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Fourier Series

@ Orthogonal Functions

© Fourier Series

© Fourier Cosine and Sine Series
@ Fourier Integral

© Fourier Sine and Cosine Integrals
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Orthogonal Functions
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Inner Product

Definition (Inner Product)

The inner product of two continuous functions f and g on [a,b] is

b
(f.9) = / f(@)g(z)dz

Ibraheem Alolyan Differential Equations Math - KSU 4/43



Orthogonal Functions

Definition (Orthogonal Product)

Two functions f and g are said to be orthogonal on [a,d] is

b
(f.g) = / f(@)g(x)dz =0
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Orthogonal Functions

The functions sinx and cosx are orthogonal on [—, 7]
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Orthogonal Set

Definition (Orthogonal Set)
We say that the set of functions

{¢1(2), 2(2), .., }

is orthogonal on [a, b] if

(brns ) /¢ —0,  men
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Definition ( Norm)
We define the norm of the function f by

b
£l = o F) = / ()2 da
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Orthonormal Sets

Definition (Orthonormal Set)
If the set

{¢1(2), o(2), .., }

is orthogonal on [a, b] and

H¢n‘| =1, for n= 1,2, ...

then the set is said to be orthonormal on [a, b].
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Orthogonal Sets

Show that the set {1, cos z, cos 2z, ...} is orthogonal on [—, 7]
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Orthonormal Sets

Find the corresponding orthonormal set from the set {1, cosx, cos 2z, ...}
on [—m, 7]
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Orthonormal Sets

Find the corresponding orthonormal set from the set {1, cosx, cos 2z, ...}
on [—m, 7]

Solution:

(sin na, sin nx) / sin” na da = é/ (1—cos2nz)dx = $(2nr—0) ==

(cos nax, cos nx) / cos? nxdx = %/ (14cos2nz) dz = 1 (27+0) = 7

CcosSx CoS2x

oy vt

-}
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Orthogonal Functions

Show that {1, sin z, cos z, sin 2z, cos 2z, ...} is orthogonal on [—, 7]

Ibraheem Alolyan Differential Equations Math - KSU 12/43



Orthogonal Functions

Show that {1, sin z, cos z, sin 2z, cos 2z, ...} is orthogonal on [—, 7]

1. Constant function with sines and cosines.

(1, cosnx) —/ cos(nz) dx
since sin(nm) = 0. Similarly,

(1,sinna:):/ sin(nx) dx

_ sin(nzx) "

n

cos(na)|"

n

—T

—T

Forn > 1,

_sin(nm) —sin(—nm) 0
= - ,
_ cos(nm) —cos(—nw) 0

n

because cos(nm) = cos(—nm). Thus 1 is orthogonal to every sinnz and

cosnz for n > 1.
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Orthogonal Functions

2. Sine with sine.

sin(ma) sin(nx) = 3 (cos((m — n)z) — cos((m + n)z)).

Hence, if m # n,
(sinmz, sinnz) = 3 / cos((m —n)x)dr — é/ cos((m+n)x)dx =0

3. Cosine with cosine.

cos(ma) cos(nx) = 3( cos((m — n)z) + cos((m + n)z)),

we get for m # n,
(cosmx, cosnz) = 0,
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Even and Odd Functions

@ A function f is even if f(—z) = f(x)
@ A function f is odd if f(—z) = —f(x)

The function f(z) = 22 is even, f(z) = 23 + sinz is odd.

e If f(z) is an even continuous function on [—L, L], then

L L
/L f(z)da = 2/0 f(z) da

e If f(z) is an odd continuous function on [—L, L], then
L
/ f(z)dx =0
L
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Periodic Fucntion

Definition
A function f is periodic (with period L) if

flx+L)=f(z), L>0
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Fourier Series
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Fourier Series

The Fourier Series is a way to represent a periodic function as an infinite
sum of sines and cosines.
If f(z) is periodic with period 27, then it can be expressed as:

f(x) = %0 +;an cosnx +b,sin nz
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Fourier Series

If f and f” are piecewise continuous on the interval [—m, pi], or f is define
outside the interval [—m, 7] so that it is periodic with period 27, then f
has a Fourier series

ao > .
= — a,, cosnx + b, sinnx
5 +; +b, )

where the coefficients are given by:

aozl/ﬂf(fv)dfv, an:;/ﬂf(x)cos(n:n) dz,

™

T /_ : F(@) sin (nz) dz.

s

Ibraheem Alolyan Differential Equations Math - KSU 18/43



Fourier Series

Definition ( Fourier Series)

If f and f” are piecewise continuous on the interval [—L, L], or f is define
outside the interval [—L, L] so that it is periodic with period 2L, then f
has a Fourier series

1) = 3 + 3 (wweos () +busin (7))

where the coefficients are given by:

= 11_/[2 f(z)dz, a, = ;/_z f(z) cos (?) dz,

b, = ;/_z f(z)sin (?) dzx.
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Convergence of Fourier Series

The Fourier series converges to f(z) if f is continuous at x,

and to
@)+ fla7)
2
if f is discontinuous at .
For x = L and x = —L, the series converges to
f(=LT)+ f(L7)
2
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Symmetric Functions

o If f(z) is even, then Fourier coefficients

9 L
=— f(x)dx
cl
/f cos )dx, n=12,..
=0, n=12 .

o If f(x) is odd, then Fourier coefficients

ap,=0, n=0,1,2,..
2 rt nwx
bn = L/O f(x) sin (T) dl', n = 1,27
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Fourier Series

Example

Find the Fourier series to the function
f(z) = o], || <L
flx+2L) = f(x)
P
(2n — 1)2

n=1

Then find the value of
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Fourier Series

Example

Find the Fourier series to the function

Then find the value of

f() = lal,
flz+2L) = f()

- 1
Z (2n — 1)2

n=1

|| < L

Solution:
L
f(z) = 9

Ibraheem Alolyan

4L & 1 (2n — 1)z
_Pz<2n—1)2 ST

n=1
2

X 1 T
Z(Qn—1)2 )

n=1
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Fourier Series

Example

Find the Fourier series to the function

flx)=z—2x2, z¢€[—n,x7

Then deduce that

o -1 n+1
Z< n)2 _

n=1

71.2

12

Ibraheem Alolyan Differential Equations

Math - KSU

23/43



Fourier Series

Example

Find the Fourier series to the function
f(l‘):$—332, IL‘E[—TF,W]

Then deduce that

io: (_1)n+1 _ ﬂj
n2 12

n=1

Solution:

[e%¢] —1)" [e'e] —1)"
( 2) cosnxr — 2 ( )
3 n=1 n n=1 n

sin nx
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Fourier Series

Example

Find the Fourier series to the function

Then deduce that

oo
So=T
n? 6
n=1
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Fourier Series

Example
Find the Fourier series to the function

Then deduce that

Solution:
™ X1
flz) = 13 —I—; 3 CoSnT
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Fourier Series

Find the Fourier series to the function
0, 3<z<0,

fz) =
3, 0<z<3

where f(z +6) = f(z)
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Fourier Series

Find the Fourier series to the function

0, 3<z<0,
flz) =
3, 0<z<3

where f(z +6) = f(z)

Solution:
3 o0 . 2n—1)mx
=3t nz m_1- " 3

The series converges to 5 forx = —3,0,3
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Fourier Cosine and Sine Series
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Fourier Cosine and Sine Series

If a function f is defined on (0, L), and we want to represent this function
by a trigonometric series, then we can extend f(x) to an odd function f,

f(z), 0O<zxz<L,
folz) = {

—f(~z), —L<z<0.
with f,(x 4+ 2L) = f,(x) which can be approximated by sin series

f(z)

Odd Extension
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Fourier Cosine and Sine Series

we can extend f(x) to an even function f,
flz), O<z<lL,
felx) =
f(—=z), —L<x<O.
with f.(z +2L) = f,(z) which can be approximated by cos series
e

Even Extension
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Fourier Cosine Series

Definition

Let f(x) be piecewise continuous function on the interval [0, L]. The
Fourier cosine series of f on [0, L] is

where
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Fourier Sine Series

Definition

Let f(x) be piecewise continuous function on the interval [0, L]. The
Fourier sine series of f on [0, L] is

where
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Fourier Cosine and Sine Series

Compute the Fourier sine series for

f(x) = cos TF, 0<z<3

Ibraheem Alolyan Differential Equations Math - KSU 31/43



Fourier Cosine and Sine Series

Compute the Fourier cosine series for

f(z) =sinz, 0<z<m/2

and deduce that

= 1 1
;4712—1:5
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Fourier Cosine and Sine Series

Compute the Fourier cosine series for

f(z) =sinz, 0<z<m/2

and deduce that

S
n:14n2—1 2 /
Solution
fm=2-2y 2
)= — — cos 2nx
T ﬂn:14n2—1
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Fourier Series

* Find the Fourier series for

—sinz, —7w/2<x<0,
flx) =

sin zx, 0<z<m/2
and deduce that

= 1 1
Z4n2—1:§

n=1
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Fourier Cosine and Sine Series

Find the Fourier sine series for

T, 0<z<m/2,

T—x, Tw/2<x<T
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Fourier Cosine and Sine Series

Find the Fourier sine series for

T, 0<z<m/2,
flz) =
T—x, Tw/2<x<T
Solution
4 ) n+1
= nz::l 2n e 5 sin(2n — 1)
At x = 7 and x = —= the series converges to 0
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Fourier Integral
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Fourier Integral

Definition

The Fourier Integral of a function f defined on (—o0, ) is given by

flz) == /OOO[A()\) cos(Az) + B(A) sin(Ax)] d\

A()\)—/_ f(t) cos(At) dt

B(\) = / £(#) sin(At) dt

1 oo oo
x)=— cos(At — Ax) dt dA
swy= [ ] roeose—war
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Fourier Integral

If f is absolutely integrable

/ : @)l < oo

and f, ' are piecewise continuous on every finite interval, then the Fourier
integral of f converges to f(x) at a point of continuity and converges to

f(@) + fz7)
2

at a point of discontinuity.
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Fourier Integral

Example

Compute the Fourier integral of the function

1, |zl <1
fz) =
0, ‘CU‘ > 1
and evaluate/ Md/\ and/ Sm)\d)\
0 A A b\
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Fourier Integral

Example
Compute the Fourier integral of the function
1, |z| <1

fz) =
0, |z|>1

and evaluate/ Md/\ and/ sin A
0 A (o} A

dA

fx)

2 1 '

Differential Equations
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Fourier Integral

Compute the Fourier integral of the function

0, T < —m
-1, —7<x<0
1, O<zx<m
0, T<x

fx) =
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Fourier Sine and Cosine Integrals
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Fourier Sine and Cosine Integrals

If fis an odd function on (—o0, c0), then

/ F(t) cos(At) d
= /_: f(t)sin(\t) dt = 2/000 f(t)sin(At) dt
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Fourier Sine and Cosine Integrals

If fis an even function on (—o0, c0), then
AN) = t At)dt =2 t At) dt
() /Oof()COS( ) / £(t) cos()

B(\) = / ) sin(M) dt = 0
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Fourier Sine and Cosine Integrals

Compute the Fourier integral of the function

|sinz|, |z|<w
flx) =

0, |z| > 7

and deduce that

T2 cos(— ) d\ =

/oocos)m—i-l A
b 2

T
2
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