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Inner Product

Definition (Inner Product)
The inner product of two continuous functions 𝑓 and 𝑔 on [𝑎, 𝑏] is

(𝑓, 𝑔) = ∫
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑑𝑥
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Orthogonal Functions

Definition (Orthogonal Product)
Two functions 𝑓 and 𝑔 are said to be orthogonal on [𝑎, 𝑏] is

(𝑓, 𝑔) = ∫
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑑𝑥 = 0
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Orthogonal Functions

Example
The functions sin 𝑥 and cos 𝑥 are orthogonal on [−𝜋, 𝜋]
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Orthogonal Set

Definition (Orthogonal Set)
We say that the set of functions

{𝜙1(𝑥), 𝜙2(𝑥), … , }

is orthogonal on [𝑎, 𝑏] if

(𝜙𝑚, 𝜙𝑚) = ∫
𝑏

𝑎
𝜙𝑚(𝑥)𝜙𝑛(𝑥)𝑑𝑥 = 0, 𝑚 ≠ 𝑛
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Norm

Definition ( Norm)
We define the norm of the function 𝑓 by

||𝑓|| = √(𝑓, 𝑓) = √∫
𝑏

𝑎
𝑓(𝑥)2 𝑑𝑥
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Orthonormal Sets

Definition (Orthonormal Set)
If the set

{𝜙1(𝑥), 𝜙2(𝑥), … , }
is orthogonal on [𝑎, 𝑏] and

||𝜙𝑛|| = 1, for 𝑛 = 1, 2, …

then the set is said to be orthonormal on [𝑎, 𝑏].

Ibraheem Alolyan Differential Equations Math - KSU 9 / 43



Orthogonal Sets

Example
Show that the set {1, cos 𝑥, cos 2𝑥, …} is orthogonal on [−𝜋, 𝜋]
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Orthonormal Sets

Example
Find the corresponding orthonormal set from the set {1, cos 𝑥, cos 2𝑥, …}
on [−𝜋, 𝜋]

Solution:

(sin 𝑛𝑥, sin 𝑛𝑥) = ∫
𝜋

−𝜋
sin2 𝑛𝑥 𝑑𝑥 = 1

2 ∫
𝜋

−𝜋
(1−cos 2𝑛𝑥) 𝑑𝑥 = 1

2(2𝜋−0) = 𝜋

(cos 𝑛𝑥, cos 𝑛𝑥) = ∫
𝜋

−𝜋
cos2 𝑛𝑥 𝑑𝑥 = 1

2 ∫
𝜋

−𝜋
(1+cos 2𝑛𝑥) 𝑑𝑥 = 1

2(2𝜋+0) = 𝜋

{ 1√
2𝜋 , cos 𝑥√𝜋 , cos 2𝑥√𝜋 , …}
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Orthonormal Sets

Example
Find the corresponding orthonormal set from the set {1, cos 𝑥, cos 2𝑥, …}
on [−𝜋, 𝜋]

Solution:

(sin 𝑛𝑥, sin 𝑛𝑥) = ∫
𝜋

−𝜋
sin2 𝑛𝑥 𝑑𝑥 = 1

2 ∫
𝜋

−𝜋
(1−cos 2𝑛𝑥) 𝑑𝑥 = 1

2(2𝜋−0) = 𝜋

(cos 𝑛𝑥, cos 𝑛𝑥) = ∫
𝜋

−𝜋
cos2 𝑛𝑥 𝑑𝑥 = 1

2 ∫
𝜋

−𝜋
(1+cos 2𝑛𝑥) 𝑑𝑥 = 1

2(2𝜋+0) = 𝜋

{ 1√
2𝜋 , cos 𝑥√𝜋 , cos 2𝑥√𝜋 , …}
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Orthogonal Functions

Example
Show that {1, sin 𝑥, cos 𝑥, sin 2𝑥, cos 2𝑥, …} is orthogonal on [−𝜋, 𝜋]

1. Constant function with sines and cosines. For 𝑛 ≥ 1,

(1, cos 𝑛𝑥) = ∫
𝜋

−𝜋
cos(𝑛𝑥) 𝑑𝑥 = sin(𝑛𝑥)

𝑛 ∣
𝜋

−𝜋
= sin(𝑛𝜋) − sin(−𝑛𝜋)

𝑛 = 0,

since sin(𝑛𝜋) = 0. Similarly,

(1, sin 𝑛𝑥) = ∫
𝜋

−𝜋
sin(𝑛𝑥) 𝑑𝑥 = −cos(𝑛𝑥)

𝑛 ∣
𝜋

−𝜋
= −cos(𝑛𝜋) − cos(−𝑛𝜋)

𝑛 = 0

because cos(𝑛𝜋) = cos(−𝑛𝜋). Thus 1 is orthogonal to every sin 𝑛𝑥 and
cos 𝑛𝑥 for 𝑛 ≥ 1.
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Orthogonal Functions

2. Sine with sine.

sin(𝑚𝑥) sin(𝑛𝑥) = 1
2( cos((𝑚 − 𝑛)𝑥) − cos((𝑚 + 𝑛)𝑥)).

Hence, if 𝑚 ≠ 𝑛,

(sin 𝑚𝑥, sin 𝑛𝑥) = 1
2 ∫

𝜋

−𝜋
cos((𝑚 − 𝑛)𝑥) 𝑑𝑥 − 1

2 ∫
𝜋

−𝜋
cos((𝑚 + 𝑛)𝑥) 𝑑𝑥 = 0

3. Cosine with cosine.

cos(𝑚𝑥) cos(𝑛𝑥) = 1
2( cos((𝑚 − 𝑛)𝑥) + cos((𝑚 + 𝑛)𝑥)),

we get for 𝑚 ≠ 𝑛,
(cos 𝑚𝑥, cos 𝑛𝑥) = 0,
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Even and Odd Functions

A function 𝑓 is even if 𝑓(−𝑥) = 𝑓(𝑥)
A function 𝑓 is odd if 𝑓(−𝑥) = −𝑓(𝑥)

Example
The function 𝑓(𝑥) = 𝑥2 is even, 𝑓(𝑥) = 𝑥3 + sin 𝑥 is odd.

If 𝑓(𝑥) is an even continuous function on [−𝐿, 𝐿], then

∫
𝐿

−𝐿
𝑓(𝑥) 𝑑𝑥 = 2 ∫

𝐿

0
𝑓(𝑥) 𝑑𝑥

If 𝑓(𝑥) is an odd continuous function on [−𝐿, 𝐿], then

∫
𝐿

−𝐿
𝑓(𝑥) 𝑑𝑥 = 0
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Periodic Fucntion

Definition
A function 𝑓 is periodic (with period 𝐿) if

𝑓(𝑥 + 𝐿) = 𝑓(𝑥), 𝐿 > 0
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Fourier Series
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Fourier Series

The Fourier Series is a way to represent a periodic function as an infinite
sum of sines and cosines.
If 𝑓(𝑥) is periodic with period 2𝜋, then it can be expressed as:

𝑓(𝑥) = 𝑎0
2 +

∞
∑
𝑛=1

𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥
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Fourier Series

If 𝑓 and 𝑓 ′ are piecewise continuous on the interval [−𝜋, 𝑝𝑖], or 𝑓 is define
outside the interval [−𝜋, 𝜋] so that it is periodic with period 2𝜋, then 𝑓
has a Fourier series

𝑓(𝑥) = 𝑎0
2 +

∞
∑
𝑛=1

(𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥)

where the coefficients are given by:

𝑎0 = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑥) 𝑑𝑥, 𝑎𝑛 = 1

𝜋 ∫
𝜋

−𝜋
𝑓(𝑥) cos (𝑛𝑥) 𝑑𝑥,

𝑏𝑛 = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑥) sin (𝑛𝑥) 𝑑𝑥.
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Fourier Series

Definition ( Fourier Series)
If 𝑓 and 𝑓 ′ are piecewise continuous on the interval [−𝐿, 𝐿], or 𝑓 is define
outside the interval [−𝐿, 𝐿] so that it is periodic with period 2𝐿, then 𝑓
has a Fourier series

𝑓(𝑥) = 𝑎0
2 +

∞
∑
𝑛=1

(𝑎𝑛 cos (𝑛𝜋𝑥
𝐿 ) + 𝑏𝑛 sin (𝑛𝜋𝑥

𝐿 ))

where the coefficients are given by:

𝑎0 = 1
𝐿 ∫

𝐿

−𝐿
𝑓(𝑥) 𝑑𝑥, 𝑎𝑛 = 1

𝐿 ∫
𝐿

−𝐿
𝑓(𝑥) cos (𝑛𝜋𝑥

𝐿 ) 𝑑𝑥,

𝑏𝑛 = 1
𝐿 ∫

𝐿

−𝐿
𝑓(𝑥) sin (𝑛𝜋𝑥

𝐿 ) 𝑑𝑥.
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Convergence of Fourier Series

The Fourier series converges to 𝑓(𝑥) if 𝑓 is continuous at 𝑥,
and to

𝑓(𝑥+) + 𝑓(𝑥−)
2

if 𝑓 is discontinuous at 𝑥.
For 𝑥 = 𝐿 and 𝑥 = −𝐿, the series converges to

𝑓(−𝐿+) + 𝑓(𝐿−)
2
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Symmetric Functions

If 𝑓(𝑥) is even, then Fourier coefficients

𝑎0 = 2
𝐿 ∫

𝐿

0
𝑓(𝑥) 𝑑𝑥,

𝑎𝑛 = 2
𝐿 ∫

𝐿

0
𝑓(𝑥) cos (𝑛𝜋𝑥

𝐿 ) 𝑑𝑥, 𝑛 = 1, 2, …

𝑏𝑛 = 0, 𝑛 = 1, 2, …
If 𝑓(𝑥) is odd, then Fourier coefficients

𝑎0 = 0, 𝑛 = 0, 1, 2, …

𝑏𝑛 = 2
𝐿 ∫

𝐿

0
𝑓(𝑥) sin (𝑛𝜋𝑥

𝐿 ) 𝑑𝑥, 𝑛 = 1, 2, …
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Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) = |𝑥|, |𝑥| ≤ 𝐿

𝑓(𝑥 + 2𝐿) = 𝑓(𝑥)
Then find the value of ∞

∑
𝑛=1

1
(2𝑛 − 1)2

Solution:
𝑓(𝑥) = 𝐿

2 − 4𝐿
𝜋2

∞
∑
𝑛=1

1
(2𝑛 − 1)2 cos (2𝑛 − 1)𝜋𝑥

𝐿
∞

∑
𝑛=1

1
(2𝑛 − 1)2 = 𝜋2

8
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Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) = |𝑥|, |𝑥| ≤ 𝐿

𝑓(𝑥 + 2𝐿) = 𝑓(𝑥)
Then find the value of ∞

∑
𝑛=1

1
(2𝑛 − 1)2

Solution:
𝑓(𝑥) = 𝐿

2 − 4𝐿
𝜋2

∞
∑
𝑛=1

1
(2𝑛 − 1)2 cos (2𝑛 − 1)𝜋𝑥

𝐿
∞

∑
𝑛=1

1
(2𝑛 − 1)2 = 𝜋2

8
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Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) = 𝑥 − 𝑥2, 𝑥 ∈ [−𝜋, 𝜋]

Then deduce that ∞
∑
𝑛=1

(−1)𝑛+1

𝑛2 = 𝜋2

12

Solution:

𝑓(𝑥) = −1
3 𝜋2 − 4

∞
∑
𝑛=1

(−1)𝑛

𝑛2 cos 𝑛𝑥 − 2
∞

∑
𝑛=1

(−1)𝑛

𝑛 sin 𝑛𝑥
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Fourier Series

Example
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∞
∑
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Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) = 1
4(𝜋 − 𝑥)2, 𝑥 ∈ (0, 2𝜋)

Then deduce that ∞
∑
𝑛=1

1
𝑛2 = 𝜋2

6

Solution:
𝑓(𝑥) = 𝜋2

12 +
∞

∑
𝑛=1

1
𝑛2 cos 𝑛𝑥

Ibraheem Alolyan Differential Equations Math - KSU 24 / 43



Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) = 1
4(𝜋 − 𝑥)2, 𝑥 ∈ (0, 2𝜋)

Then deduce that ∞
∑
𝑛=1

1
𝑛2 = 𝜋2

6

Solution:
𝑓(𝑥) = 𝜋2

12 +
∞

∑
𝑛=1

1
𝑛2 cos 𝑛𝑥

Ibraheem Alolyan Differential Equations Math - KSU 24 / 43



Fourier Series

Example
Find the Fourier series to the function

𝑓(𝑥) =
⎧{
⎨{⎩

0, −3 < 𝑥 < 0,

3, 0 < 𝑥 < 3

where 𝑓(𝑥 + 6) = 𝑓(𝑥)

Solution:
𝑓(𝑥) = 3

2 +
∞

∑
𝑛=1

1
2𝑛 − 1 sin (2𝑛 − 1)𝜋𝑥

3

The series converges to 3
2 for 𝑥 = −3, 0, 3
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Fourier Cosine and Sine Series
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Fourier Cosine and Sine Series
If a function 𝑓 is defined on (0, 𝐿), and we want to represent this function
by a trigonometric series, then we can extend 𝑓(𝑥) to an odd function 𝑓𝑜

𝑓𝑜(𝑥) =
⎧{
⎨{⎩

𝑓(𝑥), 0 < 𝑥 < 𝐿,

−𝑓(−𝑥), −𝐿 < 𝑥 < 0.
with 𝑓𝑜(𝑥 + 2𝐿) = 𝑓𝑜(𝑥) which can be approximated by sin series

𝑥

𝑓(𝑥)

−𝐿 𝐿

Odd Extension
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Fourier Cosine and Sine Series
we can extend 𝑓(𝑥) to an even function 𝑓𝑒

𝑓𝑒(𝑥) =
⎧{
⎨{⎩

𝑓(𝑥), 0 < 𝑥 < 𝐿,

𝑓(−𝑥), −𝐿 < 𝑥 < 0.

with 𝑓𝑒(𝑥 + 2𝐿) = 𝑓𝑒(𝑥) which can be approximated by cos series

𝑥

𝑓(𝑥)

−𝐿 𝐿

Even Extension
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Fourier Cosine Series

Definition
Let 𝑓(𝑥) be piecewise continuous function on the interval [0, 𝐿]. The
Fourier cosine series of 𝑓 on [0, 𝐿] is

𝑎0
2 +

∞
∑
𝑛=1

𝑎𝑛 cos 𝑛𝜋𝑥
𝐿 ,

where
𝑎𝑛 = 2

𝐿 ∫
𝐿

0
𝑓(𝑥) cos 𝑛𝜋𝑥

𝐿 𝑑𝑥, 𝑛 = 0, 1, 2, …
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Fourier Sine Series

Definition
Let 𝑓(𝑥) be piecewise continuous function on the interval [0, 𝐿]. The
Fourier sine series of 𝑓 on [0, 𝐿] is

∞
∑
𝑛=1

𝑏𝑛 sin 𝑛𝜋𝑥
𝐿 ,

where
𝑏𝑛 = 2

𝐿 ∫
𝐿

0
𝑓(𝑥) sin 𝑛𝜋𝑥

𝐿 𝑑𝑥, 𝑛 = 1, 2, …
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Fourier Cosine and Sine Series

Example
Compute the Fourier sine series for

𝑓(𝑥) = cos 𝜋𝑥
3 , 0 < 𝑥 < 3
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Fourier Cosine and Sine Series

Example
Compute the Fourier cosine series for

𝑓(𝑥) = sin 𝑥, 0 < 𝑥 < 𝜋/2

and deduce that ∞
∑
𝑛=1

1
4𝑛2 − 1 = 1

2

Solution
𝑓(𝑥) = 2

𝜋 − 4
𝜋

∞
∑
𝑛=1

1
4𝑛2 − 1 cos 2𝑛𝑥
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Fourier Cosine and Sine Series

Example
Compute the Fourier cosine series for

𝑓(𝑥) = sin 𝑥, 0 < 𝑥 < 𝜋/2

and deduce that ∞
∑
𝑛=1

1
4𝑛2 − 1 = 1

2

Solution
𝑓(𝑥) = 2

𝜋 − 4
𝜋

∞
∑
𝑛=1

1
4𝑛2 − 1 cos 2𝑛𝑥
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Fourier Series

Example
* Find the Fourier series for

𝑓(𝑥) =
⎧{
⎨{⎩

− sin 𝑥, −𝜋/2 < 𝑥 < 0,

sin 𝑥, 0 < 𝑥 < 𝜋/2

and deduce that ∞
∑
𝑛=1

1
4𝑛2 − 1 = 1

2
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Fourier Cosine and Sine Series

Example
Find the Fourier sine series for

𝑓(𝑥) =
⎧{
⎨{⎩

𝑥, 0 ≤ 𝑥 ≤ 𝜋/2,

𝜋 − 𝑥, 𝜋/2 < 𝑥 ≤ 𝜋

Solution
𝑓(𝑥) = 4

𝜋
∞

∑
𝑛=1

(−1)𝑛+1

(2𝑛 − 1)2 sin(2𝑛 − 1)𝑥

At 𝑥 = 𝜋 and 𝑥 = −𝜋 the series converges to 0
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Fourier Integral
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Fourier Integral

Definition
The Fourier Integral of a function 𝑓 defined on (−∞, ∞) is given by

𝑓(𝑥) = 1
𝜋 ∫

∞

0
[𝐴(𝜆) cos(𝜆𝑥) + 𝐵(𝜆) sin(𝜆𝑥)] 𝑑𝜆

𝐴(𝜆) = ∫
∞

−∞
𝑓(𝑡) cos(𝜆𝑡) 𝑑𝑡

𝐵(𝜆) = ∫
∞

−∞
𝑓(𝑡) sin(𝜆𝑡) 𝑑𝑡

𝑓(𝑥) = 1
𝜋 ∫

∞

0
∫

∞

−∞
𝑓(𝑡) cos(𝜆𝑡 − 𝜆𝑥) 𝑑𝑡 𝑑𝜆

Ibraheem Alolyan Differential Equations Math - KSU 36 / 43



Fourier Integral

Theorem
If 𝑓 is absolutely integrable

∫
∞

−∞
|𝑓(𝑥)|𝑑𝑥 < ∞

and 𝑓 , 𝑓 ′ are piecewise continuous on every finite interval, then the Fourier
integral of 𝑓 converges to 𝑓(𝑥) at a point of continuity and converges to

𝑓(𝑥+) + 𝑓(𝑥−)
2

at a point of discontinuity.
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Fourier Integral

Example
Compute the Fourier integral of the function

𝑓(𝑥) =
⎧{
⎨{⎩

1, |𝑥| ≤ 1

0, |𝑥| > 1

and evaluate ∫
∞

0

sin 𝜆 cos 𝜆𝑥
𝜆 𝑑𝜆 and ∫

∞

0

sin 𝜆
𝜆 𝑑𝜆

−2 −1 1 2

1

𝑥

𝑓(𝑥)
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Fourier Integral

Example
Compute the Fourier integral of the function

𝑓(𝑥) =

⎧{{
⎨{{⎩

0, 𝑥 < −𝜋
−1, −𝜋 < 𝑥 < 0
1, 0 < 𝑥 < 𝜋
0, 𝜋 < 𝑥
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Fourier Sine and Cosine Integrals
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Fourier Sine and Cosine Integrals

If 𝑓 is an odd function on (−∞, ∞), then

𝐴(𝜆) = ∫
∞

−∞
𝑓(𝑡) cos(𝜆𝑡) 𝑑𝑡 = 0

𝐵(𝜆) = ∫
∞

−∞
𝑓(𝑡) sin(𝜆𝑡) 𝑑𝑡 = 2 ∫

∞

0
𝑓(𝑡) sin(𝜆𝑡) 𝑑𝑡

Ibraheem Alolyan Differential Equations Math - KSU 41 / 43



Fourier Sine and Cosine Integrals

If 𝑓 is an even function on (−∞, ∞), then

𝐴(𝜆) = ∫
∞

−∞
𝑓(𝑡) cos(𝜆𝑡) 𝑑𝑡 = 2 ∫

∞

0
𝑓(𝑡) cos(𝜆𝑡) 𝑑𝑡

𝐵(𝜆) = ∫
∞

−∞
𝑓(𝑡) sin(𝜆𝑡) 𝑑𝑡 = 0
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Fourier Sine and Cosine Integrals

Example
Compute the Fourier integral of the function

𝑓(𝑥) =
⎧{
⎨{⎩

| sin 𝑥|, |𝑥| ≤ 𝜋

0, |𝑥| > 𝜋

and deduce that

∫
∞

0

cos 𝜆𝜋 + 1
1 − 𝜆2 cos(𝜋𝜆

2 ) 𝑑𝜆 = 𝜋
2
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