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Algebraic Properties of Connectives

( Propositions ) L& p,q, 1 cab
1)
: (Commutative Rules) JluY! Gacld (1
pVqa=qVp (<) pAg=qAp (1)

: (Associative Rules) gexill baeld (2)
(pVva)vr =pv(qVvr) (<) (p Ag)AT =p A(q AT)())

: (Distributive Rules) gl bacld (3)
pV(gAT)=(p VagI)A(p VT) (=) pACqVvr)=(p Aq)V(p Ar)())

: (Identity Rules) ylaall jaiall Uacls (4)

pVF=p(<x) p AT =P (1)
: (Negation Rules) &l taeld (5)

pA-p=F (<) pVv-p=T())
- (ap)=p : ( Double Negation Rule ) &) izl (6)

: (1dempotent Rules ) 25ell L=l (7))
pAp =p(<) pVp =p (1)

: (DeMorgan’s Rules ) > se2 Uae8 (8)
—(pVag)= —p A g (=) ~(pAg)= —p Vv q())

: (Universal Rules ) Jseill Gacld (9)
p ANF =F (<) pVT =T (1)

: ( Absorption Rules ) p=baiay! Um-—t{(IO)
pA(pVqg)=Ep(<) pV(p Aq)=p()

: (Alternative proof Rules ) Juull cla il U=l (11)
po(gvr)=(pA-q) »r=(pA-r)-q ()
(pvg)->r=(p »>r)A(q >71) (<)

: ( Conditional Rules ) L, taeld (12)
-(p>q)=p AN —=q (<) p—>q =-pVaqg ()

: ( Biconditional Rules ) &l Al ael £ (13)

poq=(p >q)A(q~>p) ()
peq=(p Aq) V(- pA-q) (<)
peoq=(pVvg) A(pV q) ()

p—>q =-q - —p :(Ruleof Contrapositive ) Sall ilSall 32c18 (14)

:( Exportation — Importation Rule) J s il 5 33yl 5228 (15)
p—~>(qg->r)=(pAq) »r
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(Consequent il ) g L&l ews Lain o( Antecedent deidl) p a8l e« p o g Sadl sl b

L AR S p o g Rt il o
q = p :(Converse) LSall
—p = =g :( Inverse) o sSaall
—q = —p :(Contrapositive) Sall (Al

p g pPAg p Vg P-4 poq
T T T T T T
T F F T F F
F T F T T F
F F F F T T

ROTEQFRELYINE SEWNIER NN SRR
s osSalliie o F lhlalgia S 813 F Wi o5 p Vg
Lila pselbe o F Whlag o 5 Tliba p o813y F WLl o< p > g

s o ellh e o F Ulals Legia JS S 1Y) ol e T liba legia S g8 1)) Tlilba 0 p o g

DEFINITION 1: A compound proposition that is always true, no matter what the truth
values of the propositional variables that occur in it, is called a
tautology. A compound proposition that is always false is called a
contradiction. A compound proposition that is neither a tautology nor
a contradiction is called a contingency.

DEFINITION 2: The compound propositions p and q are called logically equivalent if

p < ¢ is atautology. The notation p = g denotes that p and g
are logically equivalent.

TABLE 1 Examples of a Tautology
and a Contradiction.

TABLE 2 De
—p pv—=p pA=p Morgan's Laws.
T E T F —(prg)l=—pV —qg
F T T F —(pvgl=—pA—g
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EXAMPLE 2 Show that —(p v q) and —p A —q are logically equivalent.

TABLE 3 Truth Tables for =(p v g) and =p A —q.
P q PvYq =(pVvq) -p —q P Ay
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

EXAMPLE 3 Show that p — g and —p v q are logically equivalent.

TABLE 4 Truth Tables for =p v g and

P—=1q.

P q - —PVy pP—=7q
T T F T T
T F F E F
F T T T T
F F T T T

EXAMPLE 4 Showthatp v (A r)and (p v q) A (p Vv r) are logically equivalent.
This is the distributive law of disjunction over conjunction.

TABLE 5 A Demonstration That p v (g A r) and (p v q) A (p v r) Are Logically

Equivalent.
P q r qgar PYI(gAar) Pvy pvr (pvg)aipvr)
T T T T T T T T
T T F F T T T T
T F T F T T T T
T F F F T T T T
F T T T T T T T
F T F F F T F F
F F T F F F T F
F F F F F F F F
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TABLE 6 Logical Equivalences.

Eguivalence Name

praT=p Identity laws

Py F= P

pvT=T Domination laws
PN F=F

pvp=p Idempotent laws
pAp=p

—(—p)=p Double negation law
pvg=gvp Commutative laws
PAG=gAp

(pvglvr=pwvigvr) Associative laws

(pAglar=palghr)

pvigari=si(pvglailpvr) Distributive laws
prlgvr)y=(parq)Vv(phr)
—ipAgl=—-pVv—g De Morgan's laws
—(pvgl=—-pAr—g
pvipagl=p Absorption laws
palpvgl=p
pv—-p=T Negation laws
pr—-p=F
TABLE 7 Logical Equivalences TABLE 8§ Logical
Involving Conditional Statements. Equivalences Involving

Biconditional Statements.

p—=q=-pVvg

“sg=(p—>q)hilg—p)
pog=—qg——p peg=sp—=qlhlg—p

peg=—pe—g
pvg=—-p—gq

—p=ql=p+=—q

~(p=q)=pr—q

(p—=qirnlp—r)y=p—ighr)
(p=rirlg—=ri=ipVg)l—r
(p—=qivip—=r)y=p—igvr)
(p—=r)vig—ri=ipig)—+r
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Exercises

QI- Decide whether the following propositions are tautology or a contradiction or a contingency -

1) PAq) > (—p —q)

Solution:

-p PAq -p - q A - (—p ~>q)

m moH =
e | e S

( By rules “ without using the truth tables” )

-p pVq -pA(pVvq) | [-pA(pVq)] =q

L e F R |
M - T H =
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( By rules “ without using the truth tables )

[-pA(pVg)] > q =-[-pA(pVqg)] Vg (Conditional Rule)
=pV-a(pVvqg) Vg ( DeMorgan’s Rule)
=(pVvq)V =(pVq) (Commutative and Associative Rules)
=T ( Negation Rule)
3) —(p — g)——q

Solution:

—q p—d —(P—=d | =(p - q——q

L e R
m - T H o=

pP—=q | pAr(P—=0a9) | [pPAPE—=>9]l—0

m M | H| ©
m H T H <«
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5) (PArq)— (p—0)

Solution:

pA(q p—q PArg—(P—0)

m M - - T
m| H T H| ©

6) (pv—q)— (p~a)

—q | pv—q pAaqg |[(pv—q) — (pAQq)

m M - | ©

q
T
=
T
F
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7) pA-a[q > (V)]

pvr

q-{@vr)

-[q - (pVvr)]

pPA —[q > (pVvr)]

e e e p T L R T T
m M 4 H M M H H =
m H T H T Hd T H| =

( By rules “ without using the truth tables )
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8) —wu->[(uAv) -w]

-u uAv (u Av) »w -u ->[(uAv) »w]

m M| m M - - - H =
m M 4 H m M H H <
m H m H M H M | =

( By rules “ without using the truth tables )
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9) Decide whether the following propositions are tautology or a contradiction?

[(p 2q) V(g »7r)]>(p > 1)

Solution:
[(p 2q)Vv(g->7)]->(p > —r)=

=-[(p 2q) v(qg »7r)]v(p - 1)

A[(=p Vq) V(g Vr)IV(p - —r)

=[(@qV=@V(=EpVDIV(p » —ar) =a[T V(=pVr)] V(p = —r)

=[T]V(p » —r) =FV(p » —r) =(p > —r) =TorF

a contingincy where ToF=F, T-H>T=T

10) Show that the following proposition is a tautology -

[(pVag) A-p] —q
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11) Show that the following proposition is a tautology - (pAgq)->(r »q)

12) Prove the following proposition a tautology . (Don’t use the truth table) .

(pAg)—-[(qgVr)-p]
Proof:

(pAgq)=>[(gVvr)—>p] =-(pAqg)V[=(qVvr)vp]
=(-pV-q) V[(~gA-r)Vvp]
=(-pV aq) V[(=qVp) A(—r VD) ]
=[(=pV =q)V(=q VD) A[(=p V =q) V(=7 Vp)]
=[-pVaqV aqVp]|A[-pV =qV —r Vp]

=[(=p VP)Vq] A[(=p VP)V (2q V —1)]

[TV=aq] ATV (=g vV —1)]

TNT=T
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13) Decide whether the following proposition is a tautology

(pAq) »[r »(pVq)] (Don’t use the truth tables)
Solution:

14) Show that the following proposition is a tautology -
[(pva)r(Pp—=>nNr@—>nD]l—r

Solution:
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15) Show that the following proposition is a tautology -

[(p 2q) A(q->7)]>(p >T1)
Solution:

[(p 2q) A(qg=>7)]=>(p>71) =
=—[(p>q) A(qg »7)]V(p > 1) ( Conditional Rule )

=[(—p Vvg)A(—q Vr)]V(—mp VT) ( Conditional Rule )

=" (—pvVvg) V(g Vr)vV(—p Vvr) ( DeMorgan’s Rule)
=pAg)vV@A—TTr)V(Tp V) ( DeMorgan’s Rule)
=pAqV[@A—r)V(—p V r)] (Associative Rule)

=(@A—qQVI(@Vv—p Vr)A(—rv —p vV r)] (Distributive Rule)

= A V][V pVTr)ATV —p) ( Negation Rule )
=(@A—7qVv(@VTpVIr)AT (Universal Rule)
=(@A—qg)v(@V—pVr) (Identity Rule)

=["(—pvqg V(TpVvqg]Vr=TVr =T (DeMorgan’s & Associative& Negation&

Universal Rules)

16) Show that the following proposition is a tautology -
[peo@Vr)] > [(—q A1) Vp]

Solution:
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17) Show that the following proposition is a contradiction

[m(p—q)]A[qgAa—r)]

Solution:

18) Show that the following proposition is a contradiction .

[(pP—=q)v(g—=Tr)]—=(p——T)

Solution:
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Q2 . 1) Showthat —(p — q) and p A —q are logically equivalent

Solution:

P 1 —q | p~q | =P~ | prq

T T

T F

F T

F F

—(p—q)= —~(—pv g  byconditional law

= —(—p)A —q by the second De Morgan law
=pA—qQ by the double negation law

2) Show that —(p v (—p A g)) and —p A —q are logically equivalent by developing
a series of logical equivalences.

Solution:

—p

—q

—pAq

pv(—parq) | —(pVv (—pAaq)

ﬁp/\—lq

M| T —H | ©

q
T
F
T
F
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—(pv (—pArq)= —pAr—(—pAq) bythesecond De Morgan law

—p A [=(—p)v —q] by the first De Morgan law

—p A (pVv—Qq) by the double negation law

(—p A p) Vv (—p A—q) by the second distributive law

Fv (—pA—q) because —p A p=F

(—pAr—q) Vv F by the commutative law for disjunction
—p A —q by the identity law for F

3) Show that

Solution:

(p>q)-q=(prVvq)

4) Show that
Solution:

(p=2q)->(-p>7r)=pVr
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(p 2q)A(p—>1)=(qV r)-> —p
Solution:

6) Show that
(p 2q)Vvr =(p >q)V(p »1)

Solution:

(p >q)V(p »7) =(=pVqg)V(=p Vvr) (Conditional Rule)
=-pVq V pVr
= [(=p V=p) Vq]Vr (Commutative and Associative Rules )

=(-pVvqg)Vr ( ldempotent Rule )

=(p »q)Vr ( Conditional Rule)
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7) Show that

(=pVar) -(pAq) = pA(qVr)
Solution:
8) Show that
Solution:

(pvqg)—->r =-(pvqg)Vvr ( Conditional Rule )
=(=pAN-q)Vr ( DeMorgan’s Rule)
=(=pVr)A(—q V1) ( Distributive Rule )

=(p->r)A(q-r1) ( Conditional Rule)
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9) Show that

(pvq) »(—pAr) = —pA(q »T1)
Solution:

-(pVvgqg)V(—p AT) ( Conditional Rule)

(pVvag) »(=pAr)
(=p A=q) V(=p AT) (DeMorgan’s Rule)

-p A(—q V1) ( Distributive Rule)

-p A(q = 1) ( Conditional Rule)

10) Show that

(mnpV-ar) »(pAq) = pA(qVr)
Solution:
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11) Show that

(p 2q)A(qV —r) =(pVr) -q

Solution:

12) Showthat (p—q)A (p—r) and p— (q~A r) arelogically equivalent ?
Solution:



Math 151 Discrete Mathematics ( Propositional Logic ) By. Malek Zein AL-Abidin

13) Showthat (p—r)A (g—r) and (pvVv q)— r arelogically equivalent ?
Solution:

14) Showthat (p—q) v (p—r) and p— (q Vv r) are logically equivalent ?
Solution:
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15) Showthat (p—r)v (@—r) and (p A q) — r are logically equivalent ?
Solution:

16) Showthat —p— (q—r) and gq— (p Vv r) are logically equivalent ?
Solution:
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17) Showthat p«< q and (p— q) A (q — p) are logically equivalent

Solution: ( By the truth table)

P g p—q q—p (p—a)A (@ —p p<q
T T
T F
F T
F F

18) Showthat p<« q and —p < —q are logically equivalent ?
Solution:
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19) Show that - -(q »>r)=q->(pVr)

Solution:

20) Show that (pA—Tr)>q=(pAN—q)->r

Solution:
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21)  Show that —q V[-pVv(@AQ] = —q

Solution:

22) Show that —[pA(qgvr)l=(p > —q) A(p » —1)

Solution:
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23) Show that (p~gq)AN["'gqA("qvr)]="(qVp)
Solution:
(p=q)A["gqA("qVvr)]=(p =2q) Nq ( Absorption Rule)
=("PVg) AN g ( Conditional Rule)

=(A "q) V(gAN "q)  (Distributive Rule)

=("pANTq)VF ( Negation Rule)
=(pA q) ( Identity Rule )
="(qVp) ( DeMorgan’s Rule)

24) Show that pAgq)-> T =(@A—T)> —q

Solution:



Math 151 Discrete Mathematics ( Propositional Logic ) By. Malek Zein AL-Abidin
25) Showthat [p - (q »p)]A(p »7r)A(p »71r) =7p

Solution:

[p > (g »p)]IA(p 271) A(p > 1) =

=[p->(qg->p)]Alp > (r ATT)]
=[p—->(q->p)] Alp - (F)]
=[p->(qg->p)IA[pV(F)]

[
|
=
<
—~
Q
l
i~
—
>
.|
=

1]
J
<
>
_I
<
<
~
Q
\J
<
A —
1]
.
<

26) Showthat (p A q) - (p = "g) and 7(p Aq) arelogically equivalent .
Solution:
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27) Decide whether (p Aq) — r islogically equivalentto (p »r)A(q — 1)

or not?
Solution:

pAq | p—o1r | q-or |[(pAq) —>T (p—=>71r)A(q »1)

L e T T TR R | S
LI | | e n L R T L | RS
M A M A T A T 4] =

(Resolve it by rules)?

28) Decide whether  (p —» q)V (p — "r) islogically equivalent to

p > (r »q) ornot?
Solution:




Math 151 Discrete Mathematics ( Propositional Logic ) By. Malek Zein AL-Abidin

29) Show that

"pVvV(qg-or)=(p-o>71)V (9 >T)
Solution:

SO) Show that

pe('qN'r)="T"pe(qVr) (Don’t use the truth table)

Solution:
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31) Showthat (p Ar) < (q Ar) and (p © q) Ar arelogically equivalent
Solution:

32) Show that the contrapositive of (p Aq) — r islogically equivalent to

p—~>(q »r)
Solution:
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33) Show that the contrapositive of (p vV q) — r islogically equivalent to

'r->("'pV q)
Solution:

Q3 - State the contrapositive of the following statements -

1) If mn is an odd number, then m is an odd number and also n is an odd

number.

2) 1f 3 divides the integers m and n , then 3 divides m +n
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3) If m.n=1,then m>0 or n>0o0r (>0 mnl€EZ

4) If the integer a + b — ¢ isaneven,then ais even or bis even or

cis even ,where a,b,c € Z

5) If n isa prime number where n # 2, then n isodd .

6) If x isinteger, then x isodd or x iseven.
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7) If a and b are odd integers,then a + b iseven.

8) If x>2 or y=3 then x>+ y? >4

9) State the converse, the inverse and the contrapositive for these Propositions :

A. 1 will come over whenever there is a football game on .

B. Isleep until noon, whenever I stay up late the night before .
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C. If it is raining, then the home team wins .

D. If you solve all exercises then you get a good mark.



