Lecture 3.1: Algebra of matrix

Basic definitions of matrices are given in Lecture 1.

3.1.1 Properties of a matrix

1. Transpose of a Matrix: A transpose of a matrix is obtained by
interchanging rows and corresponding columns of the given
matrix. The transpose of the matrix A is denoted A" .

12 3]
A= . A=
45 6

Properties of the Transpose of a matrix

w N -
o O b~

1. (AY=A

2. (AB)'= B'A'

3. (KA)' = KA', where Kk is a scalar.
4 (A+B)'= A+ B'

2. Symmetric Matrix:
A square matrix is symmetric if A'=A.

1 2 3 1 2 3
A=|2 4 5| A'=|2 4 5|, A'=A
3 56 3 56

3. Skew — symmetric Matrix :
A square matrix is skew symmetric if A' = - A.

0 -2 -3 0o 2 3
A=|2 0 —4| A=|-2 0 4| A'=-A
3 4 0 ~3 -4 0

4. Equality of matrix:
Two matrices are equal, if these of same size and corresponding entries are
equal.

2 1 2 1
A= , B=
3 4 3 4
A and B are equal matrices when these of the same size and
corresponding entries are equal.
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Example:1. Write down the system of equation, if matrices A and B are equal

{X—Z y—S} [1 3+z}
A= , B=

X+y z+3 z Yy
Solution: A and B are of the same size, hence

A=B=

Xx—2=1
y—-3=3+12
X+y=12
Z+3=Yy
System of equations are
X =3
y-z=6
X+y-z=0
-y+z=-3
3.1.2 Addition of matrices:

Matrices of the equal size can be added entry wise.

Example:2. Add the following matrices:
1 0 2 N 4 2 8
3 5 4 2 41
Solution. We need to add the pairs of entries, and then simplify for the final answer:
10 2+4 2 8| [1+4 0+2 2+8| |5 2 10
35 4] |2 4 1| |3+2 5+44 4+1| |5 9 5
So the answer is:

5 2 10
5 9 5

Example:3. Find the value of x and y in the following matrix equation
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{ 5 x}{—s 2}:{2 4}
3y 2| |-1 3| |5 7
Solution. Using concept of addition of matrices, we simplify left hand side
{5—3 x+2}:{ 2 X+2}:|:2 4}
3y-1 2+45| [3y-1 7 5 7
Two matrices are equal when their correspoding entries are equal
X+2=4
2y—-1=5
Solving these equations
X=4-2=2
3y =5+1
3y=6, y=2
Solution of matrix equationis x =2,y = 2.

3.1.3 Scalar Multiplication:

If a matrix is multiplied by a scalar o, then each entry is multiplied by

scalar a.
1 2 3 1 2 3 2 4 6
A=|2 1 0| 2A=22 1 0|, 2A=|4 2 0
1 1 2 1 1 2 2 2 4
3 6 9
3A=(6 3 0
3 3 6

3.1.4 Matrix Multiplication:

The product of two matrices A and B is possible if the number of
columns of A is equal to number of rows in B, the method is being
explained by following example:
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4
12 4
A= , B=|0 -1 3
2 6 0],
‘ 2

A x B= C
2Xx3 3x4 2x4

AB:{CH Cp Cig C14:|
CZl C22 C23 CZ4

3X4

Cii=1x4+2x0+4x2=4+0+8=12
C12= IX1 +2x(-1) +4x7=1-2+28=27
Ciz=1x4+2x3+4x5=4+6+20=30
Cu=1Ix3+2x1+4x2=3+2+8=13
Co1=2x4+6x0+0x2=8+0+0=8
Cp2=2X1+6X(-1)+0x7=2-6+0=-4
Cx3=2x4 +6x3+0x5=8+18+0=26
Cuu=2x3+6x1+0x2=6+6+0=12

[12 27 30 13
18 -4 26 12

NOTE: AB = BA

Lecture 3.2 : Inverse of matrix and power of matrix

3.2.1 Inverse of a 2x2 matrix

b
Consider a 2x2 matrix A = [: d}

d -b
If ad —bc =0, then A= !
ad-bc|-c a

a b
Note: Multiple (ad —bc) is called the determinant of matrix A = L d}

3 2
Example: Find inverse of matrix A = L 5}

ad - bc =3x5-2x4=15-8=7
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Properties of Inverse

1. AlA=A A=

2. If A and B are invertible matrices of the same size , then
AB is also invertible and
(AB)'=B?A"

3.2.2 Power of a matrix

A=

A"=A.AA...A (n-factors), where n>0.

A= (A') =ATATAL.AT (n-factors) , where n>0,
AFAS - AT+S

(A) =A

(A7) =

(A =(AY)", n=0,1,2,..

(kA" = % A, where Kk is a scalar.

© N o gk~ w e

Example:4. Let A be an invertible matrix and suppose that inverse of 7A is

-2 7 ) .
, find matrix A
1 -3

-2 7
Solution: (7A)*= Laie
7 1 -3

S AL et

—-21 -49 3 7 3 7
A=(ADt=_t _7 _1
49| -7 —14| 49|1 2| 7|1 2
H 2 0 3 -3 2
Example:5. Let A be a matrix 41 compute A°, A™, A°-2A + 1.

, {2 0}[2 0} {4 o}
A? = AA = —
4 14 1| |12 1
s {4 0}[2 o} [8 0}
A= APA= _
12 1)4 1] |28 1
-3 _ 371_1 1 0
=(A) _8{—28 8}
) {4 0} {4 0} {1 0} {1 0}
A —2A+1 = -
12 1| [8 2] [0 1] |4 O

Solution:
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Example:6. Find inverse of the matrix
cosd sind

A= .
—sind cosé

ad — bc = cos?@ +sin?0 =1,

Solution:

At 1{cos¢9 —sin 9}

“1|sin®  cos@

sind cosé@
Lecture 3.3 Inverse by Elementary Matrix

Al _{cose —sin 9}

3.3.1 Elementary Matrix

An nxn matrix is called elementary matrix, if it can be obtained from
nxn identity matrix by performing a single elementary row operation.

Examples: |, =

o O

00
1 0| is a3x3identity matrix.
01

Elementary matrices E3,E, and E3 can be obtained by single row

operation.

1 0 0

E1 = 1 0 -3R3
0 -3
1 0

E2=|10 1 0 |-2R3+R;
0 -2
0 1

E3 =0 1 0 R]_ PN Rg
1 0
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NOTE:
When a matrix A is multiplied from the left by an elementary
matrices E, the effect is same as to perform an elementary row
operation on A.

Example: 1.
1 0 2 3
Let A be a 3x4 matrix, A=|2 -1 3 6|and
1 4 4 0

E be 3x3 elementary matrix obtained by row operation 3R;+R3 from an
Identity matrix

1 00
E=|10 1 0
3 01
1 0 0|1 0 2 3 1 0 2 3
EA=|0 1 0|2 -1 3 6(=|2 -1 3 6/,3R:*Rs3.
3 0 1{|]1 4 40 4 4 10 9

3.3.2 Method for finding Inverse of a matrix

To find the inverse of an invertible matrix, we must find a sequence of
elementary row operations that reduces A to the identity and then perform
this same sequence of operations on I, to obtain A™.

A [ 1] to |1 | A

1 4
Example:2. Find inverse of a matrix A :{2 7} by using Elementary

matrix method.

1 4/1 0
Solution: | =

[A” [2 7‘0 J
1 4|1 o0
~ 0 o1 —2R1+R2
1 41 o0
~ -R2
0 12 -
1 0-7 4
5 4ls 1 -4R, +R,
:_I‘A’l_
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Example:3. Use Elementary matrix method to find inverses of

3 4 -1
A=|{1 0 3 if A is invertible.
2 5 —4
Solution:
3 4 —-11 0 O
[A||]:1o 30 1 0
2 5 —40 0 1
1 0 30 10
~[3 4 -1 0| R <R,
2 5 -40 0 1
10 30 1 0
~|0 4 -101 -3 0|-3R+R,—2R +R,
0 5 -100 -2 1
10 3|0 1 O
~|0 4 -10[1 -3 0|-R,+R,
01 01 -21
1 0 3/0 1 0 R R
<01 01 1 1| RoR,ARtR)
10
00 -1; % %
1.0 03 & £
~[0 1 01 1 1| -3R,+R,-R,
00 13 % 2
~[i|a]
3 =11 -6
2 10 5
Al=l-1 1 1
=1 e 2
2 10 5
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Lecture 4.1: Solving Linear system by Inverse Matrix

Let a given linear system of equations is

AX =B
Find A
Multiply with A™ from left
AlAX =AlB
IX=A'B

X =AB isasolution.

Note: To find A™ we use Elementary Matrix method.

Examplel.
Write the system of equations in a matrix form, find A™, use A™ to solve the
system
X, +3X, + X, =4
2X, +2X, + X, =-1
2X, +3X, +X; =3
Solution: 1. Matrix Form is:

1 3 1x] [4
2 2 1| X% |=|-1| isinformof AX=B
2 3 1|x 3

2. Find A by using Elementary Matrix method

1 3 11 0 O
[A1]=|2 2 10 1 ©
2 3 10 0 1
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1 3 11 0 0
~|2 2 10 1 0
2 310 0 1
1 3 1|1 0 0
~|0 -4 -1-2 1 0| R,-2R,R,—2R,
0 -3 -1-2 0 1
1 3 1|1 o0 0
~|0 -4 -1-2 1 0| 4R,-3R,
0 0 -1-2 -3 4
1 3 0|-1 -3 4
~|0 -4 0|0 4 -4| R+R,R,-R,
0 0 -1-2 -3 4
1 3 0|-1 -3 4]
~[001 0[0 -1 1| -iR,-R,
0 0 -1j-2 -3 4]
1 3 0|-1 -3 4]
~[01 0|0 -1 1| -1iR,-R,
0 0 -1j-2 -3 4]
10 0l-1 0 1
~[0 1 0[{0 -1 1| -3R,+R,
00 —-1-2 -3 4
EMA'l]
1 0 1
Al=10 -1 1
2 3 -4
-1 0 174 -1
X=AB=[0 -1 1 |[-1|=| 4
2 3 -4 3 -7

Solution setis x, =—1X, =4,X, =—7.
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Lecture 4.2 Determinant

4.1 Determinant of a matrix

The determinant is a useful value that can be computed from the elements of a square
matrix. The determinant of a matrix A is denoted det(A), det A, or | A|.

4.2 Evaluation of determinant of Matrix

1.The determinant of a (1x1) matrix A = [ a ] is just detA = a.

2. The determinant of 2x2 matrix is defined as
A=
c d
a b
|A| = detA = detL d} =ad—cb

Example:1. Find determinant of matrix

S

4 5
A=
s ¢
det A =4x6-3x5

=24-15
=9

Solution:

4.3 The determinant of 3x3 matrix is defined as

>
Il
» © o
N
»
N
»
&3

a2l a‘22
aSl a32
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Example:2. Find determinant of matrix

>

Il
Bow N
oo A
© o o

Solution:

Expanding along the top row and noting alternating signs | — + —

6
det A =+2x . +5x

9 4 9 4 5
=2X(54-40)-4x(27 -32) +5x(15- 24)
=2X(14) - 4x(-5) +5x(-9)
=28+20-45=48-45=3

8‘ 3 8 3 6‘
—4x

Note: we can write determinant of a matrix as

a b a b
det{ }or or detA or |A|
c d C

d

Example:3.

1
Find the determinantof A =| 4
7

o o1 N
O O W

Solution:

detA = a11C11 +a12C12 +313C13

1 2 3
5 6 4 6 4 5
detA =4 5 6| =+1x — 2x + 3x
8 9 7 9 7 8
7 8 9

— 1(45-48) — 2(36-42) + 3(32-35) = —3+12-9=0
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Example4. Find determinant of matrix of order 4x4

0O 1 25

2 -1 2 3
A:

3 2 15

1 0 40

Solution:

Two entries in 4th row are zero, so determinant is calculated by opening from 4™ row.
dEt A = a4lc4l + a42('.:42 + a43c43 + a44(‘:44

= (1c,, +(0)c,, +(4)c,, + (0)c,,
:C41 + (4)C43

1 25 [0 1 5
detA =c,+(4)c,,=—|-1 2 3-4]2 -1 2
2 15 |3 2 1
Finding values of cofactors c,, and c,,
det A =—(4)-4(34)
=-4-136
=-140
Example:5.

Solving matrix equation

Find all values of A for which det (A) = 0 for matrix

Solution: Two entries of 1% row are zero, we open it from first row
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3 A-1
=(A—4)[r(L—1)—6]
=(L-4)[ A’ -1-6]
=(A—4)(L-3)(L+2)

A2
daA=Q—®‘ ‘

We need to find the value of A, when det A=0
= A-4H)A-3)(A+2)=0
= A=4, A=3 and A= -2.

Lecture 4.3: Determinant of triangular matrices

Upper triangular matrix

In upper triangular matrix all the entries below the diagonal are zero.

1 3 2
A=|0 4 2
0 0 5

Lower triangular matrix

In lower triangular matrix all the entries above the diagonal are zero.

(o9)

Il
N 0
~N b~ O
w O o

Note: Determinant of triangular matrix is product of diagonal elements.
Det A = (1)(4)(5) = 20
Det B = (1)(4)(3) = 12

Example:6. The determinant of Triangular matrix
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2 45 3
053 -1

A:
003 9
000 4

det A =(2)(4)(5)(3)=120

Diagonal Matrices

Diagonal matrix is matrix whose off diagonal elements are zero.

Example:7.  Determinant of Diagonal matrix

500
Find determinant of matrix B=|0 4 0
0 0 3
Solution:
detB=(5)(4)(3)=60
Example:8.
3 0 0 0 O
-4 2 0 0 O
Evaluate detC =| 67 e 4 0 O
0 1 -47 2 0
r 3 6 2 -1

Matrix C is lower triangular = detC = 3x2x4x 2><(—1) = —48

Example:9.
2 -1 1 1
-3 2 -4 -3
Evaluate detD =
4 2 7 4
2 3 11 2

Columns 1 and 4 of matrix D are identical = detD = 0.
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Lecture 5.1 Properties of Determinant

Property 1: If one row of a matrix consists entirely of zeros, then the determinant is zero.

Examplel: A detA =0,

Il
N O O
~ B O
o N O

Property 2: If two rows of a matrix are identical, the determinant is zero.

Example2: A , detA =0, Row 1 and Row 2 are identical

[
N O O
QNN
oo N DN

Property 3: If in a square matrix A two rows proportional, then det A = 0.

Example3: A= det(A)=0.

N O
A PN
3D N W

Row 1 and Row 3 are proportional, as R; =2 R;

Property 3: det(A) = det(A").

Example4:
1 2 3 1 0 2
A=l0 1 2|, detA=2  A'=|2 1 4| det(At):Z
2 4 8 3 2 8

Property 4: For an n x n matrix A and any scalar &, det(AA)= A"det(A).

Note:

When we multiply a matrix with a number, each entry of matrix is multiplied with
the same number.

When we take common from determinant, it is taken from each row or each
column.

Example5:
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1 2 3 4 8 9
A=/0 1 2|, 4A=l0 4 8|
2 4 8 8 16 32
4 8 9 123 123
det(4A) =0 4 8|=()@)@A|0 1 2/=4]0 1 2/=64x2=128
8 16 32 2 4.8 [2 4 8

Property 5: If A and B are of the same order, then det(A+B) # det(A) + det(B).

Property 6: If A and B are of the same order, then det(AB)=det(A) det(B).

1
det(4)’

Property 7: det(A™) =

Property 8: If det(A) = 0, then matrix A is singular matrix

Property 9: Homogeneous system of linear equations AX = 0, will have non- trivial solution if
and only if detA =0.

Example6. Given that

a b c
LetA=|d e f|and det(A)=-7,find
g h i
a g d
(a)det(3A), (b)det(2A)™", (c)det(2A™), (d) det A" =detA, (e)[o h e
c i1 f

Solution:
(@) det(3A) = 3*det A= (27)(-7) = -189

11 11
det(24) ~ 23detA  (8)(-7) 56

(b) det(24)~! =

8 8 8

-1y — 93 -1y — _
(c) det(247™") =2°det(A™") = eyl =

(d) det(AT)=det(4) = —7
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a g d a b c a b c
e (b h e= g h il= —-d e fl=—-(-7)=7
c i f d e f g h i
Taking Transpose Interchanging R, and R3

Example7. Use row reduction to show that

1 1 1
a b c|=(b-c)(c—-a)(c-b)
a’ b c?

Solution:
Using property that det A'= detA

2

1 a a* |1 a a’ 1 a a
1 b b*=0 b-a b*-a’*=(b-a)(c-a)l0 1 b+a
1 ¢ ¢ |0 c-a c*-a’ 0 1 c+a
| R,-R,R;-R; | taking common from R, and R,
1 a a°
=(b—a)(c—a)[0 1 b+a| Itistriangular matrix
0 0 c-b

=(b—a)(c—a)(c—b)

Example 8. Using properties of determinants show that
b+c c+a a+b
a b c |=0
1 1 1

Solution:
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b+c c+a a+bl |a+b+c a+b+c a+b+c|| R+R,

a b c |= a b c
1 1 1 1 1 1
11 .
Taking common from R;
=(a+b+c)la b
11

=0.

R;and R; are equal

Lecture 5.2 Elementary Row operations and Determinant

Let A and B be square matrices

1. If B is obtained by interchanging two rows of A,
then det B = - det A

2. If B is obtained by multiplying row of A by a nonzero constant k,
then det B = k det A

3. If B is obtained from A by adding a multiple of a row A to another row
of A, thendetB = det A

Example 9.
Find determinant of Matrix by using elementary row operations
1 2 3
A=|0 1 2
2 4 8
Solution:

Reducing to triangular matrix, multiply row 1 by (-2) and add to row 3

1 2 3 (1 2 3
detA=10 1 2/=0 1 2[=0QD)(2)=2
2 4 8 0 0 2
Examplel0.
1 2 3
Let A=|0 1 2|and detA-=2.Find determinant of matrix
2 4 8
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12 3 12 3 12 3
() A,=|2 4 8|, (i) A,=|0 1 2|, (i) A,=[0 1 2
01 2 12 4 00 2

Solution:
(i) The matrix A; can be obtained by interchanging Row 2 and Row 3 of matrix A
detA;=-detA=-2
(i) The matrix A, can be obtained by multiplying Row 3 of matrix A by 1/2
detA,=% detA=%(2)=1
(iii) The matrix A; can be obtained by Row operation on matrix A (-2 Row 1 to Row 3)
det A;= detA=2

Examplell. Given that

a b c d e f 3a 3b 3c a+g b+h c+i
d e f|=6, find(@)lg h i|,(b)-d -e —f|,(c)| d e f
g h i a b c 49 4h 4i g h i
Solution:
d e f a b c a b c
(@g h ij=-jg h il=C-D(Dd e fi=(-1(-1)(6)=6
a b c d e f g h i
Ri+>R; R,>R;
3a 3b 3c a b c
(b)l-d —e —f|=Q)(-D@)|d e f|=(-12)(6)=-72
49 4h 4 g h i

Taking common from each row

R1-Rs

a+g b+h c+il |a b c
(c)] d e f|=d e f|=6
g h

g h illg h i
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Lecture 5.3: Evaluation of Determinant

Finding determinant by using Properties of determinant

Example 12. Given that
a b c
LetA=|d e f|and det(A)=-7,find
g h i
a g d
(a)det(3A), (b)det(2A)™, (c)det(2A™), (d) det AT =detA, (e)b h e
c i f
Solution:

(@) det(3A) = 3 det A= (27)(-7) = -189

1 1 1 1

-1 _ _ — - _1
(b) det(24)™" = det(24) = 23detA  (8)(-7) 56

_ _ 8 8 8
(c) det(247!) = 23det(A™ ) = —— =2 =2
(d) det(AT)=det(4) = —7
a g d a b c a b c
e (b h e= g h il= —-d e fl= —-(-7)=7
c i f d e f g h i
Taking Transpose Interchanging R, and R

Finding determinant by using Elementary row operations

Examplel2.

Use row reduction to show that
1 1 1
a b c|=(b-c)(c—a)(c-b)
a> b* ¢

Solution:
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Using property that det A= detA

1 a a* |1 a a’ 1 a a°
1 b b*=0 b-a b’-a*=(b-a)(c-a)l0 1 b+a
1 ¢ ¢’ |0 c-a c*-a’ 0 1 c+a
R,-R,R;-R; | taking common from R, and R,
1 a a°
=(b—a)(c—a)|0 1 b+a| Itistriangular matrix
0 0 c-b

=(b—a)(c—a)(c—b)

Finding determinant by using Properties of determinant
Examplel3.

Using properties of determinants show that
b+c c+a a+b
a b c [=0

1 1 1
Solution:
b+c c+a a+bl |a+b+c a+b+c a+b+c|| r+R,
a b c |=| a b c
1 1 1 1 1 1
11 .
Taking common from R;
=(a+b+c)la b
11
=0. R;and R; are equal
Examplel4.

Find the values of X for which the matrix does not have inverse

X+2 2x+3 3x+4
A=|2Xx+3 3x+4 4x+5
3x+5 5x+8 10x+17

Solution:
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X+2 2x+3 3x+4
detA=12x+3 3x+4 4x+5
3Xx+5 5X+8 10x+17
By the row operations R, -R,, and R, —R,
X+2 2x+3 3x+4
=|x+1 x+1 X+1
X+2 2Xx+4 6x+12
Taking common x +1 from Row 1 and x + 2 from Row 2
X+2 2X+3 3x+4
=(x+)(x+2)| 1 1 1
1 2 6
By subtracting column 1 from column 2 and column 3
X+2 X+1 2x+2
=(x+D)(x+2)| 1 0 0
1 1 5
Opening from Row?2
=(x+1)(x +2)(-3(x +1))

detA=0=-3(x+1)(x+2)(x+1) =0

is zero =X=-1o0r x=-2

Note: We can apply the operation in columns we perform operations on rows.

Example 15.

Use determinants to find which real value(s) of ¢ make this matrix invertible:

1 2 -
A= -1 ¢
2 ¢ 1
Solution:
1 2 -1
1 -1 1 2
A= -1 —0+(—1) - C
2 1 2 C
2 ¢ 1
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= —(1+2) —c(c-4) = (c*-4c+3) = —(c—1) (c-3)
detA =0 = c=1orc=3
Therefore the matrix is invertible for all real values of ¢ exceptc=1 or ¢ =3.

Finding determinant by using Elementary row operations, reducing it to
upper triangular matrix form

Example 16. Evaluate

1 -1 5 5
1 2 4
det A = )
-1 -3 8 0
1 1 2 -1

Solution: Use elementary row operations to carry the matrix to upper triangular form:

1 -1 5 5 1 1 5 5
3 12 4 R, -3R, 0 4 -13 -11
1 38 0 R;+R; 0 4 13 5
1 12 -1 R,-R, 0 2 -3 -6
1 -1 5 5 1 -1 5 5
0 4 -13 -11 0 4 -13 -11
—% —_
R;+R, 0O 0 0 -6 R,oR, |0 0 A
R,-3R, |0 0 L -4 0 0 -6

— detA = —1><4><%><(—6) — +84.
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Lecture 6.1 Applications of Determinants

Minors and cofactors of a Matrix

all a‘12 a13
LetA=|a, a, ay
a31 a32 a33
Definition 1:
Given a matrix A, the Minor of a; =M

removing i" rowand j" column.

i+ Is determinant obtained from A by

a, Ayl _ _ :
M, =| ? "?| isdeterminant obtained by deleting 1st row and 1st column
a32 a33
a, a a, a a, a
Mll _ 722 23 ’ M12 21 23 ’ M13 — 21 22
a32 a33 a'31 a‘33 a31 a32
a, a a, a a, a
M21 _ 712 13 , M22 11 13 1 M23 11 12
a‘32 a33 a31 a‘33 a‘31 a32
a, a a, a a, a
M13 I At 22 ’ M32 11 13 ’ M33 11 12
a31 a32 aZl a23 aZl a22

Cofactor of &; =C;; = (-1)'"' M,

Signs of Cofactors

For 2x2 — matrix - }

For 3x3 —matrix |- + -

For 4x4 — matrix
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Definition 2:

Given a matrix A, the cofactor of the element a;; is a scalar obtained by
multiplying together the term (-1)"" and the minor obtained from A by
removing the i" row and the j™ column.

Example:1.
Find all minors and cofactors of the matrix

3 4 -1
A=|1 0 3
2 5 -4
Solution:
M= 3‘:—15 M _‘ 3‘: 10, M _‘1 0‘:5
11 5 _4 ! 12 _4 ! 13 _5
M, <[ _1‘= 11, M =‘3 4‘:—10 M =‘3 4‘:7
21 5 _4 d 22 2 _ ’ 23 5
M, <[ 4‘:12 M ‘ _1‘—10 M ‘3 4‘——4
31 O 1 32 O ' 33 l O
Cofactor of a; =C; =(-1)"'M;
c,=-15, C,=10, C,=5
C,=11, C,=-10, C, =-7
C,=12, C,=-10, C,=-4
-15 10 5
NOTE: Matrix of cofactors, C=| 11 -10 -7
12 -10 -4

NOTE: Determinant of matrix of Cofactors by the method of cofactors

det(A) = allcll + a12C12 + a13C13
det(A) = a21(:21 + a-22C22 + a23C23
det(A) = a;,Cy; +2;,Cy; +855Ca;
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The above equations can be used to check that the cofactors are found correctly as
the values of determinants found must be equal, we open matrix from any row or column.

Example: 2.
Find the determinant of the matrix A by method of cofactors,

Solution:
Using the cofactors found in the last example.
Expanding from First row

det(A) = a11C11 + 6'“12Cl2 + a13C13
= 3(-15)+4(10)+(-1)(5)
=-45+40- 5=-10

NOTE: 3. We can find determinant by opening matrix from second or third
row or first column, the value of the determinant will be same

det(A) = a21C21 + azzczz + azsczs
=(1)(11)+0(-10)+3(-7)=11 — 21 = -10

det(A) = a5,C;; +85,Cqp +284:Cy,
= 2(12) +5(-10)+(-4)(-4) =24 — 50 +16 = -10

NOTE : 4. Determinant of A can be obtained by multiplying any row or any
column of matrix A with the corresponding cofactors of the matrix.

all alZ a'13
NOTE: 5. Determinantof matrix A = |a, a,, a,
a31 a32 a‘33

a'22 a23 a‘21 a‘23 a‘21 a22

detA= a;, N
31 32

12

32 33 a3l a33
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Lecture 6.2 : Inverse by method of Cofactors

all a'12 a'13
A=la, a, a, det A £0.
a31 a32 a33

Step:1. Find Matrix of cofactors
Cll C12 C13
C = C21 C22 CZS
C31 C32 C33
Step: 2.  Find Adjoint of matrix A, adj(A)
C C12 ClS

11
Ad.l (A) = C21 C22 C23
CSl C32 C33

Step: 3.
If A is an invertible matrix, det(A) = 0, then
1 :
Al = adj(A
ot A[ 1(A)]
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Example: 3 . Find A™ of matrix A

2 0 3
A=|0 3 2 |bythe method of cofactors.
-2 0 -4

Solution: Cofactors of the matrix A are

c :‘3 2‘:—120 :_‘o 2‘:_ :‘0 3‘:6
o -4 TR 2 -4 B2 00
c Z_‘o 3‘:0 c =‘2 3‘=_2 c Z_‘z o‘z
2 o4 7 % |2 -4 T 7% =20
c :‘0 3‘:_9 c :_‘2 3‘2_ z‘z 0‘26
31 3 2 ! 32 O 2 ! 33 O 3
-12 -4 6
Matrix of cofactors, C=| 0 -2 0
-9 -4 6
-12 0 -9
Adjoint of matrix A, adj(A)=|-4 -2 -4
6 0 6

dEt(A) = a11C11 + a1zc12 + a13C13
= 2(-12)+0(-4)+3(6)

=-24+18=-6-% 0
Inverse of the matrix A is
. 1 ; [0 -0
A" =——Jadj(A)] = L |_ 4, _o _
detA[ J(A)] -4 -2 -4
6 0 6

NOTE: "¢ we can find A* , then solution of linear system

AX=Bis X=A'B

Linear Algebra - Math107
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Lecture 6.3 : Cramer’s Rule

Using determinants to solve a system of linear equations.

Theorem:
If Ais nxn matrix with det(A) # 0, then the linear system AX =B hasa
unique solution X = (x;) given by

det(A;)
X. =
T det(A)
Where A; is the matrix obtained by replacing the jth column of A by B.

,j=12,..n

NOTE: If Ais 3x3 matrix, then the solution of the system AX =B is

o Jet(A) _det(A) _det(A)
 det(A) = det(A) ’  det(A)

Example 4.
Use Cramer’s Rule to solve

4x + 5y =2
11x+y+2z=3
X+5y+2z=1
Solution:
4 5 2 50 4 20 4 5 2
A=11 1 2|, A,=|3 1 2|, A,=|11 3 2|,A;=(11 1 3
1 1 5 2 1 1 2 1 51

det(A) =-132,  det(A;) =-36, det(A,) =-24, det(A3) =12

,_det(A) 36 _3
det(A) -132 11’
det(A,) -24 2
T odet(A) 132 11
,_det(Ay) 12 -1
det(A) -132 11

NOTE: If det(A) =0, then there does not exist any solution of the system.
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- §ign Qul(i

.r'-
0 1 1 3
Ex\;:;ple:S.F'md determinant o :ns;:ix if A= 32 1S
0 4 0
Solution: Expanding from 4% row
125\025 015‘\ ‘012' -
Det (A)=-()-1 2 3+(@2 2 d-@p -1 @R -1 2
’ 215\ \315\3251321‘

. ()@ + () - @)EH T (O

=-4-136=- 140.

\'/L/ P A~ i
Example : 4. Find all values of % for which det(A) =0 for matnx = dhich vaole

° Alcn A . '
i-4 0 0 -\ A ovihout
.A.‘_" 0 ;{. 2 N "Y\VG‘ SC ,,:-\.o

\_ 0 3 A-1j

Soluti 'd°ﬁ\=(“-4)l\/1 : -—00 : +(0
olution: det(A) = (A 5 a1 ()\0.1_1. )

= (A4) [ A (A-1) - 6]

= (M) (A1 - 6]

= (\4) (A - 3) (A32)
det (A)=0.

(h4) (- 3) (A+2) =0

= A=4, A =3, A=-2.

fow fo f i “"] 3.4 Evaluating Determinant by row operations

/ ﬁ l 1. If mamix Al is obtained from matrix A by the 1 interchange of two rows , thea

0 A
0 3|

through (det(Ar) = - det(A): |
ow 2. If mamix Azls obtained from matrix A by the Eliig\icadoggf 313‘% by
6 P er 0‘/{: ‘0N s a constantk , thezj det(A,) = kK det(A).

dition of multiple of ane row

’ 3, If matrix Asis obtained from the matrix A by ad

e
L 1o another row , then'det(A;) = dem

CPPPAPLPLPP RS o o -
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M 1 23
Example:S. LetA={0 1 2\,anddet(A)=2.Finddeterminantof
20+ 3
12 3] 12 3 23]
DAr=12 2 8|, @a={0 1 2} (111).4\3:!10 L 2|
01 2 12 4] ’LO 0 2

Solution: (i) A is obtained from A by interchanging R, and R; of A,
det(A) = - det(A) =-2.

(i) Az is obtained from A by multiplying R; of A by i,
det(Ay) = Ldet(A)=1 (@)= 1.

(iil) A; is obrained by roW 0 eration —2R2*Ri,
P
det(A;) =det(A) = 2.

gy » w

. NOTE:
-~ of\v"{ \)( 1. If Aisanysquart matrix that contains a row of zeros, then det(A) = 0.
i{\? S~
as two proportional rows, then det(A) = 0.

. If asguare marmix h

;

In case of upper of Jower triangular marrix, determinant is the product of the

diagonal elements-

(9]
B

Upper triangular matrix

S 6\& aH O 0 .
A=|ay @ 0 det(A) = a,,dn85;

% a;, 4, 9

Lower triangular matrix

a, %4 9
B= 0 an ay; | dEt(B) . a\lana'll
0 ay

LA I W W
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i
le:6. .
o—— Example b d e f ja 3b 3¢
ettt ¢ /=6 Ed@g A O 4 e |
a+g b+h c+1 3aq -3 -3¢
(c) d e £ @) d e [
g h i g-4d h-4e 1-4!
Solution:
d e | a b ¢ }
@ lg b i|l=—-|g b i|=( (- l)d e /l = (-1)(-1(6) = |
ja b ¢l ld e [ lg h 1|
RM—)R; RZ‘\"’RS
3a 36 3¢ a b
®) ¢ = A=0DEe ¢ f=C1O =T
4g 4h 4 lg ol
la+g b+h c+i |a b ci
(| d e fl=|d e f'=6
g h i e r i
R]'R]
dg 36 3 a b cl
@ d e[| e f1=(3)6) =-18
g-4d h-4e i-4f] g h i' r
4R1+R3

L e A AR A
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et

Frample:?, Bvaliats the detetonns by rons ot
mple:7. Evaluate inant ! aducti
e ,\Bl\_ AP Vrigrng Wﬁngt oy row reduction

5
-4
0
1
1

DetA={0

= ~ — [w>] —
— = = )W)

Solution:

(UB]

— 00 L)

2R, + Ry -2Ry + R,

O O e Y —
—_— = O O W

1
0
detA=10
0
0

o O O©
—

—
wl
wn

— 0 W

=0 0
0 0

0 0 0

= (DD =-2

1
10 -1 2
1
0 -1

2

o — O Oy

Example:8. Find the value(s) of x if ~ det A= -12, where

[0 9]
A=[2 x-3 -3
| x-4 DJ
Solution: Performing row operations
] 0 O]
detA=10 x=3 -3=0@
0 x-4 0 '

AR Ry, -RiFRs

it _‘—0+O
L ;\() (0)

= 3(x4)
detA=-12 =>-3x-12=-12

,}z=()
x=0J1

'NOTE: Operations on columns are S1me as on rows}
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Theorem: lowing are equivalent:

For an nxn matrix A, fol

deE(A) =0, ;
A exists, an ‘
AX = B has a unique solution for any B.

A 1o lnvertible

W) o —

-F

s
/___.—-__-————-———"“"'

e —————

3.5 Properties of Determinantial Function

If A is a nxn matric det(kA) = K" det(A),
det(A + B) = det(A) + det(B) ,
det(AB) = det(A).det(B),

e 4. det(A™)= e
detA
5. A square matrix is invertible if and only if
det(A) # 0,and
6. det(A") = det(A)

N

b)

L3 a b cqv
Example :9. Let A=|d e f|anddet(A)=-7find
o ‘ g h i
a g d
(a) det 3A), (b)det RA)", (c)det QA Yand (d) b 1 e
6 @ f
Solution:  a. det (3A) = 3’det A =27 (-7) =-189
b de2Ay=— -1 1 _-I
det(24) 2’det(4) 8(-7) 56
c.  det2A")=2"det(4) = LA
dew(d) -7 7

'fa g d la b ¢ la
d. b h el=lg h i|l=7d e fl==(-T)=T
c i fl |d e

0q
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Vi
Example:10. Use row reduction to show that
R
\a b c1=(b-a)(c—a)(c—b)
1 31 L
la® b cl‘
Solution.
det(A) = det (A9
laaZ\ \la a"'i ila azi
1 b b =10 b-a bl —gt=(b-a)c-a)0 1 bJ,-al
\1 ¢ cl\ 0 c-a ¢-a ‘O 1 c+d
R;- Ry Ri-Ry
il a azl‘
=(b—a)(c—a)il0 | b+al
0 0 C—b.
R, -R,
=(b-c)(c-a)c-b)
VoL o | .
Example:11. Without directly evaluating ‘| using properties of determinant
show that '
b+c c+a b+d
a b c (:O.
ST SR
Solution:
‘?b+c cra b+d latb+c azb+c a+b+d
a b c |=| .a b ¢ \Rl-i-Ra
1 1 1 1
1
=(a+b+c)’a b ¢
1
=0.

v e N

b
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LA Example: 3. Find A" of matrix A {

2 0 3
A=|0 3 2 |by the method of cofactors.
-2 0 -4

3 2 0 3
B TR
e o 3=0 2 3 : 2 0
o4 e R I

o3 2 3 2.0
C31—3 2‘=‘9 Cn—“lo 2: 33_,0 3!:6

-12 -4 6
Matrix of cofactors, C=| 0 -2 0

’ -12 0 -9
Adjoint of matrix A, adj(A) = {—4 -2 -4
6 0 6
det(4) = a,C,, +a,Cyy +a3Cyy
=2(-12)+0(-4)+3(6)
=24 +18=-62 0

Inverse of matrix A is

A_] 1 oy | -12 0 -9
=—d = | = - -
detA[ 1i(4)] —| -4 -2 4

6 0 6

NOTE: If we c;an find A™ , then solution of linear system
AX=Bis X=A"B
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v 3.7 Cramer’s Rule

If A is nxn marix with det(A)+ 0, then the line
i . . ar syst =
unique solution X = (x;) given by ’ system AX=B hasa

det(4,)
X; = 1]
det(A4)
Where A, is the matrix obtained by replacing the jth column of A by B.

y&y vaey

NOTE: If A is 3x3 matrix , then the solution of the system AX =B is

_ det(4)) _det(dy) _ detldy)
det(4)’ T det(d)’  det(d)

o
t~C~Example: Use Cramer’s Rule to solve

4x+35y =12
llx+y+2z=
x+5y+2z=l
4 50 250 4 2 0 4 5 2
Solution: A=|11 1 2|, Ar=|3 1 20, Ap=111 3 2|,A3= 111 3
1 5 2 1 5 2 1 1 2 1 51
det(A)=-132,  det(A) =36,  det(A))=-24, det(As) = 12
Cdet(4) =36 _3
T det(d) -132 11
* det(d,) -24 2

Y de4) -132 10

det(4y) 12 -1
det(4) -132 11
4 4 NOTE: when det(A) =0, then there does not exist any solution of the system. ( (¥ 2 theo

0

Sl S\;j stem 1< /10,’ }'Lonlog._(lwu‘i )
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TIME: 90 min KING SAUD UNIVERSITY FULL MARKS: 50

M -107 DEPARTMENT OF MATHEMATICS
(SEMESTER 1, 1436 -1437) FIRST MID-TERM

Question:1 . Let
x—y—z =0
2x +y +z =3
x+2y+z =0

(a) Write the above system of linear equations in the form AX=B, [12]
(b) Find A if exists ,by using elementary matrix method, and
(¢) Use A to solve the above system of equations.

Question: 2 . (a)Evaluate det(A) by using row reduction, where

1 0 0 1
2 0 =] 3
A= i 7]
0 2 1 4
=7 =] 0 1

(b) Find all values of X for which matrix

1 -1
A= { , } is invertible. [7]
1 x°=-2

Question: 3 . Solve the linear system by using Crammer’s Rule

3x, +5x, =7
bk, +2x%, +4x, =10 [12]
Sy iR, 3%, =1
Question: 4. Suppose the points (1,1),(2,3) and (3,4) lie on the curve
y=ax’ +bx+c.
I Find the system of linear equations in a, b and c.
ii. Solve the system by Gauss — Jordon method to find a, b and c.
iil. Write the equation of the curve. [12]
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