows.

(2) RN =) (k = 0) Multiply a row by a nonzero constant.

(3) Rigk) = rij(k) (1) Add a multiple of a row to another row.
= Note:

Only do a single elementary row operation.
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- Ex 1: (Elementary matrices and nonelementary matrices)

100 100 RISGEO,
(@) 0 3 0 (b)[O 1 0} ()0 10
(RO 000
Yes (r2(1,)) No (not square) mas(tRboeV\tI)y : E:)F;]gg?gggnstant)
RN i /
100
()0 0 1 e [1 O}
010 P2 o6

No_(Use two elementary

Yes (rs(13)) Yes (r1(22) (1,)) -
row operations)
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« Thm 2.12: (Representing elementary row operations)

Let E be the elementary matrix obtained by performing an
elementary row operation on |_. If that same elementary row
operation is performed on an mxn matrix A, then the resulting

matrix is given by the product EA.

r(l)=E
r(A) = EA
= NOtes:
1) r;(A)=RA

(2) r9(A)=ROA

(k) _ pk)
@) M =ROA
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= EX 2: (Elementary matrices and elementary row operation)

(@)

(b)

(c)| 2

0
1

0
0 0
oL

-t ()

OoON|FR,O

0
1
3

i
6
il

@)

Ca—

=1

2
-3
2

1

0

1
6

SIS0

O]
K
0

—2
4

1
0
0

—4
3
3

=1l
1
5

1
—2
1

(3%

(r12(A) = R12 A)

i 1

(1,2 (A) = Ry2 A)

(A) =R’ A)
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« EX 3: (Using elementary matrices)

Find a sequence of elementary matrices that can be used to write
the matrix A in row-echelon form.

A=

Sol:

0
E1 - 12('3) =1
0

1

0

1
2

o 0]
= L e
O 0055,

1.3 351
=oR, e/
(o #2010y

CONMSCHof
R E.OOMEE

Ez = r1(3_2)(|3) =

N O -

O -t O

TEY B DAS (@)
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Y(A)=EA

i
rlS

A,

o) S
I o
Ca
oo S
(@b
S
o™ D
1
— =
o
| -
(@)
[ s ]
I
el W
LO
oM
— O
oo
T W
|
OO | N
O— O
—1O O _
I
<
LLl
I
~~
<
TN
I

2 (1, (A))

3

)
(1

1
(_
%

E,E,E,A or B

=
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- Row-equivalent:

Matrix B is row-equivalent to A if there exists a finite number

of elementary matrices such that

B=EE,_, E,E,A
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- Thm 2.13: (Elementary matrices are invertible)
If E Is an elementary matrix, then g *exists and

IS an elementary matrix.

= Notes:
(1) (Rij)_l ® Rij

@ (R®)*=RY

(01 _ R(-K)
(3 (R) " =R
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A

Elementary Matrix

1
0

FORLI 0N
o=
1

0
0

Inverse Matrix

(Rp)™ =

s A

(R;? )‘1

—l

—1

OoOrO
NN
OO

N O
OoOr O
o ) (T

oo
OoOr O
N OO

= R\{, (Elementary Matrix)

— R®
13 (Elementary Matrix)

2
= RE’E )(Elementary Matrix)
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- Thm 2.14: (A property of invertible matrices)
A square matrix A is invertible if and only if it can be written as

the product of elementary matrices.

Pf: (1) Assume that A is the product of elementary matrices.
(a) Every elementary matrix Is invertible.
(b) The product of invertible matrices is invertible.

Thus A is invertible.
(2) If A'is invertible, Ax = 0 has only the trivial solution. (Thm. 2.11)

= [A:0]—[1:0]
SEMN B EEAS]
A e PR E

Thus A can be written as the product of elementary matrices.
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« EX 4:
Find a sequence of elementary matrices whose product Is

-1 -2
A —
Yy
Sol:
)

A i —_ 1 B 2 rl(—1) 1 2 rl(2—3) 1 2
| 2T S 13 8 o,
: 180 2 S M0
2 N 21 > :|

0 1 0 1

1
o o i A
Therefore R{?R,ZRLIRIPA=1
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Thus A=(R") (RS 3))‘1(R )‘1(R( e

- RPRZRERY
PO S O O L2
AR | e e 2 | Fle
= Note:

If A is invertible

Then E, ---E,E,E, A=
e SE STHEYS S

E ---E,EE[A!I]=]1:A"]
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- Thm 2.15: (Equivalent conditions)
If A Is an nxn matrix, then the following statements are equivalent.
(1) Ais invertible.

(2) Ax = b has a unique solution for every nx1 column matrix b.

(3) Ax =0 has only the trivial solution.
(4) Aisrow-equivalentto I, .

(5) A can be written as the product of elementary matrices.
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