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Abstract: We study the uniqueness, the continuity in L?, and the large time decay for the Leray solu-
tions of the 3D incompressible Navier-Stokes equations with the nonlinear exponential damping term

a(eb““2 - 1u, (a, b > 0).
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1 Introduction

In this article, we investigate the questions of the existence, uniqueness, and asymptotic study of global
weak solution to the following modified incompressible Navier-Stokes equations in R3:

ot — VAU + u -Vu + a(eb‘“'2 - 1)u =-Vp in R* xR?

divu=0 in R* x R3 (S)
u(0, x) = uo(x) in R3,
a,b >0,

whereu = u(t, x) = (w1, U, u3) and p = p(t, x) denote, respectively, the unknown velocity and the unknown
pressure of the fluid at the point (¢, x) € R* x R3. The function v denotes the viscosity of the fluid and
u® = (uP(x), u(x), ud(x)) is the initial given velocity. The damping of the system comes from the resistance
to the motion of the flow. It describes various physical situations, such as porous media flow, drag
or friction effects, and some dissipative mechanisms (see [1-4] and references therein). The fact that
div u = 0 allows us to write the term (u -Vu) := u;01u + U,0,u + u3dsu in the following form: div (u ® u) =
(div(uyu), div(upu), div(usu)). If the initial velocity u® is quite regular, the divergence-free condition deter-
mines uniquely the pressure p.

Without the loss of generality and in order to simplify the proofs of our results, we consider the viscosity
unitary (v = 1).

The global existence of weak solution to the initial value problem of classical incompressible Navier-
Stokes was proved by Leray and Hopf (see [5,6]) long before. Uniqueness remains an open problem if the
dimension d > 3.
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Polynomial damping a|u[#~'u is studied in [7] by Cai and Jiu. They proved the global existence of weak
solution in

L®(R*, [A([R?) n LA(R*, H'(R?) n LAY(R*, LAY(R3)).

The exponential damping a(e”'“|2 - 1)u is studied in [8] by Benameur. He proved the existence of a global
weak solution in

L®(R*, [A(R%) n LA(R*, H'(R%) N &,

where &, = {f : R* x R3 = R : measurable, (eb‘fIZ - DIf? € L(R* x R3)}.

The purpose of this article is to prove the uniqueness and the continuity of the global solution given in
[8]. Using the Friedrich method, we construct approximate solutions and make more delicate estimates to
proceed with the compactness arguments. In particular, we obtain some new a priori estimates as follows:

t

t
()l + zIMVu(s)ugzds + 2aj||(eb'“<s>'2 1) [u(s)Pllpds < [uO]R,.
0 0

To prove its uniqueness, we use the energy method and approximate systems. The proof of the asymptotic
study is based on a decomposition of the solution in high and low frequencies and the uniqueness of such
solution in a well-chosen time t,.

In our case of exponential damping, we find more regularity of Leray solution in Nn,LP(R*, LP(R?)). In
particular, we give a new energy estimate. Our main result is the following:

Theorem 1.1. Let u® € I?(R3) be a divergence-free vector fields, then there is a unique global solution of the
system (S): u € Cy(R*, [3(R3)) n [AR*, H '(R3)) n &. Moreover, for all t > 0,

t t
O, + 2 [ IVu(s)ds + 2a [1(e? - 1)lu(s)Plds < WO GR)
0 0
Moreover, we have
limsupl|lu(t)|;2 = 0. 1.2)
t—o0

Remark 1.2.
(1) The new results in this theorem are the uniqueness, the continuity of the global weak solution in L*(R3),
and its asymptotic behavior at infinity.
(2) The uniqueness of weak solution implies that
t t
@ + 2 [ 17U ds + 2a [1(e249F - DuCs)Plds < @), 13)

4 [

which implies that (¢t — |u(t)||;2) is decreasing.

2 Notations and preliminary results

The Friedrich operator J; is defined for R > 0 by: JrR(D)f = F 1()(BR]A’), where By is the ball of center 0 and
radius R and f ¢ L?(R3). The Leray operator P is the projector operator of (L*(R3))? on the space of diver-
gence-free vector fields LA(R3).

If f is in the Schwartz space (S(RM))3,
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F®F) = F (€) - (?m. %)% - MEF ©)

ﬁ)ﬁ({)ei‘f *dg, where M(§) is the matrix (8 - 2£5),., 3

-t _
and P00 = 1 [ (8- 52
Define also the operator Agr(D) on L*(R3) by:
ApD)u = PJr(D)u = F Y M(E )X, (O0).
To simplify the exposition of the main result, we first collect some preliminary results and give some

new technical lemmas.

Proposition 2.1. [9] Let H be a Hilbert space.
(1) The unit ball is weakly compact, i.e., if (x,) is a bounded sequence in H, then there is a subsequence (Xy(x))
such that

Xpmly) = (xly), Vy e H.

(2) If x € H and (x,) is a bounded sequence in H such that lim,_, . (x,ly) = (xly), for all y € H, then
Ixll < liminfy, -, ool Xl

(3) If x e H and (x,) is a bounded sequence in H such that lim,_,,.(x,ly) = (x|y), for all y € H and
limsupy - collXall < lIxIl, then limy, ., o [xn = x|| = 0.

We recall the following product law in the homogeneous Sobolev spaces:

Lemma 2.2. [10] Let s; and s, be two real numbers and d € N.
(1) Ifs; < g and s, + s, > 0, there exists a constant C; = Cy(d, sy, S,) such that: if f, g € H'(R9) n H*(RY),
then f. g € Hsﬁsr%([Rd) and
Vgl g < Ci(IF Mgl + W= lgle) -
() If s, 8, < % and s, +s; > 0, there exists a constant C, = G(d, sy, ;) such that: if f e H'(R?) and
g€ H*R?), then f. g Hsﬁsz*%([Rd) and

Wl srvsp-d < GallFllzz gy

Lemma 2.3. [11] Let B > 0 and d € N. Then, for all x,y € R%, we have
1
and (helfx = iy, x = y) = SOl + )b - P, 1)

((eb|"|2 - 1)x - (ebb"2 - 1)y, X-y)= %((eb““2 - 1) + (eb""2 - 1))|x -yP. 2.2)

Proposition 2.4. [8] Let vi, v, v3 € [0, 00), 1, 1, 15 € (0, 00), and f© € L2(R3).
Forn €N, let F, : R* x R3 = R3 be a measurable function in C\(R*, L2(R3)) such that

Ay(D)E, = Fy, E(0, x) = Ay(D)f°(x)

and
(E1) 3F, + Y,_vilDi 7B, + A(D)div (B, ® F,) + Ay(D)h(IE)E, = O.
(E2)

3 t t
1B, I, + zzvkjuwk E (s, IR,ds + zajnh(m(s, IDIFGS, HPlpds < IfOIR.,
k=1
0 0
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where h(A) = a(eb’l2 - 1), with a,b > 0. Then, for every € > 0, there is & = 68(e, a, b, vi, vy, V3, 11, 12, 13,
If°l;2) > O such that for all t;, t, € R*, we have
(It -t <6 = |F(t) - F(t)lg= <€), VneN, (2.3)

with so > max(3, 2n, 2n, 213).

Lemma 2.5. Let a, b > 0, then there is a unique real Ao = Ao(a, b) > 0 such that for all A > 0,
ale® - 1) <A = Ae[0,Aq].

Precisely,
e ifab > 1, we have Ay = 0,

e ifab < 1, we have Ay > %log(l/ab).

3 Proof of the main Theorem 1.1

The proof of the theorem is given in four steps:

3.1 Existence of weak solution

In this step, we build approximate solutions of the system (S) inspired by the method used in [8,10], hence
we construct a global solution. For this, consider the approximate system with parameter n € N as follows:

ot — Nau + JoUnu -V]u) + a]n[(eb”ﬂ“‘2 - 1)]nu] =-Vp, in R*xR3

(S)d Pr = (A1AW JoUut Vo) + adiv Jy [ (€20 - 1))
divu=0 inR*xR3
u(0, x) = J,u’(x) in R3.

Jn is the Friedrich operator defined in the section 2.
e By Cauchy-Lipschitz theorem, we obtain a unique solution u, € C}(R*, LZ([R3) of (S,,). Moreover,
Jaun = U, such that
t

t
2
lun(OI2, + 2j||Vun||§z + zajn(eb‘“n‘ - D)l < IR, 3.1
0 0
e The sequence (u,), is bounded on L®(R*, I3(R3)) and L3(R*, H 1([R3)). Using Proposition 2.4 and the
interpolation method, we deduce that the sequence (u,), is equicontinuous on H(R3).
e Let (T,), be a strictly increasing sequence such that lim,_,,.,I; = co. Consider a sequence of functions

(67)¢ in CS°(R?) such that
6,00=1, forj<q+ %
0,x) =0, for|x|>q+2
0<6,<1.

Using (3.1), the equicontinuity of the sequence (u,), on H(R3), and the classical argument by combin-
ing Ascoli’s theorem and the Cantor diagonal process, there exists a subsequence (uy))» and

u € L°(R*, L(R3)) n C(R*, H3(R?)) such that for all g € N,

nlinolo 165Uy = Wlr(io, 7,154 = O- (3.2)
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In particular, the sequence (uy(t))n converges weakly in LA(R3) to u(t) for all t > 0.
e Combining the above inequalities, we obtain

t t

(12, + 2IIIVu(S)I|§zds + ZaIII(eb‘”“)'Z = 1) u(s)Pllpds < JuO)., (33)
0 0

forallt > 0.
e u is a solution to the system (S).

3.2 Continuity of the solution in L?

In this section, we give a simple proof of continuity of the solution u of the system (S), and we prove also
thatu € C(R*, L%(R3)). The construction of the solution is based on the Friedrich approximation method. We
point out that we can use this method to show the same results as in [4].

e By inequality (3.3), we obtain

limsupllu(®l> < Ul
t—0

Then, proposition 2.1-(3) implies that

limsupl|lu(t) - u°(;2 = 0,
t—0

which ensures the continuity of u at 0.
¢ Consider the functions

Vne(t, -) = u(p(n)(t +& ), Pne(t, ) = ptp(n)(t +& ),
forn € N and € > 0. We have
2
dpin) = Ditgny + o) (i) Vit + Wopimy (€211 = 1)Uy = = Vi)

4
atVn,s - AVn,s + ](p(n)(vn,s 'VVn,e) + a]{p(n)(eblv“’gl - 1)Vn,£ = _Vpn,s-
The function Wy e = Ugn) — Ve fulfills the following:

2 2
AeWh,e — Ay ¢ + @fp(my((eP1Me0l” — 1)uq,(,,) — (ebhael” - 1)vn,g)
= _v(qu(n) - pn,s) + ](p(n)(Wn,s 'VWn,s) - ]{p(n)(Wn,s 'Vu<p(n)) - ](p(n)(uq)(n) 'VWn,s)-

Taking the scalar product in L?(R?) with w, . and using the properties div wy ¢ = 0 and (Wy,e - VW ¢, Wy e) = 0,
we obtain

1d 2 4
EE”Wn,s”%z + ”VWn,elliz + a(](p(n)((eb‘uw")l - l)u(p(n) - (eblv,,,g\ - 1)Vn,£); Wn,s)L2

= —U<p(n)(Wn,s 'Vutp(n))§ Wi,e)2-

(3.4)

Using inequality (2.2), we obtain
Upm (€01l = 1)ty = (€21l = 1)1y 05 W) 2
= ((é‘blu"’(”)‘2 - 1)u(p(n) - (fa’blv"'g‘2 - 1)Vn,£;]¢(n)Wn,£>L2
(MMl = 1)y = (€blnel” = 1)y 5 W o)z

% I((ebluw(n)lz 1) + (ebMnef = 1)lwne P

R?
1 J‘(eblu(p(n)‘z — 1)|Wn e I2
3 .

R3

vV

vV
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1 1
|<]{p(n)(Wn,s 'Vuzp(n))§ Wr,e)p2| < I|Wn,s|- [Upmyl- [VWiel < EJ.|Wn,s |2|u<p(n)|2 + EHVWn,e”Ez-

R’ R’
Combining the identity (2.2) and the inequality (3.4), we obtain
d
R? R?
Using Lemma 2.5, we obtain the following:

Ifab > 1

d
E”WH’SH%Z + ”vwn,e"iz < 0.

If ab < 1, we have

dt

R? A

where A, = {x € R3/a(e?Mom©0F _ 1) < |uyq(t, X)I2}. Then, also by Lemma 2.5, we obtain

X € An,t = |u(p(n)(t, X)|2 < A05

which implies that

d
Wl + IVl < Ao [ e

d_tl 2 < AO"lwn,s"%z-
A

In all cases, we obtain

d
— [ Whel22 < Aoll|Wh,ell?, .
dt L L

By Gronwall lemma, we obtain
W, (DI, < lIwy,e(0)]2, €.
Then,
"ucp(n)(t + g) - u(p(n)(t)"iz < ”u(p(n)(g) - u(p(n)(o)”ize/lot-
For ty > 0 and € € (0, ty), we have
||U<p(n)(to +&) - ucp(n)(to)”iz < ”u(p(n)(‘g) - u(p(n)(o)"iz exp(Aoto),
"u(p(n)(to -&) - u(p(n)(to)”iz < ”u(p(n)(g) - u(p(n)(o)"iz exp(Aoto).
So
”u(p(n)(g) - u(p(n)(o)"iz = ”](p(n)u(p(n)(g) - ](p(n)utp(n)(o)"iz
= “X(p(n)(/il&n) - uO)"é(n)
< ||u<p(n)(€) - uolliz

< 2lul2, — 2Re(upm (), u%).

But limy,_, ;oo (Upmy(€), u®) = (u(e), u®). Hence,

liminf [upe(e) — tpm(OB; < 2[u’lR, — 2Re (u(e); Uz
n—oo

Moreover, for all g, N € N,

2
S 19w+ [ (e = )i < [ Pt

d 2
a2, + 1l + @ [ (P40 = ) <+ [ P ltgn

”]N(eq (uqo(n)(to * 8) - u(p(n)(to)))”iz < ||6q (utp(n)(to + g) - u(p(n)(to))"iz < ”u(p(n)(to * 8) - u(p(n)(to)"iz-
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Using (3.2), we obtain, for g big enough,
v (6g. (u(to  €) — u(to))IF, < liminfy_collupm(to + €) = Upm(to)llZ,-
Then,
U (8. (ulto &) - ulto))IZ < 201Ul ~ Re(u(e); u°);2) exp(2oto).
By applying the monotone convergence theorem in the order N — co and g — oo, we obtain

luto + €, ) = ulto, I, < 2(Ju°l2, — Re(u(e); u®)2) exp(Aoto).

Using the continuity at 0 and make € — 0, we obtain the continuity at t,.

3.3 Uniqueness of the solution

Let u and v be two solutions of (S) in the space
Cy(R*, [AR3)) n [A(R*, H'(R3) N &p.
The function w = u — v satisfies the following:
ow — Aw + a((eb“‘|2 - l)u - (eb“’|2 - 1)v) =-V(p-p)+w-Vw -w-Vu — u -Vw.

Taking the scalar product in L? with w, we obtain

%%nwugz + VW2, + a(((eP™F - 1)u - (ePM — 1)v); wip = —(w -Vu; w)p2.

The idea is to lower the term (((e?!" - 1)u — (e?" - 1)v); w);2 with the help of Lemma 2.3, and then divide
the term find into two equal pieces, one to absorb the nonlinear term and the other is used in the last
inequality.

By using inequality (2.2), we obtain

<((eb\u|2 _ 1)u _ (eb\v\Z _ 1)V)§ w2 > %I((eblullé _ 1) n (eb|v|4 _ 1))|W|2 > %J‘(eblm4 _ 1)|W|2.
R’ R?

Moreover, we have

. 1 1
[{(w -Vu; w)2| = [{div (W ® u); w)2| = [{w ® u; Vw)p2| < IIWI-IMIWWI < —IIWPIMI2 + =[Vwl?,
R’ 2 R? 2
Combining the above inequalities, we obtain
d 2
Sl + 17w, +a [ (48 - e < [ wPlup.
R> R3
By using Lemma 2.5 and the set
A = {x € [R3/a(e”|”|Z - 1) < lu(t, x)|2},

we obtain

d
S IWIE: < Aolw.

and Gronwall lemma provides

IwlE, < WO, e,

As w® = 0, then w = 0 and u = v, which implies uniqueness.
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3.4 Asymptotic study of the global solution
In this subsection, we prove the asymptotic behavior (1.2). Here, we use a modified version of the Bena-
meur-Selmi method [12]. The idea is to write the nonlinear term of exponential type as follows:

a(e"'“'2 - 1)u = a(eb““2 -1-blu |2)u + alu [2u.

The first term can be treated by the same method as in [13]. So it remains to deal with the second term.
For this, let € > 0 be positive real number. For § > 0, put the following functions:

Vs = F (g0, E)U(E)), Ws=u — vs.

We have
4
Vs = Y fo.x(t),
k=1
where
fs1=evg,  v§ = F (10,5 E)u’)),
t
fra=- [ M0, div o W),
0
t
fr3=-a Ie<t-Z>A1B(O,5)(D)u> (e"™" — 1~ blu P)u,
0
t
fo,4=— Ie(t’Z)AlB(o,ﬁ)(D)ﬂ’(lu Pu).
0
e We have

W1 Oll2 < 15,2

As limg_,ollvglle = 0, then there is §; > 0 such that

sup |Ifs,1(Ol2 <€/8, VO <6< 6. (3.5)
t>0

e We have

t
Ifs,2(Oll14 < I le® =215 5)(DYPAiV (U ® w)llfg-1/4
0

t

< j Mb0,5div (U @ 1)l
0
t

sj||13<o,,s>|n| @We Wy
0

t
SJ||13(0,5)|D| We wly
0

t
<81/ julB(o,s)w Pl e wl,
0

t
<8 [IID P e Wl
0
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t
<8 [lue wiy:
0

t
<C6'4 jllullgl, (S1+S$2=2,51=5=1)
0

< CluOIR,6'/%.

However, if
Ifs,2(Oll2 < co + )Y “\fs 2Ol 114,

then
If5,2(Ol2 < coClluClZ,(1 + 82)1/451%.

Then there is §, > 0 such that

sup |Ifs2(®)ll2 < €/8, VO < 6 < 6,. (3.6)
t>0

e We have

t
2
s, 3()lr-2 SI||€(t’Z)AlB(0,6)(D)")(eblu‘ —1 - blu P )ully-
0

t
2
< [Ms0.0@)(EM4F = 1 - blu P Yuy-
0

t
< R [[1(e? = 1 - blu P)uls,
0

where
1/2 1/2

1
Rs = 10,5 (D)2 = I ———=dé| < I dé | = o8
a+1&P)
B(0,6) B(0,6)

By using the elementary inequality with M, > O

(ebz2 -1- bzz)z < Mb(ebz2 - 1)22, vz > 0,

we obtain
t t
ju(eb'“'z 1 - blu P )uly < Mbjn(eb'"'z =D Py < Qa)y Myl
0 0

Combining the above inequalities, we obtain

Ifs,3(lp2 < co(2a)’1Mb||u0||i263/2.
However, if
Ifs,3(Ollz < co@ + 62)2fs,2(Ollg-2,

then
5,30l < coa)y Mpllu®l%,(1 + 62)°6/2.
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Then there is 83 > 0 such that
asup lfs3(l2 <€/8, YO < § < 6.

t>0

¢ By using Lemma 2.2 with the well choice of s; and s,, we obtain

t
fs, 4 Ollg-172 < _[ =210, 5(DYP [u*ull 112
0

t

< j||1B(o,5><D>|u|2uun
0
t

< j 150,5/(D) Pl 172
0

t
< jnlB(o,s)(D)wP/z D2 uful e

0

t
<812 j 150,5(D)IDI 2l 11
(0]

t
<842 [ IIDp2lufuly
0

t
1/2 2010
<5 j|||u| ul,
0

t
< 51/2CI||U||H1/2|||u|2||L2, (s1+5=1/2,5=0, s;=1/2)

0
t

< 51/2C'J"”"21/2"”"H% (s1+5=3/2, 51=1/2, s=1),

0
t

< 51/2C'j||u||L2||u||§ql’ (by interpolation),

0
t
< 8¢l [ 19l
0

< 812C" I,

However, if
Ifs,4(Oll2 < co(l + 8DV2|fs 2(Ollg112,

then
If5,4(Ol2 < COC”"uO”zz(l + 8212812,

Then there is §, > 0 such that

sup If5,4(Dll2 <€/8, VO << 6y
t=0

Combining the equations (3.5)-(3.8), we obtain

DE GRUYTER

(3.7)

(3.8)
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1.
sup [[vs,(Oll2 < €/2, 8o = =~ miné;. (3.9)

0 21<i<4

On the other hand, we have

(o) (o) o0
jumo(t)u;dt < 62 j IVws,(6)I2:dt < 552j||vW50(t>||§zdt < 852Ul
0 0 0

As (t — ||W50(t)||%2) is continuous, then there is a time ¢, > 0 such that
Iws,(to)ll7. < €/2. (3.10)
Combining inequalities (3.9) and (3.10), we obtain
lu(to)ll> < vs,(to)ll2 + llws,(to)llz2 < €.
As (t - ||w50(t)||iz) is decreasing, then
lulz <€, Vt=to.

which completes the proof.
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