Lecture 1

!'_ Systems of Linear Equations

1.1 Introduction to Systems of Linear Equations
1.2 Gaussian Elimination and Gauss-Jordan Elimination
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1.1 Introduction to Systems of Linear Equations

= a linear equation in n variables:
a X +a,x, +a.x,++-+ax, =b
a,,a,,d,,...,a,, b: real number
a,: leading coefficient

X,: leading variable
« Notes:

(1) Linear equations have no products or roots of variables and

no variables involved in trigonometric, exponential, or

logarithmic functions.

(2) Variables appear only to the first power.
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= EX 1: (Linear or Nonlinear)

1 .
Linear (2)3x+2y=7 (b)§X+y—7zz=ﬁ Linear

s /]
Linear (€)% —2X, +10%;+x, =0 (d)(~°:|”—)><1—4><z=ez Linear

_Exponential
N onlinear (e)@zzz (f)@—Zy 5 N onlinear

notthe first power

N onlinear (9'+2X 3X; =0 (h4 N onlinear

ngonome ric functions not the first power
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= a solution of a linear equation in n variables:

X, +a,X, +aX;+---+a X =b

XS NS X Te O XRGe WY ER=1G

) n n

such a;s, +4a,s,+a,S,+---+a.s, =b
that

= Solution set:
the set of all solutions of a linear equation
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« Ex 2 : (Parametric representation of a solution set)
X, +2X,=4
a solution: (2, 1), i.e. X, =2,X, =1
If you solve for x; in terms of x,, you obtain
X, =4-2X,,
By letting x, =t you can represent the solution set as
X, =4-2t
And the solutions are {(4 - 2t,t) [t e R} OF {(5,2—15)|seR]
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= a system of m linear equations in n variables:

a13 X3
a'23 X3

X T apX,

ml

= Consistent:

A system of linear equations has at least one solution.

= INnconsistent:

a33 X3

d

m3

X3

+
_|_
_|_

iy aln Xn

+ a, X

2n“*n

T o

3n“*n

mn

X

A system of linear equations has no solution.
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= Notes:

Every system of linear equations has either
(1) exactly one solution,
(2) infinitely many solutions, or

(3) no solution.
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= EX 4: (Solution of a system of linear equations)

R S MR N
S e P T exactly one solution
two intersecting lines

(2), x 4.y, =43 N
R \ inifinite  number
two coincident lines LN

(S e gl N

X +y =1 \& N0 S0 lution

two parallel lines N
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s EX 5: (Using back substitution to solve a system in row echelon form)

e R =
y:

Sol: By substituting y =-2 into (1), you obtain

5

—2

X — 2(-2)

The system has exactly one solution: x=1, y =-2

X

5
1

(1)
(2)
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= EX 6: (Using back substitution to solve a system in row echelon form)

X — 2y + 3z = 9
y + 3z = 5
ZNE

Sol: Substitute z=2 into (2)

y + 3(2) = b
Vi —

and substitute y =—1 and z=2 into (1)

T T

The system has exactly one solution:

Xx=1lLy=-12=2

X

(1)
(2)
(3)

9
1
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= Equivalent:
Two systems of linear equations are called equivalent

If they have precisely the same solution set.

= Notes:
Each of the following operations on a system of linear
equations produces an equivalent system.

(1) Interchange two equations.

(2) Multiply an equation by a nonzero constant.

(3) Add a multiple of an equation to another equation.
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= EX 7: Solve a system of linear equations (consistent system)

X — 2y + 3z = 9 (1)
—-X + 3y = -4 (2)
2X — 5y + 5z = 17 (3)

Sol: (1)+(2) —>(2)
X — 2y + 32 = 9
R S AR (4)

2X — By + 5z = 17
(1) x(=2)+(3) —> (3)

Y= Y 0875 S0

VIR 2370 = .15
-y — z = -1 (9)
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(4) +(5) = (5)

X — 2y + 3z = 9
y + 32 = 5
il — ¥ (6)
(6) xz — (6)
X — 2y + 3z = 9
y + 3z = 5
Za =2

So the solution is x =1, y = -1, z = 2 (only one solution)
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= EX 8: Solve a system of linear equations (inconsistent system)

Xagei— WO Xow TRCT Y g Y (1)
2%, — X, — 2X; = 2 (2)
Xt 2500 — 23" == (3)
Sol: (1)x(-2)+(2)—(2)
)x(=1)+@)—> @)
D KA e =]
Sy X = () (4)
5X, — 4X; = -2 (5)
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(4)x (=) +(5) = ()

MO XEu S et —Re S
DR RIN =t ()
O=--532 (a false statement)

So the system has no solution (an inconsistent system).
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= EX 9: Solve a system of linear equations (infinitely many solutions)

X2 = X3
X — 3X,
Nl e
Sol: (1)<« (2)
X = 08
X2 = X3
S RS S
(1)+@3) = (3)
X, =L EXG
v
SN S REXE

0
—1.
1

(1)
(2)
(3)

(1)
(2)
(3)

(4)
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X, =1, teR
X, =t,

So this system has infinitely many solutions.
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1.2 Gaussian Elimination and Gauss-Jordan Elimination

« MxN matrix:
all a12 a'13 a'1n
a21 a'22 a23 a2n
dy; dy dgg dj, m rows
_aml am2 am3 amn_
n columns
= NOtes:

(1) Every entry a;; In a matrix Is a number.
(2) A matrix with m rows and n columns is said to be of size mxn .

(3) If m=n, then the matrix is called square of order n.

(4) For a square matrix, the entries a,,, a,,, ..., &,, are called

the main diagonal entries.
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« EX1: Matrix

2]
(0 0
00
1 .
N
2
L

= Note:

One very common use of matrices Is to represent a system
of linear equations.

|

30
2

T

V2

4_

Size
1x1

2 %2

1x4

3x2

20/39



= a System of m equations in n variables:

A X, + apX, + Xy + ...+ QX = b1
SRR NI QU D EN Sy I GERES o
L0 et L T S TRl oy R TRl ST b 6 P 0 X
a X + a.,X, + a.X + .. + a X = b
Matrix form: Ax =D
d; 8 Q3 0 a4y, B b ]
1 1
dyy 8y Ay a,, X b
-y | A2 L [R5eD
A= dgy a32. Ag; ds, X= X b= 5
: X b
i) B | m _]
_aml am2 am3 amn_

21/39



= Augmented matrix:

a13

QD

23
a'33

d

m3

= Coefficient matrix:

a‘11

QO

21
a'31

d

m1l

a‘12

QD

a32.

d

22

m?2

a‘13

23
a33

QO

d

m3

Q)

1n

Q

2N

QD

3n

mn

Q)

1n

QD

2n

QD

3n

mn

=[A]b]
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= Elementary row operation:

(1) Interchange two rows. it R o R,
(2) Multiply a row by a nonzero constant. ™ : (k)R — R.

(3) Add a multiple of a row to another row. rij(k) (k)R +R, >R,

= Row equivalent:

Two matrices are said to be row equivalent if one can be obtained
from the other by a finite sequence of elementary row operation.

23/39



= EX 2: (Elementary row operation)

r-12

Hon0i3
%% 3%
n=Ond T
(PR e
5T TR TN
e, SN 7
FISE oS 8
Q552 =
QR 3T i)
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= EXx 3: Using elementary row operations to solve a system

Linear System

- 2y + 3z

+ 3y

— Sy oZ

— 2Y 3z
y 3Z

3 52z

A 3z
y 3z

Associated

Augemented Matrix

Lop 22
IR
%5
R 7
Ol
piat:
e
0l 2
. il

3
0

o1 w w O

w

9
4

Elementary
Row Operation

Y :()R, +R, > R,

52 1 (-2)R +R, > R,
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Associated Elementary

Linear System Augemented Matrix Row Operation
X — 2y + 38z = 9 (1 -2 3 9] =
AR R e S T I R
22 = 4 M0k %0 2ady
74 2y Ar 32 =K 9 _1 _2 3 9_ (l) 1
2 (=)R, >R
Yy a7 = 5 0 Jige S S I3 (2) 3 3
B s 0 L2y
X —
T y o
Dga i
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= Row-echelon form: (1, 2, 3)
= Reduced row-echelon form: (1, 2, 3, 4)

(1) All row consisting entirely of zeros occur at the bottom

of the matrix.

(2) For each row that does not consist entirely of zeros,
the first nonzero entry is 1 (called a leading 1).

(3) For two successive (nonzero) rows, the leading 1 in the higher

row is farther to the left than the leading 1 in the lower row.

(4) Every column that has a leading 1 has zeros in every position

above and below its leading 1.
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= EX 4: (Row-echelon form or reduced row-echelon form)

[Em{E2. =] . [0 1[0 5] reduced row -
37 I (row -echelon _l_L (

00 1(3
[0 0 1({-2]| form) [0 0 00] echelon form)
[1[-5 2 -1 3] I
0 0 1[ 3 —2|(row-echelon (reduced row -
000 1L 24 echelon form)
o 00 o 1|°™
FIEOR-SaE Y by e e
U2 A= v (e 10,
RO, A oML R
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« Gaussian elimination:

The procedure for reducing a matrix to a row-echelon form.

= Gauss-Jordan elimination:
The procedure for reducing a matrix to a reduced row-echelon

form.

= Notes:
(1) Every matrix has an unique reduced row echelon form.

(2) A row-echelon form of a given matrix is not unigue.
(Different sequences of row operations can produce
different row-echelon forms.)
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= EX: (Procedure of Gaussian elimination and Gauss-Jordan elimination)
—Produce leading 1

0 WO el O P e i )7 i i 28J
S 4" 1o, 6 #1028 - = Il
4 56 5 4 [24 5 6 5 4

r—The first nonzero column

Produce leading 1

. leading 1 : =
D e o g pede
010

T s 0 -2 0 8 12 (— &)
4 5 6 -5 4] L 5|1 0 17 —-24]
i1 Zeros elements below leading 1 ‘\The first nonzero Submatrix
column
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k leading 1 i E .
it =N ) ol T 0 e N

I, 23
= 00 DR - AN GRS - LU0 SN0 e - 36
00 GO0 -17 -24] 0" 0L ™0k G N6

1 Zeros elements below leading 1 \ Submatrix
Produce leading 1

Zeros elsewhere

e o _ . .
- 4k 2 14 R e 250 2
A R TN — . R P Tty KORHL, SRS ST

0% 0 D=ND C:Q\ 2 00 00 i 2
leading 1
(row -echelon form) (row -echelon form)
r3(24) R g S il 0 r(3) 15 290120, 18’
e O O A ENO D 2 o OB i B 30, T2
(0T 00 5 O 112 Obh) 00 152
(row -echelon form) _(reduced row -echelon form)
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= EX 7: Solve a system by Gauss-Jordan elimination method
(only one solution)

X — 2y + 3z = 9
=Gt Bl = —4
2X — By + bz = 17
Sol:
augmented matrix

L Oty ST ke L SR rz(g) k1 — 28 3% oN
Y 3 e 2 Ll S K e e it 10 L Lo SIED
a2l 0 -1 -1 -1 RORA0 22" 4]
1
Ak PR T S At X =1
10 135 1010 -1]— y - -1
M0 e foRorar o4 o

(row -echelon form) (reduced row -echelon form)



« EX 8 © Solve a system by Gauss-Jordan elimination method
(infinitely many solutions)

2 P A e RN = F ()
3X,+ OX, = 1

Sol: augmented matrix

) T )
[2 4 -2 O} I ’r1(2 3),I‘2( 1)"‘2(12)‘ [1 05 2} (reduced row -
2l S0 | |0 1 -3 -1 echelon form)

the corresponding system of equations is
YA D YA = 4
X, % —3%,= =1
leading variable : x;, X,
free variable : x,
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XA 2 — o X

X5 = SX,

648 X
X, =2—95t,
V= =AETEL teR
X, =1,

So this system has infinitely many solutions.
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= Homogeneous systems of linear equations:

A system of linear equations is said to be homogeneous
If all the constant terms are zero.

Gl (s S i DL + a, X =
QI TR ClmXates Bt + a, X, =0
S S i SE R R + a,,X, =0

a X+ a,X+ a.X+ -+ a X =0
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« Trivial solution:

X; =Xy =Xg=--=X =0

n

= Nontrivial solution:
other solutions
= Notes:
(1) Every homogeneous system of linear equations is consistent.

(2) If the homogenous system has fewer equations than variables,
then it must have an infinite number of solutions.

(3) For a homogeneous system, exactly one of the following is true.
(a) The system has only the trivial solution.
(b) The system has infinitely many nontrivial solutions in
addition to the trivial solution.
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= EX 9: Solve the following homogeneous system
i N, Tl e IO X M =T ()
2GRt XS U S ()
Sol: augmented matrix
r(%) r®

1 -130 r1(2_2)’ 2 +l1 |1 0 2 0](reduced row -
2Rt 1SN0 - |0 1 —1 0O/echelon form)

leading variable : x;, X,
free variable : x,

LEBIG =]
X, ==20, X, =, X;=t,teR

Whent =0, x, =X, =X, =0 (trivial solution)
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