1. Systems of Linear
Equations and Matrices

MATH 244

////////



In this Chapter we learn about:

1.1 Introduction to Systems of Linear Equations

1.2 Gaussian Elimination

1.3 Matrices and Matrix Operations

1.4 Inverses; Algebraic Properties of Matrices

1.5 Elementary Matrices and a Method for Finding A™1
1.6 More on Linear Systems and Invertible Matrices
1.7 Diagonal, Triangular, and Symmetric Matrices
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For the topics covered in this Chapter
students are expected to:

1. Understand Linear Systems and classify their possible solution sets.

2. Perform Gaussian Elimination to solve systems of linear equations.

3. Master Matrix Operations such as addition, multiplication, scalar multiplication, transpose,
and trace.

4. Understand Matrix Inverses, their properties, and use them to solve systems of linear
equations.

5. Explain the role of Elementary Matrices in row operations and in computing the inverse of a
matrix.

6. Identify properties of diagonal, triangular, and symmetric matrices, and their advantages.

7. Use determinants to analyze matrix invertibility, system consistency, and to solve linear

systems
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1.1 Introduction to Systems of Linear Equations

A linear equation in n variables:
a,.x, +a,X, +ax; +---+a,x,=b

a;: real-number coefficients

x;: variables needed to be solved
b : real-number constant term
a,: leading coefficient

x,: leading variable

Notes:
(1) Linear equations have no variables involved in products, roots, trigonometric,

exponential, or logarithmic functions.

(2) Variables appear only to the first power.
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Example: Linear or Nonlinear

1 .
Linear (a) 3x+2y="7 (b) §x+y—7zz:\/§ Linear

Linear (¢) X, —2x,+10x, +x, =0 (d) (sinz)x, —4x, = ¢’ Linear
x 1s the exponent

P
Nontinear (&) z=2 He)-2y=4  Nonlincar

product of variables

Nonlmnear (g)@\+ 2x,—3x,=0 (h) @@: 4 Nonlmnear

trigonometric function not the first power
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For a linear equation in n variables: ax +a,x,+--+ax = b

A solution is a sequence of values X =8, X =8, ,X, =5,

So that as, +a,s, +a,s;+---+a,ss =b

Solution set is the set of all solutions of a linear equation.

> In most cases, there are infinitely many solutions of a linear equation, so we
need some methods to represent the solution set.
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Example: Parametric representation of a solution set

x, +2x, =4 with a solution (2, 1), i.e., x, =2,x, =1

% If you solve for x, in terms of x,, you obtain

x, =4 —2x, (in this form, the variable x, 1s free)

By letting x, = (the variable ¢ is called a parameter), you can
represent the solution set as

x, =4-2¢, x, =t, t 1s any real number

The set representation for solutions: {(4—2t,1)|t € R}

> Choosing x, to be the free variable, the parametric representation of the solution set 1s
{(s,2—)|s € R}
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What does the solution set of a linear equation look like?

X+ y =1www 3 line in the plane: y =1 — x
This is called the implicit equation of the line.

We can write the same line in parametric form
. D2
in R*:

(x, y)=1(t, 1 —1t) t in R.

This means that every point on the line has the
form (t,1 — t) for some real number t. Note

we are using R to /abel the points on a line in
RZ.
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What does the solution set of a linear equation look like?

X+ y+z=1vwws 3 plane in space:
This is the implicit equation of the plane.

Does this plane have a parametric form?
(x,y,z) =(t, w, 1 —t—w) t,w in R.

Note we are using R? to /abel the points on a plane in R®.
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= A system of m linear equations in n variables:

a,x, + a,x, + asx; + - + a,x = Db
a,x, + apx, + apx, + -+ + a,x, = b,
a, X, + auXx, + apx;, + -+ + a,x, = b,
a.x, + a,x, + a.,x, + -+ + a x = b

= A solution of a system of linear equations is a sequence of numbers s, S,,..., S, that
satisfies equation in the system.

= The solution set of a system of linear equations is the collection of all solutions.

= Solving a system of linear equations means finding the solution set of the system.

« A system is call consistent if it has at least one solution and it is called inconsistent
if it has no solution.
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Example: Solution of a system of linear equations in 2 variables

1 x + y = 3 exactly one solution

oy fl . (consistent)
two intersecting lines
2 X + = 3 \ C o :
@) oy 4+ 2J; _ 6 1 inifinitely many solution
two coincident lines | (consistent)
T i :KJ

B) x +y =23

X
x +y =1 \\ no solution
N

two parallel lines TR (inconsistent)
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Example:

Consider the following systems. How are they different from each other?

Wixl —2562 = —1
—x1 + 319 =3
g at]
/

non-parallel lines
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L1 —2513'2 = —1
—x1 + 229 = 3

A

—

//

parallel

lines
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L —295'2 = —1
—x1 + 229 =1

-~

AN
N
I

/

identica

| lines
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Exa m p l_e: The system of 3 linear equations in 3 variables

Ty + 2:(32 - 3:123 =1 (1)
8rx1 —x2+223=0 (2)
—x1 — 2x9 +3x3 =1 (3)

graphically represents three planes in R3.

Image Description: There are two parallel and
distinct planes, corresponding to equations (1) and
(3). A third, non-parallel plane, corresponding to
equation (2), intersects planes (1) and (3)
separately.

From the diagram, we see that there is no point that lies on all three planes so the system is inconsistent.
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Example:

9/3/2025

An equation a; 1 + asxs + aszs = b defines a plane in R?. The solution
to a system of three equations is the set of intersections of the planes.

solution set sketch number of solutions

line

point

empty
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Example: Using back substitution to solve a system in row-echelon form
x — 2y = 5 (1)
y = -2 (2)

> The row-echelon form means that the system follows a stair-step pattern
> The back substitution means to solve a system in reverse order.

Sol: By substituting y =-2 into Eq. (1), you obtain
x—2(2)=5=>x=1

The system has exactly one solution: x =1, y = -2
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Example: Using back substitution to solve a system in row-echelon form

x — 2y + 3z =9 (1)
y + 3z =35 (2)
z = 2 (3)

Sol: Substitute z=2 1into (2), y can be solved as follows
y + 32) = 5
y = -1
and substitute y =—1 and z=2 into (1)

x — 2(-1) + 32) =9
x = 1

The system has exactly one solution:

x=lLy=-1,z=2
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« Equivalent Systems: Two linear systems are called equivalent if they have the
same solution set.

Notes: Each of the following operations on a system of linear equations produces
an equivalent system

O1: Interchange two equations
O2: Multiply an equation by a nonzero constant
0O3: Add a multiple of an equation to another equation

« Gaussian elimination:

A procedure to rewrite a system of linear equations to be
in row-echelon form by using the above three operations
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Example: Solve a system of linear equations (consistent system)

¥ — 2y 4+ 3z = 9 (1)
-x + 3y = —4 (2)
2x — 5y + 5z = 17 3)

Sol: First, eliminate the x-terms in Eqgs. (2) and (3) based on Eq. (1)

(1) +(2) = (2) (by 03)
x — 2y + 3z =
vy + 3z = 5 (4)

2x — Sy + 5z = 17

(Dx(=2)+@3) = (3) (by O3)

x — 2y + 3z =9
y + 3z = 5
-y - z = -l (5)
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Second, eliminate the (-y)-term in Eq. (5) based on Eq. (4)

(4 +(5) = (5) (by O3)
x — 2y + 3z

y + 3z = 5
2z = 4 (6)
(6)x 3 —(6) (by O2)
x — 2y + 3z =9
y + 3z =

Z =

Since the system of linear equations 1s expressed in 1ts row-
echelon form, the solution can be derived by the back

substitution: x =1, y = —1, z = 2 (only one solution)
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Example: Solve a system of linear equations (inconsistent system)

Sol:

9/3/2025

x, — 3x, + x; = 1
2x, — x, — 2x;, = 2
x, + 2x, — 3x;, = —1

(D> (=2)+(2) = (2) (by O3)
(D>x(=D+(3) —(3) (by O3)

x, — 3x, + x; = 1

5x, — 4x;, = O

5x, — 4x;, = 2
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(Dx(=D+()—(5) (by O3)

x — 3x, + x; =
53 — 4x;, = 0
0 = -2 | (afalse statement)

So, the system has no solution (an inconsistent system)
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Example: Solve a system of linear equations (consistent system)

x, — x3 = 0 (1)
X, - 3x, = -1 (2)
-x, + 3x, = 1 (3)
Sol: (1) <> (2) (by Ol)
X, - 3x, = -1 (1)
x, — x3 = 0 (2)
-x, + 3x, = 1 (3)
(D+G)—> ) (by O3)
X, - 3x, = -1
X, — x, = 0
3x, — 3x;, = 0 (4)
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Since Equation (4) 1s the same as Equation (2), 1t is not necessary and can be omitted

Let x; =1, then x, =3¢-1
X, =t teR

X, =1

This system has infinitely many solutions.
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* A system of m equations in n variables:

ax, + apx, + asx; + ... + a,x = b,
a,x, + a,x, + axx;, + ... + a,x, = b
a,x, + apx, + apx;, + ... + a,x = b3
a.x + a,x, + a.,x;, + ... + a x = bm

« Augmented matrix: formed by appending the constant-term vector to the right of the
coefficient matrix of a system of linear equations

a, a, a; - a,| b

a, Ay, Ay 4, | b,

a,, Ay, Ay a4y, | by [=[4 | b]
_aml am2 am3 ot amn bm ]
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1.2 Gaussian Elimination

«» Row-echelon form: (1), (2), and (3)

= Reduced row-echelon form: (1), (2), (3), and (4)

1) Any rows consisting entirely of zeros must be at the bottom of the matrix.

(1)

(2) The first nonzero entry in any row must be 1, which is called as leading.
(3) The leading 1 in a higher row is to the left of the leading 1 in a lower row.
(4)

4) Every column that contains a leading 1 has zeros everywhere else.
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Example: Row-echelon form or reduced row-echelon form?
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(reduced row-

echelon form)

(reduced row-

echelon form)

second criterion
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12 -1 4 _echel 0 1/0 5
;|T|_O 3 (row-echelon 00 113
_0 0 1 —2_ form) 000 O_
[1l-5 2 -1 3 [110 0 —1]
0 0 1| 3 —2| (row-echelon |0 1[0 2
O 00 1[4 form) 0 0 1[.3
000 0 1] 000 Ol
1 2 -3 4] 1 2 -1 2
U2 T - 00 0 0
00 1 —3_\ 01 2 -4
Violate the

Violate the first
criterion
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« Gaussian elimination:

The procedure for reducing a matrix to a row-echelon
form by performing the three elementary row operations

« Gauss-Jordan elimination:

The procedure for reducing a matrix to its reduced row-echelon
form by performing the three elementary row operations

=« Notes:

(1) Every matrix has a unique reduced row-echelon form.

(2) Arow-echelon form of a given matrix is not unique (Different
sequences of elementary row operations can produce different

row-echelon forms).
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Elementary row operations:

(1) Interchange two rows: /,; =R, <> R,

(2) Multiply a row by a nonzero constant: Ml.(k) =(k)R. > R

(3) Add a multiple of a row to another row: Al.(fj.) =(k)R +R, > R,
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Example: Gauss and Gauss-Jordan elimination algorithm

9/3/2025

4 -10 6 12 28

T

The first nonzero column

Leading 1
MP[M2 =53 6 14

0,0 -2 0 7 12

2|4 -5 6 -5 -1

\— Eliminate nonzero entries
below the leading 1
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204 -5 6 -5 —1]

[ojlo -2 0 7 127
2 1,2

(-2)
A1,3

~—Produce a leading 1

4 —10 6 12 28]
00 -20 7 12
24 -56 -5 -1

Produce a leading 1

1 2 /53 6 14]

0 [0 0 7 12

01| 5[0 -17 =29
\ N

The first nonzero
column

Submatrix
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The first nonzero column

_ Leading 1 _ — _
T1 2 =5/3 6 14 12 53 614
M(_E) A(—S)
2 1o 0 0 -7/2 -6 23,10 0 1 0 -7/2/-6
0 0

®o0 -17 29 00 oo [@D] 1]
. Eliminate nonzero entries '\
below the leading 1 Produce Submatrix
a leading 1
}\Ionzeri) entries
& 3,1 3,2 2,1
— 10 @o|-72|-62532/0 0 100 1|——|0 0 10 0 1
00 \0,@2_ 00 00 12 0000 12
Leading I’s
(row echelon form) (reduced row echelon form)
REF RREF

9/3/2025 MATH 244 - 14471- Fahd M Alshammari 30



Example: Solve a system by the Gauss-Jordan elimination method

Sol: From the augmented matrix

1 -2 3 9
-1 3 0 4
2 5 5 17
A A |
’ : 0
10

9/3/2025

AD 42

1,3

x — 2y + 3z = 9
-x + 3y = -4
2x — Sy + 5z = 17
12 3 9 4o [1 -2 3 9]
2,3
0O I 3 5 0O 1 3 5
0o -1 -1 -1 0 0 2 4
Afl)lOOl .
— 0 1 0 -1| —— y
00 1 2] z

(reduced row-echelon form)
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0 135
0 0 1 2

(row-echelon form)
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Example: Solve a system by the Gauss-Jordan elimination method

2x,+ 4x,— 2x,= 0
3x,+ Sx, = 1

Sol: From the augmented matrix

2 4 -2 0| ,» (1 2 -1 0] = 1 2 -1 0
1 } 1,2 }
3 5 0 1 3 5 0 1 0 -1 3 1

MD 1 2 —1 O A2 1 O 5 2
2 > 2,1 }
0O 1 -3 -1 0O 1 -3 -1

(row-echelon form) (reduced row-echelon form)
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Then the system of linear equations becomes

X, +5x, =2

x, —3x,=-1

It can be further reduced to

x, = 2— 5x
x,= —1+ 3x,
Let x, =¢, then X, =251,
x, =—1+3t, teR
Xy =1,

So, this system has infinitely many solutions
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¢ As an experiment to show that the reduced row-echelon form is unique, we perform a redundant
elementary row operation of interchanging the first and second rows in advance

2 4 2 0] , [35 0 1] oo [1 5/3 0 1/3
> ) 1 >
35 0 1 2 4 20 2 4 2 0

e {1 5/3 0 1/3} e {1 5/3 0 1/3}
—_——> 2 N

0 2/3 —2 -2/3 o 1 =3 -1
519 {1 0 5 2} (row-echelon form)

0 1 -3 -1

(reduced row-echelon form)

> Comparing with the previous results, we can infer that it is possible to derive different row-echelon
forms, but there is a unique reduced row-echelon form for each matrix
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Notes:

A linear system will not have a solution if and only if it has an impossible
equation of the form 0 = b and b # 0.

An equation of the form 0 = 0 is satisfied by any values of the variables and
hence the solutions will depend on the other equations.

If the system has no impossible equation, then

* it has a unique solution if number of variables = the number of nonzero
equations in REF.

* it has infinitely many solutions if number of variables is more than the
nonzero equations in REF.

* The number of variables cannot be fewer than the nonzero equations in REF.
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