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First Order Differential Equations

@ Initial Value Problems

@ Existence of a unique solution

© Separable Equations

@ Equations with Homogeneous Coefficients

© Appropriate Substitution
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First Order Differential Equations

Consider the equation of order one
F(z,y,y') =0
We suppose that the equation can be written as

, dy
Y —dx—f(x,y)

This equation can be written in the form

M(z,y)dx + N(z,y)dy =0
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Initial Value Problems
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Initial value problems

dTL
Z 9 _ ’ (n—1)
oo = f@y Yy
y(To) = Yo
y/(ﬂfo) =Y

y(”*U(xO) = Yn—1
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Initial value problems

First order

% = f(z,y)
y(zo) = Yo
Second order 2y
R
y(zo) = Yo
Y (2o) =
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Differentiation

Find the derivative

xy =4
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Initial value problems

Solve
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Initial value problems

Solve
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Initial value problems

/ 1
Y = Y2
y(0) =0
This equation has the solutions
y=0
and
Y= 16
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Existence of a unique solution
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Existence of a unique solution

Consider a first order differential equation

dy
with initial condition
y(To) = Yo

Let R be a rectangular region defined by a < x < b,c <y < d that
contains the point (x,y,) in its interior.

If f and %@J; are continuous on R then there exists an interval I centered at
xy and a unique function y(x) satisfies the IVP.
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Existence of a unique solution

Find the largest region for which the IVP has a unique solution

22—4y =(1+sinz)lny

y(3) =4
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Existence of a unique solution

Find the largest region for which the IVP has a unique solution

22—4y =(1+sinz)lny
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Existence of a unique solution

Example

Find the largest region for which the IVP has a unique solution

In(x —2) y =+/y—2
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Existence of a unique solution

Example

Find the largest region for which the IVP has a unique solution

In(x —2) y =+/y—2

{(zy):2<2<3,y>2}
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Existence of a unique solution

Example

Find the largest region for which the IVP has a unique solution

2
\/;y’2008($+y), y#0

y(1)=1
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Existence of a unique solution

Example

Find the largest region for which the IVP has a unique solution

2
\/;y’2008($+y), y#0
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Separable Equations
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Separable equations

Definition
Consider a first-order differential equation of the form

M(z,y)dz + N(z,y)dy =0

If we can write it in the form

then it is said to be separable.

To solve separable equations, we integrate each part
/g(x)d:c = /h(y)dy+ c
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Separable equations

Solve the differential equation
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Separable equations

Solve the differential equation
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Separable equations

Solve the differential equation
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Separable equations

Solve the differential equation

20(y* +y)dz + (2 —Dydy =0,  y#0
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Separable equations

Solve the differential equation

(zy + x)dx = (2%y* + 22 + y* + 1)dy
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Separable equations

Example

Solve the Initial value differential equation

d
eyd—y = cos(2x) + 2e¥sin®(z) — 1
x

y(g) =In2
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Separable equations

Example

Solve the Initial value differential equation

d
eyd—y = cos(2x) + 2e¥sin®(z) — 1
x

y(g) =In2

sin2x+7r _ 0
9 Tt

In|e? —1| +
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Equations with Homogeneous Coefficients
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Equations with Homogeneous Coefficients

Definition

A function f(z,y) is called homogeneous of degree n, if

fltx, ty) = t" f(z,y), Vt>0
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Homogeneous function

flz,y) = a* + 2zy — 29°
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Homogeneous function

f(z,y) = 2%y + v’z + 2zy
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Homogeneous function

flz,y) = o —3y+Va? + 2y
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Homogeneous function

flz,y) =xlnzx—zlny
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Homogeneous function

M(z,y) =2*—y?  N(z,y) =22+ 2>
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Homogeneous function
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Equations with Homogeneous Coefficients

Definition

A differential equation of the form

M(z,y)dx + N(z,y)dy =0

is called an equation with homogeneous coefficients if both M (x,y)
and N (z,y) are homogeneous functions of the same degree.
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Solution of Equations with Homogeneous Coefficients

To solve an equation with homogeneous coefficients, we use the
substitution

or

This will reduce the equation to a separable first order DE.
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Equations with Homogeneous Coefficients

Solve

(22 + y?)dz + (2% — 2y)dy = 0
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Equations with Homogeneous Coefficients

Solve

(22 + y?)dz + (2% — 2y)dy = 0

Solution:
(z+y)? =cex
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Equations with Homogeneous Coefficients

Solve

dy 3xy+y2
el e AL A 0 _
i Rty ; r#0, y#-—x
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Equations with Homogeneous Coefficients

Solve

dy 3xy+y2
el e AL A 0 _
i Rty ; r#0, y#-—x

Solution:
Y222z +y) =

Ibraheem Alolyan Differential Equations Math - KSU 34 /41



Equations with Homogeneous Coefficients

Solve

ydm—l—x(lng—l)dyzo, y(l)=e
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Equations with Homogeneous Coefficients

Solve

ydm—l—x(lng—l)dyzo, y(l)=e

Solution: .
yln— = —e, z>0,y>0
Y
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Appropriate Substitution
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Appropriate Substitution

If we have a differential equation of the form

dy

= flaz +by)
we use the substitution
u = ar + by
then 4 J
U Y
o ph—2
dx @+ dx

Ibraheem Alolyan Differential Equations Math - KSU 37/41



Appropriate Substitution

Solve
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Appropriate Substitution

Solve ;
Y 2
—= = (=2 -7
I (—2z +y)
Solution:
‘—2:1:+y—3
nj———|—-6x=c
—2z+y+3
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Equations with linear coefficients

Consider the differential equation
(a12 + by + ¢1)dx + (ay® + byy + ¢5)dy = 0

where aq, by, ¢y, as, by, c, are real constants.

The two lines a;z + by + ¢; = 0, and ayx + byy + ¢5 = 0 are parallel, or
intersected.
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Equations with linear coefficients

Solve

dy 1—4x—4y
M- e Y 0
dx z+y vty #
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Equations with linear coefficients

Solve ; L4 A
Y —ar —ay
s /) 0
dx z+y vty #
Solution:

1
x—;y+§ln|1—3x—3y|+x:c
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Equations with linear coefficients

Solve

dy x—y—3

SR —140
dr  x+y—1’ TrY 7
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Equations with linear coefficients

Solve

dy x—y—3

SR —140
dr  x+y—1’ TrY 7

Solution:
(z—22=22-2)(y+1)—(y+1)?=¢
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Appropriate Substitution

Use the substitution u = zy to solve

dy  y(1+zy)

i >0,y >0, 1
dr (1 —=xy)’ . y> 0.2y
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Appropriate Substitution

Use the substitution u = zy to solve

dy _ y(1+zy)
AT >0,y >0, 1
dr (1 —=xy)’ . y> 0.2y
Solution:
¥ _ ey, ¢ #0
x
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