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A B S T R A C T

We investigate the interaction of atoms with a Laguerre-Gaussian beam near the vortex center where an
annular nodal area exists on and around the beam propagation axis. To grasp the essential features related
to the orbital angular momentum transfer to a bound electron, we first show that it suffices to include in the
interaction Hamiltonian the leading (second) term in the usual expansion of 𝑒−𝑖𝐤.𝐫 to be associated with the
transverse (longitudinal) field component of a beam with orbital angular momentum 𝓁 = ±1. We compare
the obtained results for the quadrupole transition 4S1∕2 to 3D5∕2 in Ca+ with published experimental data. For
orbital angular momenta |𝓁| > 1, this approach predicts that quadrupole transitions are only possible for the
configuration where the orbital angular momentum with |𝓁| = 2 is antiparallel to the spin degree of freedom.
These results are confirmed by another approach based on the multipolar Hamiltonian which, additionally,
provides rich information on the emergence of different selection rules for arbitrary value of 𝓁 including their
spatial dependence in the region of interest. This work also extends the discussion of the excitation of target
atoms by twisted light to two-electron atomic systems by deriving selection rules for single-electron transitions.
There has been renewed and growing interest in fundamental light–
atom interaction processes due to the emergence of new possibilities of
interaction configurations arising from the advances in laser technology
and atom trapping and cooling techniques [1,2]. In particular, light
fields can be designed with a well-defined projection of the orbital
angular momentum (OAM) onto their propagation axis. These spatially
structured light beams, known as vortex beams or twisted light, have
stimulated numerous and diverse new applications in imaging, commu-
nications and quantum information [3,4]. Atomic photoexcitation by
twisted light has been the subject of many theoretical [5–11] and ex-
perimental studies [12–15] which were mostly limited to hydrogen-like
systems.

Atom–light interaction is commonly described using two types of
Hamiltonians. The standard approach employs the minimal-coupling
Hamiltonian while the other one uses the multipolar Hamiltonian. In
principle and in the absence of approximations, both Hamiltonians are
equivalent and related to each other by a unitary transformation; the
Power–Zienau–Wolley transformation [16,17].

This paper presents a comparative study of different approaches
based on these types of Hamiltonians to derive the angular-momentum
quantum selection rules for the twisted-light-photoexcitation of a bound
electron. In particular, we focus on the special case where the atom
is close the vortex core of a Laguerre-Gaussian beam. The importance
of understanding twisted-light–atom interaction near the central point
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stems from the presence of a phase singularity at the core which is a
defining property of twisted light beams.

Laguerre Gaussian (LG𝓁
𝑝 ) beams [18] are solutions of the paraxial

Helmholtz equation with a cylindrical symmetry and are characterized
by two indices 𝓁 and 𝑝. The first index indicates the angular momentum
number while the second one corresponds to the number of radial
nodes. The vector potential 𝐀𝓁𝑝 for such circularly polarized beams can
be written in the following form:.

𝐀𝓁𝑝 =
(𝑥̂ + 𝑖𝜎𝑦̂)

√

2
𝐴0 𝑢(𝐫)𝑣(𝐫) 𝑒(−𝑖𝜔𝑡+𝑖𝑘𝑧) + 𝑐.𝑐, (1)

where 𝜎 = 1(−1) stands for left (right) circular polarization and 𝑢(𝐫)
describes the part of the mode function related to the orbital angular
momentum:

𝑢(𝐫) =

√

𝑝!
(|𝓁| + 𝑝)!

(
√

2𝜌
𝑤(𝑧)

)

|𝓁|

|𝓁|
𝑝

(

2𝜌2

𝑤2(𝑧)

)

× exp
(

𝑖𝑙𝜑 − 𝑖(2𝑝 + |𝓁|) arctan( 𝑧
𝑧𝑅

)
)

(2)

while 𝑣(𝐫) is the part of the mode function related to the regular
Gaussian beam :

𝑣(𝐫) =
𝑤0
𝑤(𝑧)

exp
(

−𝜌2

𝑤(𝑧)2
+

𝑖𝑘𝜌2

2𝑅(𝑧)2
− 𝑖 arctan( 𝑧

𝑧𝑅
)
)

(3)
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where 𝑧 is the axial distance from the beam’s focus (or ‘‘waist’’), 𝜌 is
the radial distance from the center axis of the beam, 𝐴0 the vector
potential at the origin (𝜌 = 0, 𝑧 = 0), 𝑤(𝑧) is the radius at which the
field amplitudes fall to 1∕𝑒 of their axial values, 𝑤0 = 𝑤(0) is a waist
radius, |𝓁|

𝑝 (𝑥) is an associated Laguerre polynomial, 𝑧𝑅 is the Rayleigh
length, and 𝑅(𝑧) is the radius of curvature of the beam’s wavefronts at
z.

The current study considers beams with 𝑝 = 0 and the case where
the atomic wavepacket is located in the vicinity of the optic axis with its
size assumed small compared to the lateral spatial extent of the beam.
Therefor, the spatial variations due to 𝑣(𝐫) can be ignored [9].

Using 𝐀𝓁0 and the scalar potential 𝛷 obtained from the Lorenz
condition (∇.𝐀 = − 1

𝑐2
𝜕𝛷
𝜕𝑡 ), the positive-frequency part of the electric

ield 𝐄+ of a circularly polarized LG𝓁
0 beam can be derived from the

ode function as follows:
(+)(𝐫) =

𝐸0
√

2
𝑒𝑖𝑘𝑧[ (𝑥̂ + 𝑖𝜎𝑦̂) 𝑢(𝐫)

+ 𝑧̂ 𝑖
𝑘
(
𝜕𝑢(𝐫)
𝜕𝑥

+ 𝑖𝜎
𝜕𝑢(𝐫)
𝜕𝑦

)]
(4)

where 𝐸0 = −𝑖𝜔𝐴0 is related to the average power of the beam 𝑃 by
the relation [19]: 𝑃 = (𝜋𝜖0𝑐 𝑤2

0∕4) |𝐸0|
2. Here we ignore the derivatives

of the scalar potential with respect to the transverse coordinates which
are beyond the validity of the paraxial approximation [20].

The expressions of the transverse and longitudinal components of
𝐄+ close to the phase singularity at 𝑧 = 0 can be simplified [9], without
considerable loss of accuracy, into:

𝐄(+)
⟂ (𝐫) = (𝑥̂ + 𝑖𝜎𝑦̂)

√

2

𝐸0
√

|𝓁|!

(
√

2
𝑤0

𝜌

)

|𝓁|

𝑒𝑖𝓁𝜑𝑒𝑖𝑘𝑧 (5)

(+)
𝐳 (𝐫) = − 𝑖 𝑧̂ (𝑙𝜎 − |𝓁|)

(

1 − 𝛿𝓁,0
) 𝐸0
√

|𝓁|!
1
𝑤0𝑘

×

(
√

2
𝑤0

𝜌

)

|𝓁|−1

𝑒𝑖(𝓁+𝜎)𝜑𝑒𝑖𝑘𝑧
(6)

For 𝓁 = 0, the approximated field expression for a Gaussian beam
can be obtained.

The minimal-coupling Hamiltonian for an electron in the field reads:

𝐻 = 1
2𝑚

(𝐩 + 𝑒𝐀)2 + 𝑉 (𝐫) − 𝑒𝛷 (7)

In the following part, we will derive the selection rules based on
this Hamiltonian using the Coulomb gauge:

𝐻 = 1
2𝑚

𝐩2 + 𝑉 (𝐫) + 𝑒
𝑚
𝐀𝐂.𝐩 = 𝐻0 +

𝑒
𝑚
𝐀𝐂.𝐩 (8)

here the quadratic term of 𝐀𝐂 (the vector potential expressed in
oulomb gauge) is ignored and 𝐻0 represent the atomic Hamiltonian.

Next, we make the usual expansion of the term (𝑒𝑖𝑘𝑧) in the field
xpression. In contrast to [21], we consider both the first and second
erms in the expansion to study quadrupole transitions. The matrix
lement of the interaction part of the Hamiltonian is then:
𝑖 𝑒
𝑚𝜔

⟨𝑓 |𝐄.𝐩|𝑖⟩ = 𝑖 𝑒
𝑚𝜔

⟨𝑓 |(𝐄+
⟂ + 𝐄+

𝐳 )(1 + 𝑖𝑘𝑧) .𝐩|𝑖⟩

= 𝑖 𝑒
𝑚𝜔

⟨𝑓 |𝐸+
𝑧 𝑝𝑧 + 𝐸+

⟂ (𝑝𝑥 + 𝑖𝜎𝑝𝑦)

+ 𝐸+
𝑧 (𝑖𝑘𝑧) 𝑝𝑧 + ..|𝑖⟩

(9)

where 𝐄+
⟂ (𝐄+

𝐳 ) stands for 𝐄+
⟂ (𝐄+

𝐳 ) without (𝑒𝑖𝑘𝑧). Based on this par-
ticular formalism, it is easier to consider first the case of a beam with
𝓁 = ±1.

The first term in Eq. (9) can be written using the usual dipole
approximation in near-resonance regime as:
𝑖 𝑒
𝑚𝜔

⟨𝑓 |𝐸+
𝑧 𝑝𝑧|𝑖⟩ = 𝑒 ⟨𝑓 |𝐸+

𝑧 𝑧|𝑖⟩ (10)

where the commutation relation: [𝐫,𝐻 ] = 𝑖 ℏ 𝐩 is used.
2

0 𝑚
Writing the expression (𝜌𝑒𝑖𝓁𝜙 = 𝑥 + 𝑖𝓁 𝑦) in Cartesian coordi-
nates, the second and the third terms contain expressions of the form:
⟨𝑓 |𝑟𝑚 𝑝𝑛|𝑖⟩ with 𝑚, 𝑛 = 1, 2, 3 where 𝑟𝑚 and 𝑝𝑛 denote the component
of the vector operators for position and momentum, respectively. It is
convenient to write these forms as:

⟨𝑓 |𝑟𝑚 𝑝𝑛𝑖⟩ =
1
2
(⟨𝑓 |𝑟𝑚 𝑝𝑛 − 𝑝𝑚 𝑟𝑛|𝑖⟩ + ⟨𝑓 |𝑟𝑚 𝑝𝑛 + 𝑝𝑚 𝑟𝑛|𝑖⟩) (11)

In contrast to the antisymmetric combination, the symmetric one
leads to quadrupole transitions [22] and can be simplified using the
above commutation relation to:
1
2
⟨𝑓 |𝑟𝑚 𝑝𝑛 + 𝑝𝑚 𝑟𝑛|𝑖⟩ = −

𝑖ℏ𝑚𝜔𝑓𝑖
2

⟨𝑓 |𝑟𝑚 𝑟𝑛|𝑖⟩ (12)

Grouping these terms and transforming them into spherical coordi-
nates, one can construct the part of the Hamiltonian responsible for
quadrupole transitions 𝐻𝑑𝑞 . The transition amplitude due to 𝐻𝑑𝑞 is
then:
⟨𝑓 |𝐻𝑞𝑑 |𝑖⟩ = − 𝛼

2
⟨𝑓 |𝑟2 sin2(𝜃)𝑒𝑖(𝓁+𝜎)𝜑|𝑖⟩

+ 𝛿𝓁,−𝜎 𝛼 ⟨𝑓 |𝑟2 cos2(𝜃)|𝑖⟩
(13)

here 𝛼 = 𝑒𝐸0∕𝑤0. Writing the interaction matrix in terms of spherical
ensors, one obtains:

𝓁 =𝜎 = ±1 ∶

𝐻𝑞𝑑 = −
√

8𝜋
15
𝛼𝑟2 𝑇 (2)

±2

𝓁 = − 𝜎 ∶

𝐻𝑞𝑑 =
√

3
2

√

8𝜋
15
𝛼𝑟2 𝑇 (2)

0

(14)

According to the expression (9), there is no electric dipole interac-
tion term for a beam with orbital angular momentum greater than 1ℏ.
Moreover, only the longitudinal part of the electric field gives rise to
an electric quadrupole transition for (|𝓁| = 2) beams, where the orbital
and spin angular momenta are antiparallel to each other. The amplitude
of this transition which satisfies the selection rule 𝛥𝑚 = 𝓁 + 𝜎 is then:

⟨𝑓 |𝐻𝑞𝑑 |𝑖⟩ = − 4𝑖 𝛼
𝑤0 𝑘

⟨𝑓 |𝑟2 sin(𝜃) cos(𝜃) 𝑒𝑖(𝓁∕2)𝜑|𝑖⟩

= 𝓁
2

2𝑖 𝛼
𝑤0 𝑘

√

8𝜋
15

⟨𝑓 |𝑟2 𝑇 2
𝓁+𝜎 |𝑖⟩

(15)

n comparison with the case of |𝓁| = 1 shown in (14), the probability
f this transition is much smaller given the scaling factor of (𝑤0𝑘)−1.
ther than this particular situation, there is no quadrupole transition

or cases with |𝑙| > 1 within the frame of the above treatment near the
ingularity point (𝑟 → 0).

At this stage, it is important to compare the main results with
n archetypal case which has been investigated experimentally. We,
herefore, consider a quadrupole transition from the 4S1∕2 to 3D5∕2 in
0Ca+ and calculate the relevant matrix elements using the Wigner–
ckart theorem. The resultant calculations summarized in Table 1 show
he dependence of the quadrupole transition on the sign of the orbital
ngular momentum of the photon. The general trend of the theoretical
elative transition strength follows that of the relative experimental
ower-normalized Rabi frequencies [15], which are proportional to the
atrix elements. The agreement is excellent for the ratios of the LG

eams while it is less satisfactory for those of Gaussian beams which is
robably due to experimental difficulties associated with changing the
ype of the beams [9].

It is interesting to expand the same treatment to OAM transfer to
wo-electron atoms. In particular, we consider the photo-excitation by
n LG±1

0 beam from the following two-electron ground state:

𝜓𝑖(𝑟1, 𝑟2)⟩ = |𝜓1𝑠(𝑟1)⟩|𝜓1𝑠(𝑟2)⟩ (16)

o a final singly excited state (S=0) given as:

𝜓𝑓 (𝑟1, 𝑟2)⟩ =
1
√

(|𝜓1𝑠(𝑟1)⟩|𝜓3𝑑 (𝑟2)⟩ + |𝜓3𝑑 (𝑟1)⟩|𝜓1𝑠(𝑟2)⟩) (17)

2
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Table 1
Calculated normalized quadrupole transition matrix element for the transition 4S1∕2 to
3D5∕2 in Ca+ with m𝑖 = − 1

2
(+ 1

2
). Normalization is done with respect to the 𝛥𝑚 = −2(+2)

ransition. Corresponding experimental ratios obtained from [15] are in brackets. The
eam parameters are of 𝜆 = 729 nm and 𝑤0 = 2.7 μm.
𝛥m l, 𝜎 m𝑖=−1/2 m𝑖=1/2

−2 −1,−1 1 (1) 0.45 (0.48)
−1 0,−1 7.32 (10.69) 5.20 (8.62)
0 1,−1/ −1,1 0.95 (0.95) 0.95 (1.04−0.94)
1 0,1 5.20 (6.58) 7.32 (12.3)
2 1,1 0.45 (0.43) 1 (1)

The transition amplitude ⟨𝜓𝑓 (𝑟1, 𝑟2)|𝐻|𝜓𝑖(𝑟1, 𝑟2)⟩ can be evaluated
using the Wigner–Eckart theorem for the initial state with J=m𝑗=0
and the final state with J=2. The coupling between these two states
is nonzero only for tensors of rank 2. The evaluation of the related
expressions indicates that transitions occur when the difference in
angular momentum projection 𝛥𝑚 between initial and final atomic
tates equals to the total angular momentum of the exciting photon.
he relative transition strengths for 𝛥𝑚 = ±2, 𝛥𝑚 = ±1 and𝛥𝑚 = 0,
re: 1, 𝜋𝑤0∕(

√

2𝜆) and
√

3∕2, respectively. This particular case shows
hat the strength of twisted light absorption in the target is insensitive
o the sign of the optical angular momentum. On the other hand, this
ymmetry is removed for photo-excitation from a singly-excited state
o a higher one, such as from 1P to 1F.

Quinteiro et al. [9,23] interpreted the experimental data of [15]
tarting from the Hamiltonian in Eq. (7) and using the Poincare
auge [24] where the potentials are defined as:

𝐀𝐏(𝐫, 𝑡) = −∫

1

0
𝑑𝜇 𝜇𝐫 × 𝐁(𝜇𝐫, 𝑡)

𝑃 (𝐫, 𝑡) = −∫

1

0
𝑑𝜇 𝐫 ⋅ 𝐄(𝜇𝐫, 𝑡).

(18)

In this case, the interaction Hamiltonian comes only from the scalar
otential. i.e 𝐻𝑞𝑑 = 𝑒𝛷𝑃 (𝐫, 𝑡). In spherical coordinates, the interaction
amiltonian separated into transverse and longitudinal parts reads for
= ±1:

(+)
⟂ = −𝛼𝑟2 sin2(𝜃)𝑒𝑖|𝓁|∕(𝓁+𝜎) ⋅ ∫

1

0
𝜇𝑒𝑖𝑘𝜇𝜌 cos(𝜃)𝑑𝜇

𝐻 (+)
𝑧 = −𝑖𝛿𝓁,𝜎𝛼𝑟 cos(𝜃)

2
𝑘 ∫

1

0
𝑒𝑖𝑘𝜇𝜌 cos(𝜃)𝑑𝜇.

(19)

In order to apply the approximations at the vortex core consistently,
he exponentials in (19) are expanded and the zeroth order is kept in
he transverse part of the Hamiltonian while the first order is kept
n the longitudinal part. Performing the integration and writing the
amiltonians in terms of spherical tensors, one can obtain the same

pherical tensor components as in Eq. (14).
Although the calculations in Ref. [9] lead to the same ratios pre-

ented in Table 1 for the selection rule: 𝛥𝑚 = 𝓁 + 𝜎 with 𝓁 = ± 1,
hey differ in some details. First, the Hamiltonian for the transition
riven by an LG beam with (𝓁 = ±1 and 𝜎 = −𝓁) involves a tensor of
ank 1. This implies that this term multiplied by a radial integral of 𝑟2
eads to an electric-dipole type transition with a strength comparable
o the quadrupole transition. The incorrect appearance of the dipole-
ype term in [9] comes from the step of converting the product of
pherical tensors of rank 1 to a sum of tensors of rank 2. If one uses the
orrect form of the conversion formula [25] such term will not appear
nd complete agreement with Eq. (14) can be obtained. In fact, dipole
ransitions are allowed by the matrix element (10), which associates
he longitudinal component of the field ́𝐄(+)

𝐳 with the leading term in
he expansion of 𝑒𝑖𝑘𝑧. Giammanco et al. [14] showed experimentally
hat there is no observable effect of the OAM on the electric-dipole
election rules. Nevertheless, the dipole interaction due to the OAM-
eam in the described case is unnoticeable given the experimental setup

−1
3

f [14] since the factor (𝑘𝑤0) appears as a scaling factor [26]. As
n additional difference, the transitions driven by the Gaussian beam
𝑙 = 0, 𝜎 = ±1) presented in Table 1 are calculated, by taking all

coefficients into account, to be weaker by a factor of
√

2 compared to
the ones listed in Ref. [9].

For the sake of completing the discussion, it would be fruitful to
investigate how the Power–Zienau–Woolley (PZW) formalism [6,16,17]
is not only capable of confirming the previous results of the selection
rule 𝛥𝑚 = 𝓁 + 𝜎 but also provides information on the emergence of
ifferent selection rules for any value of 𝓁 taking into their spatial de-

pendence in an elegantly compact form. In this formalism, the coupling
of the atom to the electric field is written in the form of a multipolar
series expansion about the center of mass coordinates 𝐑 = (𝑋, 𝑌 ,𝑍) as
follows:

𝐻𝑖𝑛𝑡 = 𝐻𝑑𝑝 +𝐻𝑞𝑑 +⋯ . (20)

where 𝐻𝑑𝑝 and 𝐻𝑞𝑑 represent the electric dipole and quadrupole in-
teractions, respectively. The term 𝐻𝑞𝑑 is responsible for the relevant
quadrupole transition and given by:

𝐻𝑞𝑑 = −1
2
∑

𝑖𝑗
𝑄𝑖𝑗∇𝑖 𝐸𝑗 (21)

here 𝑄𝑖𝑗 = 𝑒 𝑥𝑖𝑥𝑗 stands for the quadrupole transition operator and 𝑥𝑖
re the components of the internal position vector. It is worth pointing
ut that the electric field vector is expressed here as a function of the
enter of mass position vector 𝐑.

The matrix elements for atomic excitation by an LG𝓁
0 beam can be,

herefore, expanded as:

𝑓 |𝐻𝑞𝑑 |𝑖⟩ = − 1
2
∑

𝑖𝑗
⟨𝑓 |𝑄𝑖𝑗 |𝑖⟩∇𝑖 𝐸𝑗

= − 1
2
⟨𝑓 |(𝑄𝑥𝑥 + 𝑖𝜎 𝑄𝑥𝑦)|𝑖⟩

𝐸𝑋
𝑅 sin(𝜃) 𝑀

− 1
2
⟨𝑓 |(𝑄𝑦𝑥 + 𝑖𝜎 𝑄𝑦𝑦)|𝑖⟩

𝐸𝑋
𝑅 sin(𝜃) 𝑁

− 1
2
⟨𝑓 |(𝑄𝑧𝑥 + 𝑖𝜎 𝑄𝑧𝑦)|𝑖⟩𝐸𝑋 (𝑖𝑘)

− 1
2
[𝑂⟨𝑓 |𝑄𝑥𝑧|𝑖⟩ + 𝑃 ⟨𝑓 |𝑄𝑥𝑧|𝑖⟩

+ ( 𝑖𝑘𝑅 sin(𝜃)) ⟨𝑓 |𝑄𝑧𝑧|𝑖⟩ ]
𝐸𝑍

𝑅 sin(𝜃)

(22)

where 𝐸𝑋 , 𝐸𝑌 = 𝑖𝜎 𝐸𝑋 and 𝐸𝑍 are the electric field component along
𝑋, 𝑌 and 𝑍 direction.

Writing the interaction matrix in terms of spherical tensors, we
have:

⟨𝑓 |𝐻𝑞𝑑 |𝑖⟩ = −
√

𝜋
30
𝑒 [(𝑀 − 𝑖𝑁)(1 + 𝜎)

𝐸𝑋
𝑅 sin(𝜃) ⟨𝑓 |𝑟

2 𝑇 2
2 |𝑖⟩]

+ (𝑀 + 𝑖𝑁)(1 − 𝜎)
𝐸𝑋

𝑅 sin(𝜃) ⟨𝑓 |𝑟
2 𝑇 2

−2|𝑖⟩

− (𝑖𝑘 (1 + 𝜎)𝐸𝑋 + (𝑂 − 𝑖𝑃 )
𝐸𝑍

𝑅 sin(𝜃) )

× ⟨𝑓 |𝑟2 𝑇 2
1 |𝑖⟩

+ (𝑖𝑘 (1 − 𝜎)𝐸𝑋 + (𝑂 + 𝑖𝑃 )
𝐸𝑍

𝑅 sin(𝜃) )

× ⟨𝑓 |𝑟2 𝑇 2
−1|𝑖⟩

+
√

2
3
(−(𝑀 + 𝑖𝜎𝑁)

𝐸𝑋
𝑅 sin(𝜃) + 2𝑖𝑘𝐸𝑍 )

× ⟨𝑓 |𝑟2 𝑇 2
0 |𝑖⟩

(23)

here the functions 𝑀 , 𝑁 , 𝑂 and 𝑃 are as follows:

=|𝓁| cos(𝜑) − 𝑖𝓁 sin(𝜑)
𝑁 =|𝓁| sin(𝜑) + 𝑖𝓁 cos(𝜑)
𝑂 =(|𝓁| − 1) cos(𝜑) − 𝑖(𝓁 + 𝜎) sin(𝜑)

(24)
𝑃 =(|𝓁| − 1) sin(𝜑) + 𝑖(𝓁 + 𝜎) cos(𝜑)
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Now we first work out the cases for 𝓁 = ±1 where the matrix
element can be expressed as:

𝓁 =𝜎 = ±1 ∶

⟨𝑓 |𝐻𝑞𝑑 |𝑖⟩ = −
√

8𝜋
15

[ 𝛼 𝑒𝑖𝑘𝑍 ⟨𝑓 |𝑟2 𝑇 2
±2|𝑖⟩

− 𝜎
𝑖𝑘𝐸𝑋
2

⟨𝑓 |𝑟2 𝑇 2
𝜎 |𝑖⟩ ]

𝓁 = − 𝜎 = ±1 ∶

𝑓 |𝐻𝑞𝑑 |𝑖⟩ =
√

8𝜋
15

[
√

3
2
𝛼 𝑒𝑖𝑘𝑍 ⟨𝑓 |𝑟2 𝑇 2

0 |𝑖⟩

+ 𝜎
𝑖𝑘𝐸𝑋
2

⟨𝑓 |𝑟2 𝑇 2
𝜎 |𝑖⟩ ]

(25)

It is clear that this method also results in the same ratios for the
selection rule: 𝛥𝑚 = 𝓁 + 𝜎 obtained from Eq. (14). However, there
re extra terms proportional to 𝐸𝑋 resulting in transitions to states
ith 𝛥𝑚 = ±1. These extra terms do not appear in the previous two
pproaches because they are accompanied by approximations. It should
e noted that on-axis the phase factor exp(𝑖𝑘𝑍) will become 1 and 𝐸𝑋
ill vanish and full agreement with the Hamiltonian expression in (14)
ill be restored. According to (25), there are two channels for exciting a
uadrupole transition in an atomic target positioned in the dark region
ear the vortex center of an LG±1

0 beam. The main channel fulfills the
election rule 𝛥𝑚 = 𝓁 + 𝜎 while the weaker channel obeys the rule
𝑚 = 𝜎. In the experiment of Schmiegelow et al. [15] where the ion
s excited at the center of a vortex field, the average ratio between the
wo channels was measurable due to position fluctuations and was in
he range ∼ 0.28. As the atom moves away from the dark region, the
ate of 𝛥𝑚 = 𝜎 transitions grows rapidly following the beam profile as
onfirmed by the experimental work described in [27].

Since 𝐸𝑋 ∝ (𝑅 sin(𝜃))|𝓁| and according to Eq. (23), there will be
o quadrupole transition due to the transverse component of the field
hen 𝑅→ 0 for beams with |𝓁| > 1. On the other hand, the longitudinal

omponent of the field, which is 𝐸𝑍 ∝ (𝑅 sin(𝜃))(|𝓁|−1), can give rise
o transitions only for cases with |𝓁| = 1, 2. This perfectly confirms
he results obtained by the earlier approach in Eqs. (14) and (15).
oreover, Eq. (23) demonstrates the rise of different selection rules for

ifferent 𝓁 values as 𝑅 increases from zero.
We have compared three different approaches employed to study

wisted light absorption by a bound electron and to derive the rele-
ant selection rules in the vicinity of the beam axis. Similarities and
ifferences were highlighted and the outcomes were validated by com-
aring to a comprehensive set of experimental data. In particular, all
pproaches result in the same ratios for the selection rule: 𝛥𝑚 = 𝓁+𝜎 for
𝑙| = 1. For LG beams with higher values of the orbital angular momen-
um, quadrupole transitions are only possible for the case with |𝓁| = 2
ue to the longitudinal field component. The last approach does not
nvolve any approximations and has the advantage of being explicitly
ensitive to the spatial variation. For example, it can be used to demon-
trate the rise of another selection rule, 𝛥𝑚 = 𝜎, whose contribution
s zero at the singularity point and becomes progressively significant
s the photoexcitation region is moved away from this point. We also
ave attempted a first extension of these selection rules to two-electron
inglet states. The multipolar-Hamiltonian-based approach turned out
o be particularly rich and promising for generalization. For example,
t should not be difficult to use the multipolar interaction Hamiltonian
o treat the more general case taking into account the full spatial
ependence of the electric field and different values of 𝓁 and 𝑝. In this
ase, one needs to re-calculate ∇𝑖 𝐸𝑗 and subsequently the functions:

, 𝑁 , 𝑂 and 𝑃 in order to follow the changes in off-axis selection
ules and transition amplitudes. On the other hand, a more twisted path
as to be followed when the calculations are based on the minimal-
oupling Hamiltonian For example, one method involves calculating
he transition amplitudes due to vortex beams after first expressing
hem as a sum of plane wave components [8,27,28]. Comparing the
ifferent approaches in this context and identifying their advantages
nd limitations for different beam configurations and target systems are
nteresting to explore in future work.
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