
Lecture 2

Matrices

2.1  Operations with Matrices

2.2  Properties of Matrix Operations

2.3  The Inverse of a Matrix

2.4  Elementary Matrices
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2.1  Operations with Matrices

◼ Matrix:

nm

nmmnmmm

n

n

n

ij M

aaaa

aaaa

aaaa

aaaa

aA 



























==   ][

321

3333231

2232221

1131211











(i, j)-th entry: ija

row:  m

column:  n

size:  m×n
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◼ i-th row vector

 iniii aaar 21=

◼ j-th column vector



















=

mj

j

j

j

c

c

c

c

2

1

row matrix

column matrix

◼ Square matrix:    m = n
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◼ Diagonal matrix:

),,,( 21 nddddiagA =
nn

n

M

d

d

d





















=









00

00

00

2

1

◼ Trace:

nnijaA = ][ If

nnaaaATr +++= 2211)(Then  
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◼ Ex:









=

654

321
A 








=

2

1

r

r

 321 ccc=

 ,3211 =r  6542 =r

,
4

1
1 








=c ,

5

2
2 








=c 








=

6

3
3c









=

654

321
A




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nmijnmij bBaA  == ][  ,][  If

◼ Equal matrix:

njmibaBA ijij == 1  ,1      ifonly  and if   Then 

◼ Ex 1: (Equal matrix)









=








=

dc

ba
BA             

43

21

BA =  If

4   ,3   ,2   ,1 Then ==== dcba 
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◼ Matrix addition:

nmijnmij bBaA  == ][  ,][ If

nmijijnmijnmij babaBA  +=+=+ ][][][Then  

◼ Ex 2: (Matrix addition)










−
=









+−

++−
=









−
+







−

31

50

2110

3211

21

31

10

21

=















−

+

















−

−

2

3

1

2

3

1

















+−

+−

−

22

33

11

















=

0

0

0
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◼ Matrix subtraction:

BABA )1(−+=−

◼ Scalar multiplication:

scalar :   ,][ If caA nmij =

◼ Ex 3: (Scalar multiplication and matrix subtraction)

















−−=

212

103

421

A

















−

−=

231

341

002

B

Find (a) 3A,  (b) –B,  (c) 3A – B

nmijcacA = ][Then 
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(a)

















−−=

212

103

421

33A

(b)

( )

















−

−−=−

231

341

002

1B

(c)

















−

−−

















−−=−

231

341

002

636

309

1263

3 BA

Sol:

















−−=

636

309

1263( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )















−−=

231323

130333

432313

















−−

−−

−

=

231

341

002

















−−=

407

6410

1261
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◼ Matrix multiplication:

pnijnmij bBaA  == ][  ,][ If

pmijpnijnmij cbaAB  == ][][][Then 

njin

n

k

jijikjikij babababac +++==
=


1

2211
where

◼ Notes:  (1) A+B = B+A,  (2) BAAB 

Size of  AB



















=











































inijii

nnnjn

nj

nj

nnnn

inii

n

cccc

bbb

bbb

bbb

aaa

aaa

aaa






















21

1

2221

1111

21

21

11211
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















−

−

=

05

24

31

A 








−

−
=

14

23
B

◼ Ex 4: (Find AB)

Sol:

















+−+−

−+−−+−

+−−+−−

=

)1)(0()2)(5()4)(0()3)(5(

)1)(2()2)(4()4)(2()3)(4(

)1)(3()2)(1()4)(3()3)(1(

AB

















−

−

−

=

1015

64

19
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◼ Matrix form of a system of linear equations:













=+++

=+++

=+++

mnmnmm

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa









2211

22222121

11212111

= = =

A x b

equationslinear  m

equationmatrix  Single

bx A =    
1  nnm 1m


















=





































mnmnmm

n

n

b

b

b

x

x

x

aaa

aaa

aaa











2

1

2

1

21

22221

11211


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◼ Partitioned matrices:









=

















=
2221

1211

34333231

24232221

14131211

AA

AA

aaaa

aaaa

aaaa

A

submatrix

















=

















=

3

2

1

34333231

24232221

14131211

r

r

r

aaaa

aaaa

aaaa

A

 4321

34333231

24232221

14131211

cccc

aaaa

aaaa

aaaa

A =

















=
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2.2  Properties of Matrix Operations

◼ Three basic matrix operators: 

      (1) matrix addition

      (2) scalar multiplication

      (3) matrix multiplication

◼ Zero matrix:
nm0

◼  Identity matrix of order n: nI
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Then (1)  A+B = B + A

(2)  A + ( B + C ) = ( A + B ) + C

(3)  ( cd ) A = c ( dA )

(4)  1A = A

(5)  c( A+B ) =  cA + cB

(6)  ( c+d ) A = cA + dA

scalar:,      ,,,  If dcMCBA nm

◼ Properties of matrix addition and scalar multiplication:
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calar cMA nm s:     ,  If 

AA nm =+ 0 (1)Then  

nmA A =−+ 0)((2)

nmnm  or A c cA  === 000)3(

◼ Notes:

(1) 0m×n: the additive identity for the set of all m×n matrices

(2) –A: the additive inverse of A

◼ Properties of zero matrices:
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nm

mnmm

n

n

M

aaa

aaa

aaa

A 



















=    If

21

22221

11211









mn

mnnn

m

m

T M

aaa

aaa

aaa

A 



















=  Then  

21

22212

12111









◼ Transpose of a matrix:
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







=

8

2
A (b)

















=

987

654

321

A (c)

















−

=

11

42

10

A

Sol: (a)









=

8

2
A  82= TA

(b)

















=

987

654

321

A

















=

963

852

741
TA

(c)

















−

=

11

42

10

A 








−
=

141

120
TA

(a)

◼ Ex 8: (Find the transpose of the following matrix)
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AA TT =)(  )1(

TTT BABA +=+ )(  )2(

)()(  )3( TT AccA =

 )(  )4( TTT ABAB =

◼ Properties of transposes:
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A square matrix A is symmetric if A = AT

◼ Ex:

















=

6

54

321

  If

cb

aA is symmetric, find a, b, c?

A square matrix A is skew-symmetric if AT = –A

◼ Skew-symmetric matrix:

Sol:

















=

6

54

321

cb

aA

















=

653

42

1

c

ba

AT

5 ,3 ,2 === cba

TAA =



◼ Symmetric matrix:
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















=

0

30

210

  If

cb

aA is a skew-symmetric, find a, b, c?

◼ Note: TAA is symmetric

Pf:

symmetric is 

)()(

T

TTTTTT

AA

AAAAAA



==

Sol:














=

0
30
210

cb
aA

















−−

−−

−−

=−

032

01

0

c

ba

AT

TAA −= 3 ,2 ,1 −=−=−= cba

◼ Ex:
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ab = ba (Commutative law for multiplication)

undefined. is ,defined is  then ,  If BAABpm  (1)

mmmm MBAMABnpm  ==   (3) ,then ,  If

nnmm MBAMABnmpm  =   (2) , then , ,  If (Sizes are not the same)

(Sizes are the same, but matrices are not equal)

◼ Real number:

◼ Matrix:

BAAB 
pnnm   

Three situations:
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








−
=

12

31
A 







 −
=

20

12
B

Sol:










−
=







 −









−
=

44

52

20

12

12

31
AB

◼ Note: BAAB 










−
=









−






 −
=

24

70

12

31

20

12
BA

◼ Ex 4:

Sow that AB and BA are not equal for the matrices.

and
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(Cancellation is not valid)

0  , = cbcac

b a = (Cancellation law)

◼ Matrix:

0     = CBCAC

(1) If C is invertible, then A = B

◼ Real number:

BA  then ,invertiblenot  is C If (2)
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








−

−
=








=








=

21

21
    ,

32

42
    ,

10

31
CBA

Sol:










−

−
=









−

−








=

21

42

21

21

10

31
AC

So BCAC =

But BA 










−

−
=









−

−








=

21

42

21

21

32

42
BC

◼ Ex 5:  (An example in which cancellation is not valid)

Show that AC=BC
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2.3 The Inverse of a Matrix

nnMA 

,such that  matrix  a exists  thereIf nnn IBAABMB == 

◼ Note:

A matrix that does not have an inverse is called 

noninvertible (or singular).

Consider

Then  (1) A is invertible (or nonsingular)

          (2) B is the inverse of A

◼ Inverse matrix:
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If B and C are both inverses of the matrix A, then B = C.

Pf:

CB

CIB

CBCA

CIABC

IAB

=

=

=

=

=

)(

)(

Consequently, the inverse of a matrix is unique.

◼ Notes:

(1) The inverse of A is denoted by 1−A

IAAAA == −− 11  )2(

◼ Thm 2.7: (The inverse of a matrix is unique)
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   1nEliminatioJordan -Gauss || −⎯⎯⎯⎯⎯⎯ →⎯ AIIA

◼ Ex 2: (Find the inverse of the matrix)










−−
=

31

41
A

Sol:
IAX =









=

















−− 10

01

31

41

2221

1211

xx

xx









=









−−−−

++

10

01

33

44

22122111

22122111

xxxx

xxxx

◼ Find the inverse of a matrix by Gauss-Jordan Elimination:



31/61






 −
⎯⎯⎯ →⎯







−−


−

110
301

031
141

)1(
)4(

21
)1(

12   ,





 rr






 −
⎯⎯⎯ →⎯







−−


−

110
401

131
041

)2(
)4(

21
)1(

12   ,





 rr

1 ,3 2111 =−= xx

1 ,4 2212 =−= xx

)(  
11

43
1-

2221

12111 AAIAX
xx

xx
AX ==







 −−
=








== −

Thus

(2)       
13

04
     

(1)       
03

14
  

2212

2212

2111

2111

=−−

=+

=−−

=+


xx

xx

xx

xx
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1110

4301

1031

0141

1

inationJordanElimGauss

,
)4(

21
)1(

12

−

−








 −−
⎯⎯⎯ →⎯









−−
−

AIIA

rr 







If A can’t be row reduced to I, then A is singular.

◼ Note:
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













−
−

−
=

326
101
011

A

  
100326
011110
001011

  
)1(

12















−
−−

−
⎯⎯→⎯
−





r

Sol:

 














−
−

−
=

100
010
001

326
101
011

    




 IA














−

−
−

−
⎯→⎯

106
011
001

340
110
011

  
)6(

13





r















−−−
−−

−
⎯⎯→⎯
−

142100
011110
001011

  
)1(

3





r















−
−−

−
⎯→⎯

142100
011110
001011

  
)4(

23





r

◼ Ex 3: (Find the inverse of the following matrix)
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













−−−
−−−

−
⎯→⎯

142100
133010
001011

 
)1(

32





r















−−−
−−−
−−−

⎯→⎯
141100
133010
132001

 
)1(

21





r

So the matrix A is invertible, and its inverse is

















−−−

−−−

−−−

=−

142

133

132
1A

]  [  1−= AI 

◼ Check:

IAAAA == −− 11  
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IA =0(1)

0)(      )2(
factors 

= kAAAA
k

k



integers:,    )3( srAAA srsr +=

rssr AA =)(



















=



















=

k

n

k

k

k

n d

d

d

D

d

d

d

D

















00

00

00

00

00

00

)4( 2

1

2

1

◼ Power of a square matrix:
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If A is an invertible matrix, k is a positive integer, and c is a scalar

  not equal to zero,  then

AAA =−−− 111 )( and  invertible  is (1)   

kk

k

kk AAAAAAA −−−−−− === )()( and  invertible  is (2) 1

factors 

1111

   

0 ,
1

)(  and  invertible  is  c  (3) 11 = −− cA
c

cAA

TTT AAA )()(  and  invertible  is  (4) 11 −− =

◼ Thm 2.8： (Properties of inverse matrices)
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◼ Thm 2.9: (The inverse of a product)

If A and B are invertible matrices of size n, then AB is invertible and

111)( −−− = ABAB

111)(  So

unique. is inverse its then ,invertible is  If

−−− = ABAB

AB

Pf: 

IBBIBBBIBBAABABAB

IAAAAIAIAABBAABAB

=====

=====

−−−−−−−

−−−−−−−

1111111

1111111

)()()())((

)()()())((

◼ Note:

( ) 1

1

1

2

1

3

11

321

−−−−−
= AAAAAAAA nn 
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◼ Thm 2.10 (Cancellation properties)

If C is an invertible matrix, then the following properties hold:

       (1) If AC=BC, then A=B (Right cancellation property)

       (2) If CA=CB, then A=B   (Left cancellation property)

Pf:

BA

BIAI

CCBCCA

CBCCAC

BCAC

=

=

=

=

=

−−

−−

)()(

)()(

11

11 exists) C so ,invertible is (C 1-

◼ Note:

If C is not invertible, then cancellation is not valid.
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◼ Thm 2.11: (Systems of equations with unique solutions)

If A is an invertible matrix, then the system of linear equations

       Ax = b has a unique solution given by

bAx 1−=

Pf: 

( A is nonsingular)

bAx

bAIx

bAAxA

bAx

1

1

11

         

        

      

−

−

−−

=

=

=

=

This solution is unique.

.equation    of  solutions    twowere  and  If 21 bAxxx =

21then AxbAx == 21  xx = (Left cancellation property)
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bAx =

     bAIbAAAbA A 111 |||
1

−−− =⎯→⎯
−

◼ Note:

    

(A is an invertible matrix)

◼ Note:

For square systems (those having the same number of equations 

as variables), Theorem 2.11 can be used to determine whether the 

system has a unique solution.
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2.4 Elementary Matrices

◼ Row elementary matrix:

An nn matrix is called an elementary matrix if it can be obtained

      from the identity matrix In  by a single elementary operation.

◼ Three row elementary matrices:

)( )1( IrR ijij =

)0(           )( )2( )()( = kIrR k

i

k

i

)( )3( )()( IrR k

ij

k

ij =

Interchange two rows.

Multiply a row by a nonzero constant.

Add a multiple of a row to another row.

◼ Note:

Only do a single elementary row operation.
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













100
030
001

)(a






010
001

)(b














000
010
001

)(c















010
100
001

)(d






12
01

)(e















−100
020
001

)( f

))(( Yes 3

(3)

2 Ir square)(not  No
t)constan nonzero aby  bemust 

tionmultiplica (Row No

))(( esY 323 Ir ))(( esY 2

(2)

12 Ir
)operations row        

elementary  two(Use No

◼ Ex 1: (Elementary matrices and nonelementary matrices)



44/61

◼ Notes:

ARAr ijij =)(   )1(

ARAr k

i

k

i

)()( )(   )2( =

ARAr k

ij

k

ij

)()( )(   )3( =

EAAr

EIr

=

=

)(

)(

◼ Thm 2.12:  (Representing elementary row operations)

Let E be the elementary matrix obtained by performing an

       elementary row operation on Im. If that same elementary row

       operation is performed on an mn matrix A, then the resulting

       matrix is given by the product EA.
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))(( 

123

120

631

123

631

120

100

001

010

 )( 1212 ARAra =

















−

−

=

















−

−

















◼ Ex 2: (Elementary matrices and elementary row operation)

))(( 

540

120

101

540

322

101

100

012

001

 )( )5(

12

)2(

12 ARArc =

















−

−

=

















−−

−

















))(( 

1310

2310

1401

1310

4620

1401

100

0
2

1
0

001

 )(
)

2

1
(

2

)
2

1
(

2 ARArb =

















−

−

=

















−

−
















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















−

−=

0262

2031

5310

A

Sol:

















==

100

001

010

)( 3121 IrE

















−

== −

102

010

001

)( 3

)2(

132 IrE

















==

2
1

3

)
2

1
(

33

00

010

001

)(IrE

◼ Ex 3: (Using elementary matrices)

Find a sequence of elementary matrices that can be used to write

      the matrix A in row-echelon form.
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













−

−
=















−
−














===

0262
5310
2031

0262
2031
5310

100
001
010

)( 1121 AEArA















−

−
=















−

−















−
=== −

4200
5310
2031

0262
5310
2031

102
010
001

)( 121

)2(

132 AEArA















−

−
=















−

−



















===
2100
5310
2031

4200
5310
2031

2

1
00

010
001

)( 232

)
2

1
(

33 AEArA

AEEEB 123  = )))(((or  12

)2(

13

)
2

1
(

3 ArrrB −=

B=

row-echelon form



48/61

Matrix B is row-equivalent to A if there exists a finite number 

of elementary matrices such that

AEEEEB kk 121−=

◼ Row-equivalent:
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◼ Thm 2.13: (Elementary matrices are invertible)

If E is an elementary matrix, then exists and 

      is an elementary matrix.

◼ Notes:

ijij RR =−1)(  )1(

)
1

(
1)( )(  )2( k

i

k

i RR =−

)(1)( )(  )3( k

ij

k

ij RR −− =

1−E
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121

100
001
010

RE =













=














== −−

100
001
010

)( 1

1

1

12 ER

)2(

132

102
010
001

−=














−
= RE














== −−−

102
010
001

)( 1

2

1)2(

13 ER

)
2

1
(

3

2
1

3

00
010
001

RE =













=














== −−

200
010
001

)( 1

3

1
)

2

1
(

3 ER

◼ Ex:

Elementary Matrix              Inverse Matrix

12R= (Elementary Matrix)

)2(

13R= (Elementary Matrix)

)2(

3R= (Elementary Matrix)
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Pf: (1) Assume that A is the product of elementary matrices.

(a) Every elementary matrix is invertible.

           (b) The product of invertible matrices is invertible.

Thus A is invertible.

(2) If A is invertible, has only the trivial solution. (Thm. 2.11)  0=xA

   00  IA →

IAEEEEk = 123 
11

3

1

2

1

1

−−−−= kEEEEA 

Thus A can be written as the product of elementary matrices.

◼ Thm 2.14: (A property of invertible matrices)

A square matrix A is invertible if and only if it can be written as

      the product of elementary matrices.



52/61








 −−
=

83

21
A

Sol:

I

A

rr

rr

=







⎯⎯→⎯








⎯→⎯









⎯⎯→⎯








⎯⎯→⎯







 −−
=

−

−−

10

01

10

21

20

21

83

21

83

21

)2(
21

)
2

1
(

2

)3(
12

)1(
1

IARRRR =−−− )1(

1

)3(

12

)
2

1
(

2

)2(

21    Therefore

◼ Ex 4:

Find a sequence of elementary matrices whose product is
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1)2(

21

1
)

2

1
(

2

1)3(

12

1)1(

1 )()()()(   Thus −−−−−−−= RRRRA

)2(

21

)2(

2

)3(

12

)1(

1 RRRR −=
































−
=

10

21

20

01

13

01

10

01
 

◼ Note:

If A is invertible

][][ 1

123

−= AIIAEEEEk 

IAEEEEk =123  Then 

123

1 EEEEA k=−
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If A is an nn matrix, then the following statements are equivalent.

(1)  A is invertible.

(2) Ax = b has a unique solution for every n1 column matrix b.

(3)  Ax = 0 has only the trivial solution.

(4)  A is row-equivalent to  In .             

(5)  A can be written as the product of elementary matrices.

◼ Thm 2.15: (Equivalent conditions)
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